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A Study of Estimation Method for Auto-Regressive Model with
Non-Normal Error and Its Prediction Accuracy

Bo Mi Lim - Cheong-Sool Park - Jun Seok Kim - Sung-Shick Kim - Jun-Geol Baek
School of Industrial Management Engineering, Korea University

We propose a method for estimating coefficients of AR (autoregressive) model which named MLPAR (Maximum
Likelihood of Pearson system for Auto-Regressive model). In the present method for estimating coefficients of
AR model, there is an assumption that residual or error term of the model follows the normal distribution. In
common cases, we can observe that the error of AR model does not follow the normal distribution. So the normal
assumption will cause decreasing prediction accuracy of AR model. In the paper, we propose the MLPAR which
does not assume the normal distribution of error term. The MLPAR estimates coefficients of auto-regressive
model and distribution moments of residual by using pearson distribution system and maximum likelihood
estimation. Comparing proposed method to auto-regressive model, results are shown to verify improved perfor-
mance of the MLPAR in terms of prediction accuracy.

Keywords: Time Series Analysis, Auto-Regressive Model, Pearson Distribution System, Maximum Likelihood
Estimation, Non-Normal Data
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L T AAE HolE ol 28] 7heetH, G o=
o] o} 744 wol o] &5 & W o] ThBruce et al., 2005).
A2 B AAE bole 9 A7) A (Auto-
correlation) & ©]-&3F TF 3] 7 7] ¥ (Multi-linear Regression).2-
2 2y3 59 AF5E F43hs W o] th(Pankratz, 2008).
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BF 2 Yule-Walker "4 4& o] &3 533
T Z&(Multiple Linear Regression Model)©] THEndo and Randall,
2007). o] Y& A& FA] Mol LA A 4L 243}
o BRI} H0, Ao’ ATFEEE BETGE /Mol Yl
(Akaike, 1969). TELF <191 2<] o]/} o}l 24 AA Y
dlole oA Q3o Fx7F AR 22 7HA S A ete 4
9= 7 9] 1th(Endo and Randall, 2007). <Figure 1> A7) 43
At 227G BATE FAsto] 2713 AR 9 241
of 23t AA L HolE & 273 A =3 01] 283 5 AL

Aol & £ °‘LE} =G AR l HOH ‘I‘7]', %—
& AAE HlolE oA Qa3 e] et Afa ] ARt
A3, F=700] opd ol & ez S-S0l W
&HAl YERATHRydberg, 2000).
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Figure 1. Distribution of error term

dgHrh(Nagahara, 2000). Ul 78] A &S 12 A& H, 23 4
B 24,33 48 95, 4% 48 HE2 §4RGolnh 3o
& REA2ge Y HEE eAEe XS 4]
gl 712 A7 ARF AN Lo EEE AFEER
7Mool o £t 7 BReE FAT ARG o FEsA
TEZE R

voje 2o vl Ao AE(HE, B4t A=, 5)3 A

H
(MLE : Maximum Likelihood Estimation)& o] &3t} -4
M FASANN 78 By 34 HOoZ TR 571 A9 b
B 3R vlae e W A= 52 W o] thWalpole
et al.,2006). =3¢+ 3 A F H(LSE : Least Squared Estimation)-
A EEE 7MY ot BAS FAskE ol AR H 934
S 227 glo] 45 FA sk ot
B Ao A A QFst= MLPAR(Maximum Likelihood of Pear-
son system for Auto-Regressive model) -2 77| 3] 7| 2.3 ¢
ATE FA Aol exge) B2t AFEEE fEYE
TR0 Qe AGA I S S FaATE BA-E A
staLAl ghok A Qkete WS A7 3 AR Y Al 7]
S ART FAF e A goje X BYEE 59
2 % #(Negative Log Likelihood)& Al4+staL, 744 242
oA A7 B ALY Aot LA 2 BFE FH
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E19] A7]/¢ A 9(AC : Autocorrelation Coefficient)S} 1?_13_;(].
717¢- 3 A 4*(PAC : Partial Autocorrelation Coefficient)S 5-.} el
of 24713 A 2o A4 vlolE o] AT Lx}3ke &
‘:'SZ_E w2z L golHz AdS . A3
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2.1 A7) 3 A Z & (Auto-Regressive Model)

A7 ARE L @ AR grol A AbE o] A, B,
AR obe Fo 2 RHHM Azt $AE FEST
(Yule et al., 1927).

