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ABSTRACT 

An inverse minimum spanning tree problem makes the least modification on the edge weights such that a predeter-
mined spanning tree is a minimum spanning tree with respect to the new edge weights. In this paper, the concept of 
uncertain α-minimum spanning tree is initiated for minimum spanning tree problem with uncertain edge weights. Us-
ing different decision criteria, two uncertain programming models are presented to formulate a specific inverse mini-
mum spanning tree problem with uncertain edge weights involving a sum-type model and a minimax-type model. By 
means of the operational law of independent uncertain variables, the two uncertain programming models are trans-
formed to their equivalent deterministic models which can be solved by classic optimization methods. Finally, some 
numerical examples on a traffic network reconstruction problem are put forward to illustrate the effectiveness of the 
proposed models. 
 
Keywords: Minimum Spanning Tree, Uncertain Minimum Spanning Tree, Inverse Optimization, Uncertain 

Programming 
 
* Corresponding Author, E-mail: zhou_jian@shu.edu.cn 

 
 

1.  INTRODUCTION 

The inverse optimization problem is a subject ex-
tensively studied in the context of tomographic studies, 
seismic wave propagation, and in a wide range of stati-
stical inference with prior problems. The inverse mini-
mum spanning tree (IMST) problem is a type of inverse 
optimization problems. In an IMST problem, a connec-
ted graph with edge weights is considered. The objective 
of IMST problem is to modify the weights so that a 
predetermined spanning tree is a minimum spanning tree 
with respect to the new weights, and simultaneously the 
total modification of weights is a minimum. 

The IMST problem was first studied by Zhang et al. 
(1996). Following that, much research work has been 
done onthe IMST problem since many applications can 
be transformed to this problem (Farago et al., 2003; 
Guan and Zhang, 2007; Wang et al., 2006; Yang and 
Zhang, 2007). And many efficient algorithms have been 

developed for solving the classic IMST problems and 
their derivatives (Ahuja and Orlin, 2000; He et al., 2005; 
Zhang et al., 2006). In view of the nondeterminacy of 
some parameters in applications, some endeavor was 
done to deal with IMST problems with indeterminate 
information in the literatures. For example, Zhang and 
Zhou (2006) considered the IMST problem when the 
edge weights were assumed to be stochastic variables, 
and stochastic programming models together with hybrid 
intelligent algorithms were presented for IMST problems. 

In practice, however, it is not appropriate to set the 
edge weights as random numbers in some cases due to a 
lack of observed data (Peng and Li, 2011; Zhou and 
Peng, 2011). Hence, we adopt the uncertainty theory, a 
branch of axiomatic mathematics for modeling human 
uncertainty founded by Liu (2007), to handle this prob-
lem. In this paper, a specific IMST problem is discussed 
under the assumption of uncertain edge weights. This 
paper proposes a new concept of uncertain α-minimum 
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spanning tree and develops two uncertain programming 
models to formulate this problem according to different 
decision criteria. In this paper, the IMST problem with 
uncertain edge weights is referred to as an uncertain 
inverse minimum spanning tree (UIMST) problem for 
convenience. 

The rest of this paper is organized as follows. Sec-
tion 2 briefly reviews the preliminary concepts of uncer-
tainty theory. Section 3 introduces the classic IMST 
problem and the mathematical description of UIMST 
problem, and then proposes a concept of uncertain α-
minimum spanning tree. In Section 4, two uncertain 
programming models are given based on different deci-
sion objectives. Following that, Section 5 presents the 
numerical examples in terms of the two uncertain mod-
els. Finally, conclusions are drawn in Section 6. 

2.  PRELIMINARIES 

Uncertainty theory provides a new approach to deal 
with indeterminacy factors when there is a lack of ob-
served data (Liu, 2007, 2010). Nowadays, uncertainty 
theory has become a branch of axiomatic mathematics 
for modeling human uncertainty, widely applied in 
many research areas (Chen, 2011; Li and Peng, 2012; 
Sheng and Yao, 2012; Xu and Zhu, 2012). This section 
is intended to review some basic concepts in uncertainty 
theory which will be used to establish uncertain pro-
gramming models for the UIMST problem. 

