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ABSTRACT

Motivated by the emergency scheduling in a transportation network, this paper considers a transportation problem, in
which, the truck times and transportation costs are assumed as uncertain variables. To meet the demand in the practi-
cal applications, two optimization objectives are considered, one is the total costs and another is the completion times.
And then, a multi-objective optimization model is developed according to the situation in applications. Because there
are commensurability and conflicting between the two objectives commonly, a solution does not necessarily exist that
is best with respective to the two objectives. Therefore, the problem is reduced to a single objective model, which is
an uncertain programming with a chance-constrain. After some analysis, its equivalent deterministic form is obtained,
which is a nonlinear programming. Based on a stepwise optimization strategy, a solution method is developed to solve
the problem. Finally, the computational results are provided to demonstrate the effectiveness of our model and algorithm.
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1. INTRODUCTION

system is often consumed in the process inaccurately

In recent years, the emergency management (crisis
management) for an unconventional sudden event has
become a hot topic for the governments and enterprises.
Emergency management is a kind of conscious compre-
hensive prevention and control management when the
human beings face disasters. The theoretical methods of
quantitative analysis such as the mathematical modeling
for risk assessment, measurement of information and
other factors have become one of the most important
core foundational scientific issues in emergency man-
agement.

Scheduling is the disposition of orders and quanti-
ties for actual requirements and the time-phased alloca-
tion of the resulting internal orders to the available re-
sources. It requires reliable data and accurate informa-
tion. Emergency scheduling is a key component of
emergency management. For natural disasters or other
special mission requirements such as war, atrocious
weather and earthquake, etc., the decision-makers must
reschedule the specific systems activities in case a disas-
ter happens such that the loss is minimized. A specific

measured in advance, which is often manifested in a
complex of uncertainty.

When delivering emergency supplies, for example,
path transportation time in some paths fraction may be
subject to the traffic conditions and the possible impact
of natural disasters. Generally, truck time on the path is
uncertain, and in some cases may submit to random dis-
tribution function, such as normal distribution and uni-
form distribution.

Since many parameters of the emergency schedul-
ing system are uncertain, sudden changes and diversity
of events also cause the lack of data. There are some
limitations when the traditional stochastic model deals
with such problems. When an unconventional sudden
event happens, the stochastic method is unsuitable. The
present approaches mentioned above may be called as
“conventional scheduling” (Deyi, 2012), which is suit-
able to the scheduling problem in the known conditions,
including the determinative and stochastic situations. In
that case, we have to invite some experts to evaluate
their degree of belief that each event will occur. How-
ever, humans tends to overweight unlikely events (Kah-
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neman and Tversky, 1979), thus the degree of belief
may have a much larger range than the real frequency.
In this situation, if we insist on dealing with the degree
of belief using the probability theory, some counterintui-
tive results will be obtained (Liu, 2012).

In order to deal with the experts’ degree of belief,
the uncertainty theory was founded by Liu (2007) and
refined by Liu in 2013. Many researchers have contrib-
uted to this area. The uncertainty theory has been applied
to uncertain programming, uncertain risk analysis, uncer-
tain game, uncertain inference, uncertain logic, uncer-
tain finance, and uncertain optimal control. Nowadays,
the uncertainty theory has become a branch of axiomatic
mathematics to model human uncertainty (Liu, 2013).

Depending on the analysis as mentioned above, we
think that it is necessary to apply the uncertainty theory
as a basic approach to model the uncertainty in schedul-
ing issues in emergency management. To differ from the
approaches based on probability theory, Deyi (2012)
introduced a concept of ‘emergency scheduling’ (Holm-
berg, 1995), that is, for an unconventional sudden event,
the decision-makers employ the uncertainty theory (in-
cluding uncertain programming, uncertain statistics, etc.)
as a fundamental modeling tool to deal with the uncerta-
inty in scheduling issues in emergency management, such
an analysis approach known as emergency scheduling.

As a sort of the scheduling issues, the problem of
transporting cargo from a set of supply nodes (factories)
to a set of demand nodes (customers) so as to minimize
linear transportation costs is well known. The basic
transportation problem was originally developed by
Hitchcock (Hoffman, 2007). In the conventional trans-
portation problems, it is assumed that a decision maker
is sure about the precise values of transportation cost,
availability and demand of the product. In real world
applications, however, all these parameters may not be
known precisely due to uncontrollable factors. Recently,
researching under the uncertain environment, stochastic
demand has been introduced, and methods are devel-
oped (Goossens and Spiecksma, 2009; Puri and Puri,
2006). The resulting problem may be called the stochas-
tic transportation problem (STP). However, for the rea-
sons mentioned above, in face of an unconventional
sudden event, the decision making method based on
uncertain theory should be more suitable to the issues.