+cte, (1)

P
X, = ;@Xt—

A2 By T A7 ARG 7HE A3 blolH
A B7] s ZF Y ”‘Q AT F%

3GA AA7E B sttt WA Fol X A A Elo B 9 A
71’3 A4(AC : Autocorrelation Coefficient)9} F-2#}7]/¢-3
A1 4+(PAC : Partial Autocorrelation Coefficient) S T-+tt. 2717

BATE & AR BFA Sk AAF ol F5A) | H T
A dBAo| YA E A= AER 4 ) 7Elo]:q, B
TAZVERAFE T AR o9 BE N} A5 o7t
FHY = AT FH N SR F ASALFZBA 98
Qo YIEAE 24 A5 A ()3 2o w2 A2 T
g o) T ASE ol §3he] Y3} Y9 45T AR AT
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b= = 2)
\/ Var(X,) Var(X,.,)

P = Corr(Xt, X il X o kaﬂ) 3)
FAFY g g zE T A ARY Y A7)
Age MAZF S7Hol whet /)l ZAdoju Al FAH 02
S 3l AAH 02 At FH ol Th(Box et al., 1994). EE
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2 AA3HBox et al., 1994).
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TREE HEHEE, T R 5 O 2 & LW T TH(Nagahara,
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141% A oz Mg etk &
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£ Ued= A gholth 340135 L /‘]’“E“«] B 4
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hara, 2004).
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Figure 2. Diagram of pearson distribution system
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Table 1. PDF of pearson distribution system

Type PDF(Probability Density Function)
(l‘*a)ﬁfl B (xfa) L
- ¥ B(p, q) ;)
(Iia)pil _ (l‘*a) p—1
II(C) VB D 1 ; ]
(ll‘*'y‘)“’l 3 (‘.T*'\/D
(D) 5 () exp| 5 ]
T p
~/(b+b8i)y(b—boi)7? 0Xp[2b6arctan(7)]
V(E) 1L =P+ 2]
Ab)y (b= )
)\’L‘
V(F) ’Y(’U)(|a:*a|)“ﬂexp[_ ‘.T—a‘}
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Figure 3. Distribution of error term by pearson distribution system
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<Figure 1>04 AA S Ho]HE Foj& EX AAHOoR
FA8H 224de] EXE <Figure 3>9] Aol Qe JAo=
FHHD F Foj& X A2”o] AfETHTG $XE O

A& stA FA

AT goj= X A~
= A& oty 46 %6}{— %
Ao, | Y& FELUEYTE ?;’6‘}%] 3 AAY OP
A A7 Hol YA g2
2004). 1 B2 H AL E
o] Alzglo FE = o A& E§Y 77H°ﬂ A5+
W A Bl e AA A

2.3 MLPAR(Maximum Likelihood of Pearson system for
Auto-Regressive model)

AN A Y F PO RN &R Xohes BT
o ZgE FAT o] =T (Likelihood Function)7} &
thel R4 AAstE v o] thAldrich, 1997). $E& oW 7}
Aol Ao, AN A7t FojHe o) 1 A7 UE &
E0|th. MLPARAA] ©] }” o] A7) ARG At LA
&9l A Eoleta st HFAMA o3 FAHA = 7HE A
3 Al 8t A ol tt.

L(Blay, 2y 1) :ﬁfwm (6)

? zn) (7)

0,15S argmaz g o L(Blay, x,, -

HSFAW L ZAFTE o) &8l 77 AT ZE-(Under-
flow) @42 s Agc} dolE 9 +71 B, #& &E gEol
woll A $5 ghol 0ol 2 Hot. ol & A3 A3l
21953 (Log Likelihood Function)7} ©] 8T 2145
e $5d 25 A 4 FEE FollA Fo 2 v
J8BE B AFAY FAA L A ) H R EFTE
o] g3ttt
lnL(ﬂ|x17$27--~,mn)=lenf(xi|ﬁ) (8)

MLPAR 45 S E(Pseudo Code)i= <Table 2>} ZTh MLPAR
S A7 ARG o AG vlolH XE A A2k F(p), A Al
2k @ AR BAZF(D), (), LA AE(H L,
2 95, A 5)E 480

MLPARE 7713 AR E o As9 24489
FA7] g dagFolth of& T5t7] 9
ARG () FEAVNFAATE o] &3 T 93
AR E T (step 1). 27} A3 A MLPAR 53(c, c1>l ORONESS
002 %7]815F S(step 2) = A71 3 ARF
()5 AAFETh(step 3). Tl 71 LAHEe] W] A A

nqm;‘.:
9
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1>o AAE goj& B EFY
Bxs 71 2 288 4 9=
aw 77 A EY HAE 7HH LA By
@ (step 5). 71& 3
ge] BXIE AFEEL