 
Definition 1 (Liu, 2007). Let L be a σ -algebra on a 
nonempty set .Γ  A set function : [0, 1]M L→  is called 
an uncertain measure if it satisfies the following axioms:  
 
Axiom 1 (Normality Axiom). { } 1M L =  for the univer-

sal set ;Γ  
Axiom 2 (Duality Axiom). { } { } = 1cM MΛ + Λ  for any 

event ;Λ   
Axiom 3 (Subadditivity Axiom). For every countable 

sequence of events 1 2, , ,Λ Λ L  we have 
 

{ } { }
1 1

.i i
i i

M M
∞∞

= −

Λ ≤ Λ∑U  

 
The triplet ( , , )L MΓ  is called an uncertainty space. 

Besides, the product uncertain measure on the product 
σ -algebra was defined by Liu (2009) via the following 
product axiom: 

 
Axiom 4 (Product Axiom). Let ( , , )k k kL MΓ  be uncer-
tainty spaces for 1, 2, .k = L  The product uncertain mea-
sure M  is an uncertain measure satisfying  
 

{ }
1

1

,k k kk
i

M M
∞ ∞

=
=

⎧ ⎫
Λ = ∧ Λ⎨ ⎬

⎩ ⎭
∏  

where kΛ  are arbitrarily chosen events from kL  for k  
1, 2, ,= L  respectively. 

An uncertain variable ξ  is essentially a measurable 
function from an uncertainty space to the set of real 
numbers. In order to describe an uncertain variable in 
practice, Liu (2007) defined a concept of uncertainty 
distribution as follows. 

 
Definition 2 (Liu, 2007). Let ξ  be an uncertain vari-
able. Then, its uncertainty distribution is defined by  
 

( ) { }x M xξΦ = ≤     (1) 
 

for any real number x. 
Furthermore, Peng and Iwamura (2010) showed 

that a function : [0, 1]M R→  is an uncertainty distribu-
tion if and only if it is a monotone increasing function 
except ( ) 0xΦ ≡  and ( ) 1.xΦ ≡  

For instance, an uncertain variable ξ  is called li-
near if it has a linear uncertainty distribution (Figure 1), 

 
0, if

( ) ( ) /( ) if
1, if

x a
x x a b a a x b

x b

≤⎧
⎪Φ = − − ≤ ≤⎨
⎪ ≥⎩

 

 
denoted by : ( , ),L a bξ  where a and b are real numbers 
with .a b<  

 

 
Figure 1. Linear uncertainty distribution. 

 
An uncertainty distribution Φ  is said to be regular 

if its inverse function 
1( )α−Φ  exists and is unique for 

each (0, 1).α ∈  It is clear that a linear uncertainty distri-
bution ( , )L a b  is regular, and its inverse uncertainty dis-
tribution is  

 
1( ) (1 ) .a abα αΦ − = − +   (2) 

 
The inverse uncertainty distribution plays an im-

portant role in the operations of independent uncertain 
variables. 

 
Definition 3 (Liu, 2009). The uncertain variables 1ξ , 

2 , nξ ξL，  are said to be independent if 
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{ }
1

1

( )
n n

i i i ii
i

M B M Bξ ξ
=

=

⎧ ⎫
∈ = ∧ ∈⎨ ⎬

⎩ ⎭
I      (3) 

for any Borel sets 1 2, , , nB B BL  of real numbers.  
 

Theorem 1 (Liu, 2010). Let 1 2 , nξ ξ ξL, ，  be independent 
uncertain variables with regular uncertainty distribu-
tions 1 2, , , ,nΦ Φ ΦL  respectively. If the function 1( ,f x  

2 , , )nx xL  is strictly increasing with respect to 1 2, ,x x  
, kxL  and strictly decreasing with respect to 1 2, ,k kx x+ +  
, ,nxL  then  

1 2( , )nfξ ξ ξ ξ= L, ，  

is an uncertain variable with inverse uncertainty distri-
bution   

1 1 1 1
1 11( ) ( ( ), , ( ), (1 ), , (1 )).k k nfα α α α α− − − −

+Ψ − = Φ Φ Φ − Φ −L L  

3.  UNCERTAIN INVERSE MINIMUM 
SPANNING TREE PROBLEM 

In this section, a classic concept of minimum span-
ning tree as well as a path optimality condition is revi-
ewed briefly, and then an UIMST problem is initialized 
by introducing its application backgrounds and mathe-
matical description. Finally, a new concept of uncertain 
α -minimum spanning tree is presented. 