In this paper, we will study a transportation prob-
lem in the uncertain environment and employ firstly the
uncertain programming as a mathematical modeling tool
to deal with the uncertain factors from the view of
emergency management. The remainder of the paper is
organized as follows. Section 2 introduces some pre-
liminaries on the uncertainty theory for later use. Sec-
tion 3 gives a more detailed description of the problems
that we consider. Then, in Section 4, we present an ap-
proach to model these problems. Section 5 describes
how we construct a feasible solution and apply this ap-
proach in Section 6 to a real life application. Section 7
ends this paper by giving our conclusions and sugges-
tions for further research.

2. PRELIMINARIES

In this section, some basic definitions and arithme-
tic operations of uncertainty theory needed throughout
this paper are presented.

Definition 1 (Liu, 2013). An uncertain variable & is a
measurable function from an uncertainty space (T, L,
M) to the set of real numbers, i.c., for any Borel set B of
real numbers, the set {5 €eB}= {7 el|é(y) e B} is an event.

For a sequence of uncertain variables &, &,, -+, &,
and a measurable function f, Liu (2013) proved that

§:f(§17 ‘fza Ty é:n)

defined as &(7) = /(&) &), -+ &, (1), Vy el is
also an uncertain variable. In order to describe an uncer-

tain variable, a concept of uncertainty distribution is
introduced as follows.

Definition 2 (Liu, 2013). The uncertainty distribution
@ of an uncertain variable ¢ is defined by

D(x)=M{& <x}

for any real number x.

Peng and Iwamura (2010) proved that a function
®:R% —[0,1] is an uncertainty distribution if and only
if it is a monotone increasing function except for
®(x)=0 or ®(x)=1. The inverse function @' is called
the inverse uncertainty distribution of &. Inverse uncer-
tainty distribution is an important tool in the operation
of uncertain variables.

Theorem 1 (Liu, 2013). Let &, ¢,, -+, &, be independent
uncertain variables with regular uncertainty distributions
®,D,, -, ®,, respectively. If f(x,,x,,---,x,) is stric-
tly increasing with respect to x, x,, -, x,, and strictly

decreasing with respectto x, ,, x -, x,, then

m+1% 7 m+2

é::f(gl, 52, ) é:n)

is an uncertain variable with inverse uncertainty
distribution

(@)= f(@ (@), @,(), D, (1=a), -+, D, (1= ).

m+l1

Expected value is the average of an uncertain vari-
able in the sense of uncertain measure. It is an important
index to rank uncertain variables.

Definition 3 (Liu, 2013). Let &£ be an uncertain variable.
Then the expected value of & is defined by

EQ=[, Mgz nar- | Mig<riar

provided that at least one of the two integrals is finite.
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In order to calculate the expected value via inverse
uncertainty distribution, Liu and Ha (2010) proved that

AE=[ f@ (@), 0", (-a),0",,(-a), -, &, (-a)a

under the condition described in Theorem 1. Gen-
erally, the expected value operator £ has no linearity
property for arbitrary uncertain variables. But, for inde-
pendent uncertain variables & and x with finite expec-
ted values, we have

Elag +bn] = aE[S]+bE[7]

for any real numbers a and b.

3. PROBLEM DESCRIPTION

Denote S as the set of supply nodes, with each sup-
plying a,,ie€ S, and denote D as the set of demand no-
des, with each demanding d;, j e D. For each pair con-
sisting of supply node ie S and demand node je D, a
unit cost ¢; >0 is given. The problem is to send all sup-
ply to the demand nodes at a minimum total cost. That is
the classical transportation problem. Due to its wide
applicability and economic importance, the transporta-
tion problem has been extensively studied.

In this paper, the transportation problem will be
modeled by uncertain programming in which the trans-
portation time and cost are assumed to be uncertain
variables with given uncertainty distributions, and at the
same time, there are two optimization objectives to be
considered, i.e., total cost and completion time of the
emergency scheduling.