MLPARS T]oj&

g 34t

|

Table 2. MLPAR pseudo code

MLPAR(X)

Input : X Data
Output : coefficients of auto-regressive model and distribution
moments of &

Constant: c=0
Best number of the past variables : p*
Constant relating X to X : (I)r 0,i=1, - p*
White noise : &=0,t=2, -+, T
Distribution moments of €
: pa = (mean, sigma, skewness. kurtosis)
Density distribution of € : f(3)
Coefficients of auto-regressive model : 3 Current 3,
Best negative log likelihood : min
Iteration number : n =1

step 1) p* = determine the best using PACF

(Partial Autocorrelation Coefficient Function)
step 2) Initialize 5 = c(c, 1, §a, =+, §p) =0
step 3) Calculate ¢ variable

ya
61:)(17 _Zlqbt)(lftic

step 4) pa = Calculate the empirical moments of € as moments are
altered in order to assure that the whole sample lies in support
of the distribution (Reference to table 1)

step 5) f(8) = Determine density distribution of € by pa

step 6) Use the newton method with density distribution of €

1
aB)= f8,)+v(B,)B—08,)+ EVQf(@, )(B—8,)?
step 7) Calculate minimization of function(q(3))
step 8) Calculate sum of negative log likelihood

min = i}lnf(xilﬂ)

i=1
step 9) IF v f(8.) > A(le-10) then
£3 values change as much as step size(V 2f(5,))
n=n+l
Go to step 3
end IF
step 10) return 3 and pa

ANIARE AGE 24317 93 H A3 WY F Fe
] o]‘Rla]‘jr(step 6). step 7 s tep 60l Y= FFE AL v Bl
2 (9)9} 2& AL S0} 4 9yl A 00] HE RS FaT

(Gay, 1983).

j—gf VB, +V(B,)8—V (5,8, =0 (9
MLPAR2 T3 paroz exgke] &R w34 o 3]
29 295 g THT(step 8). THA T 02 WS (Gradi-

ent)7} ABTH ZH & A ¢H(Hessian) S ©] &3] 247]3] 7 25 ]
AG(B)E WA T Z step 35-H step 97HA] A S HHEFh )
N 2 "3l E7F AE T 2O W step 1002 0] 53] MLPAR
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3> ANAE HolE e A7) ddATe a7 ddATE
§]-O]o].o:] B A7 2 BY F A7) 3] AR o A3 dolH
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Table 3. Experiment data

Instances
Dataset Feature
Train Test
Norway 2003. 1 2008. 12 Monthly
krone ~2008. 11 ~2010. 07 Mean
Sheep. 1867 ~1925 1926 Yearly
population ~1939 Mean
. 1998. 12 2011. 05 Monthly
Communications
~2011. 04 ~2012. 07 Mean
1915 1984 Yearl
Death carly
~1983 ~2004 Mean
. 2001. 05 2007. 06 Monthly
Plish zloty
~2007. 05 ~2008. 11 Mean
Southern 1964. 12 1970. 10 Monthly
Oscillation ~1970. 09 ~1972. 05 Mean
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ZAete dtA o7 gol o] &5+ A 44 wolt
(Anderson and Darling, 1952). <Table 3> A A A|g A AL ©]
olfol dt&-2® AARE 3 AN, oA E2I AR

EEUMEA B3-S FABYLT,

3249 4A

AlE

3¢ & <Table 3>9] t]o]E] E MLPAR #1713 A 2ol &
&oto] w3y Aot o Hrretgith A 23 4
Ao A= A FLAHMSE : Mean Squared Error)$} AIC
(Akaike Information Criterion) |83 Hrtstanh B
A F A= 8454 ] 0] B)(Train Data) Z #1718 ] 28 & T
T A ElolH Y 3 ghs sl AL gt AA el s 8
dlo]E 7He] 222 A4}, AIC(Akaike Information Criterion)
HAoe LYo A S Hrhete A xolH, A (103 2o

= [e]
SRt

T =
ATZ o

AIC = 2k—2In(L) (10)

AIC A& gho] &5 HolH7t B
uH, 4 (10)1 4 ke 28 9] 2|4 74
Algt MLPARO A k&= ZOE2 —2In(L)
-zs]] AIC g};o] 73%45]\‘4.