3.1 Classic IMST Problem 

Definition 4 (Minimum Spanning Tree). Given a con-
nected graph ( , )G V E=  with edge weights , {1, 2,ix i E∈  

, },mL  a spanning tree 
0T  is said to be a minimum 

spanning tree if  

0
i j

j Ti T

x x
∈∈

≤∑ ∑    (5) 

holds for any spanning tree T.  
In a classic IMST problem, a predetermined spann-

ng tree 
0T  is given. The objective of IMST problem is 

to find some new edge weights such that 
0T  is a mini-

um spanning tree with respect to the new edge weights 
and accordingly the modification of edge weights is a 
minimum. 

 

 
Figure 2. An example of inverse minimum spanning tree 

problem. 

In order to provide the mathematical description of 
IMST problem, some notions are proposed as follows. 
Firstly, we refer to the edges in the given spanning tree 

0T  as tree edges, and the edges not in 
0T  as non-tree 

edges. Hence the set of all the non-tree edges is 
0\ .E T  

In the spanning tree 
0 ,T  there is a unique path between 

the two vertices of any non-tree edge j, referred to as 
tree path of edge j and denoted by .jP  An example of 
classic IMST problem with 6 vertices and 10 edges is 
shown in Figure 2, where ic  and ix  denote the original 
and new weights on edge i, and the solid line represents 
a given spanning tree 

0.T  The set of non-tree edges is 
{ }0\ 6, 7, 8, 9, 10 ,E T =  and the tree path of non-tree edge 

BD is AB-AE-DE, i.e., { }9 1, 3, 5 .P =  
Moreover, Ahuja et al. (1993) proved an equivalent 

condition of minimum spanning tree, called a path 
optimality condition as follows. 

 
Theorem 2 (Ahuja et al., 1993). 

0T  is a minimum span-
ning tree with respect to the edge weights if and only if  

00, \ ,i j jx x j E T i P− ≤ ∈ ∈    (6) 

where 
0\E T  is the set of non-tree edges, and jP  is the 

tree path of edge j.  
According to Theorem 2, the classic IMST problem 

can be formulated as the following model,  

1

0

min

subject to :
0, \ ,

m

i i
i

i j j

x - c

x x j E T i P

=

⎧
⎪
⎪⎪
⎨
⎪ − ≤ ∈ ∈⎪
⎪⎩

∑
    (7) 

where ic  and ix  are the original and new weights of edge 
i, ,i E∈  respectively. Note that the objective function 

1

m
i ii

x c
=

−∑  can be replaced with some other objective 
functions if necessary (Sokkalingam et al., 1999). 

3.2 Application Backgrounds 

Many reconstruction problems in practice can be 
transformed to uncertain problems. Let us consider a 
LAN reconstruction problem as follows. 

Much research work shows that the spanning tree 
structure is the best topology for telecommunication net-
work designs (Kershenbaum, 1993), especially in com-
puter network systems. LANs are commonly used as a 
communication infrastructure that meets the demands of 
users in a local environment. These computer networks 
typically consist of several LAN segments connected via 
bridges. 

Suppose that there is an old LAN, in which several 
service centers are interconnected via bridges. Because 
of the tremendous network congestion, the bandwidths 
on bridges must be modified. The decision-maker hopes 
that a predetermined spanning tree becomes a minimum 
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spanning tree with respect to the traveling time (which 
means high net-speed) between the main service centers. 
Also the total bandwidth modification should be mini-
mized so as to diminish the cost of reconstruction. 

Since the traveling times as well as the net speeds 
are related to bandwidths, it is natural to describe the 
traveling time on a bridge as an uncertain number ins-
tead of a deterministic one with respect to bandwidths of 
bridges when there are no former statistical data. This is 
a typical inverse spanning tree problem with uncertain 
weights, i.e., a UIST problem. 