4. MODEL DEVELOPMENT

At first, we introduce the following notations to
represent the mathematical formulation throughout the
remainder of this paper.

a,: supply available at the ith supply point

b, : demand required at the jth demand point

¢, : freight cost involved when one unit of product is

transported from the ith supply point to the jth de-

mand point

transportation time from the ith supply point to the

jth demand point

x,: total number of units transported from the ith sup-
ply point to the jth demand point

r, . capability transported from the ith supply point to
jth demand point

¢, independent uncertain transportation time from the
ith supply point to the jth demand point

@, : uncertainty distribution of &,

Next, based on the analysis of the decision making
process, we have proposed the following transportation
problem model,

i=1 j=1

mf”{ii%xw maxtij(xij)} (1

s.t
Sx, =a, (=12, m) )
Jj=1
i;‘x"’ =b,(j=1,2,-,n) 3)
(I)_leerlj,(i=l, 2,-,m j=1,2,-.n) 4)

Za:‘ = Zb/- ®)
i=1 =

t, if x,>0
4 (xi/') =14 ' _
0, if x,=0.

The problem is now to minimize both of the total
cost and the completion time. The constraints are linear
with a simple structure. That is a multi-objective optimi-
zation problem. In such problem, multiple objective
functions need to be optimized simultaneously. Because
of incommensurability and conflicting objectives, a so-
lution does not necessarily exist that is best with respec-
tive to all objectives. Therefore, for this multi-objective
optimization problem, we seek to reduce it into a single
objective problem.

For simplicity, we write &=1{&,, (i, j)e 4} and x=

{x,, (G, j) e 4}. Let T(x, &) = m"xgij denote the completion

time and ¢ '(x,«) denote the inverse uncertainty of T(x,

&). Let C(x,g):izn:c[jx[j denote the function of the
i=1 j=1

total cost and ‘P_l(x, a) denote the inverse uncertainty
distribution of C(x, &).
The formulation of the problem is then:

min E[T(x, &)] (6)
s.t
M{C(x, )< Cy} 2z 7
Ax=B ®)
0<x<R )

In this model, the objective is to minimize the ex-
pected completion time, another objective is treated as a
chance constraint and other constraints remain in the
model.

Some additional notations and function expressions
are listed as follows:

A={G)lie S j e D}
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k;: the original cost transporting from depot i to desti-
nation j
h : the coefficient of the transportation cost
¢; = h; +h&;, transportation cost each unit from depot i
to destination j

C(x, &)=Y ¢,x, , the function of the total cost

ij
i=1 j=1

T(x, &) = max¢, , the completion time function
x>0

C,: budget constraint
R : transportation capability
0o : apredetermined confidence level

In order to analyze and solve this model (6-9),
firstly, we introduce two corollaries which are from the
uncertainty theory (Liu, 2013).

Corollary 1. Assume the objective function f(x, &, &,,
-+, &) is strictly increasing with respect to &, ¢&,, -,
£ and strictly decreasing with respect to &, .., &, -,
& If &, &, -, & are independent uncertain variables
with uncertainty distribution ®,, ®@,,---, ®,, respectively,
then the expected objective function E[f(x, &, &,
&) is equal to

1
[ fxol ol ol - 0Nda

Corollary 2. Assume the constraint function g(x, &, &,,

.-+, &) is strictly increasing with respect to &, &,, -+, &
and strictly decreasing with respect to &, &,, -, &,. If
&, &, & are independent uncertain variables with
uncertainty distributions ®,, ®,, ---, ®,, respectively, then
the chance constrain

no

M{g(x, 615 52""’ ;;)SO}ZQ

holds if and only if
g(xa q);l(a)a BT} (D;l(a), (D;L] (1 - a)’ BT (D;l(l - a)) <0.
Secondly, we give the following theorems.

Theorem 2. The expected objective function E[T(x, &;)]
in the model (6-9) is equal to

l - . .
j.OT(x,(I)I.jl)da(z:l,2,3,---,m J=1,2,3, 0 n)

proved that E[T(x, ;)] exists.
Proof. Owing to the assumption before, the function @,
is strictly increasing with respect to &; and &, are inde-
pendent uncertain variables with distribution @, respec-
tively. By using Corollary 1, we obtain the theorem. O

Theorem 3. The chance constraint

M{C(x, &)< Cp) >

in the model (6-9) is equivalent to

C(xaq)?)(izl, 2,,m j=1,2,,m).

Proof. Owing the assumption before, the function C(x,
ENi=1,2,,m j=1,2,---,n) is strictly increasing with
respect to &, And &; are independent uncertain vari-
ables with uncertainty distributions ®@,, respectively.
Since the inverse uncertainty distribution of C(x, &;) is
¥(x,a)=C(x, d ().

M{C(x, &) < Cop = M{C(x, &;) - C, < 0}.