230 g 2AAE HFAFLIHMSE)E Ol%‘H F 4
HE Brtstanh A WA %“QOM W AFeas g
HolHZE 3% RS2 A vlolHY # gh& tidsl d=

Jo e v
olt}. 71 3} A
% 229%d o

_|_4

S gk3t A A 7l AEE o] (Test Data) 7H2] QA2 A4t
SFATH IE AR AZte] B 27 ﬂtﬂ ANAE Fej = Wk
O3 2SS NE T AL 2L RYOR &5 FYste A
S HANAOE 9AES Y otk =3 g Holgrt d
&R0 FAHE Afole volHE O wET 5 gtk 1
HEZ F WA WHAM A F 2= Rolling Horizon W
Mg o] &3] A4stSTh Rolling-Horizon HH ol B} 9=
& AR g0 W o] FatHA A E Y EE HolHE
2y H&sta, 7 2HE HolHE YA AA
12 o] Th(Sethi et al., 1991). Y= AFo] 2= <Table 3> A Al
Mg ElolHEY 54 HolHE T3, 435 d5¢S
g A A &A HHES

3349 A3

() 23 A&

HA 23y o] A4S FR1sk7] s A <Table 3> 4] A A
gt tolHE AVIIARY Y Al4E 45 By S
THE 5 A Hlol B Y 3 ghs el A4 gkt A A gkl
F& tolE 719 2AE AL o]} 2 AP O E <Table
> A71FARY ATE FET Yol 71E HA(AR)H
MLPARO] 288 BoAFeAs 78 Ao, ZHiesd

3
L

CREE R
ARY FHAFLAE 12 F9& W] MLPARY H+ Al 23}
7+ H] 0|t} <Table 4> B 6709 do]E = Communica-

tions$} Death HOJHE A3 4719 HoJE oA ARET}
MLPARO| B 22 Zto| B Al A5 BTt

Table 4. Result in accuracy of model(MSE)

Dataset AR MLPAR |Reduction ratio
Norway krone 2.02854 1.74332° 16.36%
Sheep population 309383 276826 11.76%
Communications 48.6646" 48.6712 -0.01%
Death 39.3038 40.5741 -3.23%
Plish zloty 0.5230 0.5217° 0.25%
Southern Oscillation | 37.4629 37.4246" 0.10%

71E WA 3 el MLPARS S48 EXE A EEE
7}8 3] °‘9k‘3} <Figure 4> A Bi(A=%)0] 0, By E+3)°]
3Y o) AR FE(A)0] M, <Table 4>l A A1 S Hl o] EJ o A T3]
AL i}ff} I OE Bl Bt £ <Table 4>l
A B 33 A o] ZobA 2] ¢k Communications 2+ Death T
Fare] FaxolA & 4 gtk FHlolHY &
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Table 5. Result in accuracy of model(AIC)

Dataset AR MLPAR |Reduction ratio
Norway krone -53.7004 | -78.1591° 31.29%
Sheep population | 693.7204 | 659.7684" 5.15%
Communications 264.1162 | 249.0894" 6.03%
Death 165.8190 | 157.4213" 5.33%
Plish zloty -135.3040 | -149.826" 9.69%
Southern Oscillation | 162.2950 | 161.7643" 0.33%
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7] Z W (AR) A1 045672 MLPAR Ol A Table 7. Result in prediction of model(MSE) by rolling horizon

034472 7129 3= 1E F3& o MLPARCI A 32.49% 74 method
AR MLPAR Reduction
. . Dataset .

Table 6. Result in prediction of model(MSE) Mean | SD | Mean | SD ratio
Dataset AR MLPAR | Reduction ratio NOIWély krone 0.3532 |0.238 0.3197* 0.246 10.48%

Norway krone 0.4567 0.3447 32.49% Sheep population| 300.56 |110.6 86.095" | 86.74 291%
Sheep population | 77234.34 76585.21° 0.85% Communications | 0.2715° [ 0.241 | 0.2764 | 0.241 | -0.17%
Communications 0.9098" 0.9164 -0.72% Death 0.7082" | 0.437 | 0.7181 | 0.443 | -1.38%
Death 13.1315 | 121718 0.79% Plish zloty 0.0801 |0.044 | 0.0735" | 0.043 | 8.98%

Plish zloty 0.1875 0.1873 0.10% Southern P
: L 1.2868 [0.396 | 1.2384 | 0.344 | 3.91%
Southern Oscillation | 15.8746 | 15.5020 2.40% Oscillation
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Figure 10. 95% confidence interval estimation
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