3.3 Notations and Problem Description 

In this paper, a specific IMST problem with uncer-
tain edge weights is investigated. In order to provide a 
mathematical description for this problem, the following 
notations are used: 

( , )G V E= : a connected graph with set of n vertices V 
and edge set { }1, 2, , ;E m= L  

0T : a predetermined spanning tree of G; 
ic : the original edge weights , ;i i E∈  
ix : decision variables representing the new edge 

weights , ;i i E∈  
( )i ixξ : the uncertain edge weights with respect to 

, .ix i E∈  
 
For our purpose, we assume that , ,i ix c i E≥ ∈  which 

is practical in many situations. For instance, in a traffic 
system reconstruction problem, the roads are often re-
quired to be broadened instead of being narrowed in 
order for accommodating the increasing traffic flow. 
Hence the objective of UIMST problem here is to find a 
new edge weight vector x to minimize the modification 

1
( ),m

i ii
x c

=
−∑  and simultaneously 

0T  is a minimum span-
ning tree with respect to the uncertain edge weights 

( ), .i ix i Eξ ∈  

3.4 Uncertain α-minimum Spanning Tree 

In a UIMST problem, Definition 4 becomes power-
less due to the uncertainty of edge weights .iξ  There-
fore, before modeling the UIMST problem, a minimum 
spanning tree with respect to uncertain weights must be 
defined first. In this section, by using the uncertainty 
measure (see Section 2), a new concept of uncertain α -
minimum spanning tree is recommended as follows. 

 
Definition 5 (Uncertain α -Minimum Spanning Tree). 
Given a connected graph ( , )G V E=  with uncertain edge 
weights , ,i i Eξ ∈  and a given confidence level ,α  a 
spanning tree 

0T  is said to be an uncertain α -mini-
mum spanning tree if  

0
i j

j Ti T

M ξ ξ
∈∈

⎧ ⎫⎪ ⎪≤⎨ ⎬
⎪ ⎪⎩ ⎭
∑ ∑   (8) 

holds for any spanning tree T.  

Definition 5 implies that an uncertain α -minimum 
spanning tree has a chance not less than α  of not having 
an uncertain weight larger than every other spanning 
tree, which is intuitively reasonable. 

As introduced in Section 3.1, Theorem 2 is a nece-
ssary and sufficient condition of minimum spanning tree, 
which provides a useful approach for modeling an IMST 
problem. In the UIMST problem, a similar result can be 
obtained for uncertain α -minimum spanning tree by 
adopting only a tiny change as follows.  

 
Theorem 3. 

0T  is an uncertain α -minimum spanning 
tree with respect to the uncertain edge weights if and 
only if  

{ } 0( ) ( ) 0 , \ , ,i i jM x x j E T i Pξ ξ α− ≤ ≥ ∈ ∈  (9) 

where 
0\E T  is the set of non-tree edges, and jP  is the 

tree path of edge j.  
 

Proof. It follows directly from Theorem 2 and Defini-
tion 5.  □ 

4.  UNCERTAIN PROGRAMMING MODELS 

Based on the concept of uncertain α -minimum 
spanning tree and Theorem 3, two uncertain program-
ming models are built up for the UIMST problem in this 
section including an uncertain sum-type model and an 
uncertain minimax-type model. Furthermore, the opera-
tional law of independent uncertain variables, i.e., The-
orem 1 in Section 2, is used to derive two equivalent 
deterministic models. 

4.1 Uncertain Sum-Type Model 

Let us consider a traffic network reconstruction pro-
blem, where some roads should be broadened for some 
reasons. The decision-maker hopes that the predetermi-
ned spanning tree becomes an uncertain α -minimum 
spanning tree with respect to uncertain traveling times 
between some main traffic hubs, where α  is provided 
as an appropriate safety margin by the decision-maker. 
And the total modification of road widths is also requi-
red to be minimized which means decreasing the cost of 
reconstruction. In this case, a so-called uncertain sum-
type model can be obtained from Theorem 3 as follows, 

{ }

1

0

min ( )

subject to :
( ) ( ) 0 , \ ,
, 1, 2, , .

m

i i
i

i i i i j

i i

x c

M x x j E T i P
x c i m

ξ ξ α

=

⎧
−⎪

⎪⎪
⎨
⎪ − ≤ ≥ ∈ ∈⎪

≥ =⎪⎩

∑

L

 (10) 

where α  is a predetermined confidence level. This mo-
del means to make the least modification on the deter-
ministic edge weights , ,ix i E∈  such that a given spann-
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Table 1. Edge weights for UIMST problem in Figure 3 