Let g(x, &) =C(x, &)= Cy(i=1,2,,m, j=1,2,-, n).
Since that M{C(x, §,)<C} 2« is equivalent to M{g(x,
£)<0y>a. It follows from Corollary 2 that we have
g(x, CD;‘) <0.

It is easy to prove that g(x,®;)=C(x, ®;)-C,,
50, C(x, ®;')-C, <0, thatis, C(x,®,")<C,.

The theorem is proved. O

Theorem 4. The uncertain programming

mXinE[T(x’ ‘flj)]
s.t
M{C(x, g"ij) <Clza

in the model (6-9) is equivalent to the crisp mathemati-
cal programming

1
m_inIOCD,-_,l(x, a)da

s.t
¥(x,a)<C,

Proof. 1t follows from Theorems 2 and 3 immediately. O

The model is changed to deterministic form by the
Theorems 4, then, this model is equivalent to

1
min_[0 (D;l(x,a)da
x

s.t

Y '(x,a)<C,
Ax=B
0<x<R

which is a deterministic nonlinear programming.

5. SOLUTION METHOD

To solve the model, based on stepwise optimization
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strategy, we develop a solution algorithm. The heuristic

algorithm is described as follows:

Step 1: According to the known values of «, # and the
®,(a) of uncertainty distributions of the &;, we
can obtain the inverse uncertainty distribution
¥'(x, @) of the cost function C(x, &), and since
the total cost Cy is known, we can gain inequal-
ity constraint ¥~'(x, @) < C,.

Step 2: Using the constraint of the balance of supply and
demand, we can obtain the equality constraints
of Ax=B.

Step 3: Basing on the capacity constraint 0< x <R, and
step 1 and step 2, we can immediately get the
feasible set of the objective function: the n groups
solutions of decision variables, X, X,, -+, X,.

n

Step 4: Return each group of values of X, to the com-

pletion time function T(x,&) = max&;, then we can

obtain a set of E[T(x, é’)]:j(:dfl(x, a)da which

contains #n elements, and then we can select the
minimum one from the set. The minimum value
is just the least completion time.

Step 5: The X, is corresponding to the minimum E[T

(x, &)= J Oltb’l(x, a)da which is calculated from

the step 4, its value is the volume that corre-
sponding route transports cargo. Then calculate
the real cost based on X,.

Form the step 1, the constraints of the model are
changed to deterministic form, step 2 and step 3 give the
feasible solutions, and its calculating complexity is O
((mn)*). Then, the complexity of selecting the minimum
time of completed task is O(mn?). In all, it is a nonlinear
programming, and the complexity is O((mn)*)+O(mn*)
=O0(m’n*). The complexity of the algorithm is a poly-
nomial.

6. ILLUSTRATIVE EXAMPLE

To test how well the model and the solution algo-
rithms may be applied in the real world, we performed
numerical tests based on the domestic operation of a
department with reasonable assumptions.

Consider a transportation problem with respect to
emergency scheduling in which there are two supply
nodes and three demand nodes. Assume that the truck
times are linear uncertain variables,

§ij ~ L(tha ?y)a

and their values are following,

W N = [ N = .
(O O VCR I O UCRY SR TN
0 AN K3 U W

We assume that 2 =10.1, h=0 (i=1,2j=1,273),
r=200(3G=1,2,7=1,2,3), Cy= 400, and the confi-
dence level oy = 0.95. Then we can get the optimal solu-
tion is X11= 1019, X12 = 1433, X13 = 548, X21 = 731, X22
=81.7, x5 =45.2, C=250.375, and T = 6.5.

That is to say we should transport 101.9 from 4, to
B, 143.3 from A, to B,, 54.8 from 4, to Bz, 73.1 from
A, to By, 81.7 from A, to B,, and 45.2 from A, to B;. The
total cost is 250.375, and the completion time is 6.5 days.

7. CONCLUSION

To consider a cargo transportation problem under
conditions of emergency scheduling that occurs in actual
operations, we established an uncertain programming
model. Based on the stepwise optimization strategy, a
heuristic algorithm was developed to solve the model.
Numerical test was performed to evaluate the model and
the solution algorithm. The test results show that the
model and its heuristic solution are all effective.

There are some suggestions for future research: 1)
more uncertain parameters in a system. Such as, de-
mands and supplies, etc.; 2) more complex transporta-
tion networks, to be more suitable to real situations in
emergency management; 3) integrating multi-decision to
a model, such as, production and transportation, trans-
portation and stock, etc.; and 4) integrated uncertain and
stochastic model.
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