Edge 
i 

Original weight 
ic  

Parameter weight 
ia  

Uncertain weight 
(200 , 200 )i i i iL x x aξ = − − +  

1 120 25 (200- 1,x 225- 1)x  
2 40 15 (200- 2,x 215- 2 )x  
3 30 10 (200- 3,x 210- 3)x  
4 150 35 (200- 4,x 235- 4 )x  
5 150 35 (200- 5,x 235- 5)x  
6 60 20 (200- 6,x 220- 6 )x  
7 60 20 (200- 7 ,x 220- 7 )x  
8 40 15 (200- 8,x 215- 8)x  
9 170 40 (200- 9,x 240- 9 )x  
10 130 30 (200- 10 ,x 230- 10 )x  

UMIST: uncertain inverse minimum spanning tree. 

ing tree becomes an uncertain α -minimum spanning 
tree with respect to the uncertain edge weights , .i i Eξ ∈  

By the use of Theorem 1, it is easy to convert mo-
del (10) into the following crisp equivalent model, 

1

1 1 0

min ( )

subject to :
( , ) ( , 1 ) 0, \ ,

, 1, 2, ,

m

i i
i

i i j i j

i i

x c

x x j E T i P
x c i m

α α

=

− −

⎧
−⎪

⎪⎪
⎨
⎪Φ −Φ − ≤ ∈ ∈⎪

≥ =⎪⎩

∑

L

   (11) 

where 
1

i
−Φ  represent the inverse distributions of uncer-

tain weights , 1, 2, , ,i i mξ = L  which are related to the 
new edge weights .ix  

4.2 Uncertain Minimax-Type Model 

Sometimes, the decision-maker hopes to minimize 
the maximal one among all the modifications so as to 
keep a balance of cost during the system reconstruction. 
In order to meet this objective, an uncertain minimax-
type model can be established as follows, 

{ }

1

0

min max ( )

subject to :
( ) ( ) 0 , \ ,
, 1, 2, , .

m

i ii i

i i i i j

i i

x c

M x x j E T i P
x c i m

ξ ξ α

=

⎧
−⎪

⎪⎪
⎨
⎪ − ≤ ≥ ∈ ∈⎪

≥ =⎪⎩

∑

L

   (12) 

Similarly, using the inverse uncertainty distributions 
1

i
−Φ  of edge weights, ,i E∈  an equivalent deterministic 

model can be obtained as follows, 

1

1 1 0

min max ( )

subject to :
( , ) ( , 1 ) 0, \ ,

, 1, 2, , .

m

i ii i

i i j i j j

i i

x c

x x j E T i P
x c i m

α α

=

− −

⎧
−⎪

⎪⎪
⎨
⎪Φ −Φ − ≤ ∈ ∈⎪

≥ =⎪⎩

∑

L

  (13) 

The objective function of model (13) is to mini-
mize the largest modification in all the edges provided 
that a given spanning tree 

0T  becomes an uncertain α -
minimum spanning tree regarding the uncertain edge 
weights. 

Until now, two uncertain models together with their 
equivalent deterministic models are presented for the 
UIMST problem according to different decision objec-
tives. We can see that models (11) and (13) have no 
difference with classical mathematical programming 
models when the inverse uncertainty distributions are 
known. Thus, we may solve them by classical optimi-
zation methods or intelligent algorithms. 

5.  COMPUTATIONAL EXAMPLES 

In order to illustrate the effectiveness of the above 
two uncertain programming models, in this section, a 
traffic network reconstruction problem with 6 traffic 
hubs and 10 roads is considered (Figure 3), with the 
solid line representing the predetermined spanning tree 

0.T  There are three weights on each road, where ic  and 

ix  are the original and new widths of road i, respec-
tively, and iξ  denote the uncertain traveling times on 
road i, which are assumed to be linear uncertain vari-
ables only with respect to ,ix  i.e., ( ) (200 ,i i i ix L xξ ξ= = −  
200 )i ix a− + (Table 1). Two uncertain models are given 
to formulate this problem and then solved by MATLAB 
(MathWorks, Natick, MA, USA). 

 

 
Figure 3. Uncertain inverse minimum spanning tree 

problem for computational examples. 
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Example 1. Firstly, when the sum-type model (11) is 
used, the objective is to minimize the total modification 
of road widths with a given confidence level α = 0.8 so 
as to minimize the total cost of reconstruction, then the 
following uncertain programming model is obtained, 

 
10

1

1 1 0

min ( )

subject to :
( , 0.8) ( , 0.2) 0, \ ,

, 1, 2, , 10

i i
i

i i j i j

i i

x c

x x j E T i P
x c i

=

− −

⎧
−⎪

⎪⎪
⎨
⎪Φ −Φ ≤ ∈ ∈⎪

≥ =⎪⎩

∑

L

   (14) 

 
where the non-tree edge set { }0\ 6, 7, 8, 9, 10 , jE T P=  is 
the tree path of non-tree edge j, and 

1
i
−Φ  are inverse un-

certainty distributions of , 1, 2, , 10.i iξ = L  Since 
1( ,i ix−Φ  

10.8) 200 0.8 , ( , 0.2) 200 0.2i i j j j ja x x a x−= + − Φ = + −  accord-
ing to (2), it follows that 

1 1( , 0.8) ( , 0.2)i i j j ix x x− −Φ −Φ = −  
0.8 0.2 .j i jx a a+ + −  

As a result, an equivalent formulation of model (14) 
can be gained as follows, 

 
10

1

0

min ( )

subject to :
0.8 0.2 0, \ ,

, 1, 2, , 10

i i
i

i j i j j

i i

x c

x x a a j E T i P
x c i

=

⎧
−⎪

⎪⎪
⎨
⎪ − + + − ≤ ∈ ∈⎪

≥ =⎪⎩

∑

L

   (15) 

 
which is a linear programming model. Hence, we solve 
it by MATLAB 7.1 and get the optimal solution 
 

*
1 (120, 68, 170, 190, 152, 60, 60, 40, 170, 130)x =  

 
and the minimum total modification on road widths is 
210. 

 
Example 2. Secondly, by the use of the minimax-type 
IMST model (13), we have the corresponding formula-
tion for this problem like: 

 

0

min max( )

subject to :
0.8 0.2 0, \ ,

, 1, 2, , 10.

i ii

i j i j j

i i

x c

x x a a j E T i P
x c i

−⎧
⎪
⎪
⎨
− + + − ≤ ∈ ∈⎪

⎪ ≥ =⎩ L

   (16) 

 
Similarly, with the help of MATLAB 7.1, model 

(16) is solved easily with the final solution  
 

*
2 (120, 68, 170, 222, 257, 60, 60, 40, 170, 165)x =  

 
as well as the optimal objective value 140. 

By making a further investigation on the experi-
mental results, we have  

( ) ( )* *
1 21 10 1 10

max max 140,i i i ii i
x c x c

≤ ≤ ≤ ≤
− = − =  

( ) ( )
10 10

* *
1 2

1 1

210, 382,i i i i
i i

x c x c
= =

− = − =∑ ∑  

 
which imply that both 

*
1x  and 

*
2x  are optimal solutions 

of model (16), while only 
*
1x  is the optimal solution of 

model (15). We can conclude from the computational 
results that model (16) has more than one optimal 
solution including that of model (15). 

6.  CONCLUSION 

In this paper, the concept of uncertain α -minimum 
spanning tree is initiated for uncertain minimum span-
ning tree based on the uncertainty measure. After that, 
two uncertain programming models are presented to 
formulate the inverse minimum spanning tree problem 
with uncertain edge weights and then transformed to 
crisp equivalent models. Finally, the numerical exam-
ples on a traffic system reconstruction problem are put 
forward to illustrate the effectiveness of models propo-
sed. The results of the computational examples led us to 
conclude that the uncertain minimax-type model has 
more than one optimal solution, and the optimal solution 
of uncertain sum-type model is also an optimal solution 
of uncertain minimax-type model. The multiple optimal 
solutions in Example 2 indicate that there are more than 
one plan for the decision-maker to choose for the recon-
struction of the traffic network. As a complementary of 
this paper, a further study on the analysis of the solu-
tions is needed. Some efficient algorithms to deal with 
the UIST problem should be also involved in the future 
work. 
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