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ABSTRACT

Uncertainty theory is a branch of mathematics based on normolity, duality, subadditivity and product axioms. Uncer-
tain process is a sequence of uncertain variables indexed by time. Canonical Liu process is an uncertain process with
stationary and independent increments. And the increments follow normal uncertainty distributions. Uncertain differ-
ential equation is a type of differential equation driven by the canonical Liu process. Stability analysis on uncertain
differential equation is to investigate the qualitative properties, which is significant both in theory and application for
uncertain differential equations. This paper aims to study stability properties of linear uncertain differential equations.
First, the stability concepts are introduced. And then, several sufficient and necessary conditions of stability for linear
uncertain differential equations are proposed. Besides, some examples are discussed.
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1. INTRODUCTION

Differential equation is a classic mathematical branch
widely applied in physics, engineering, biology, econo-
mics and other fields. Due to the influence of random-
ness, stochastic differential equation, a type of differen-
tial equation driven by Brownian motion, was founded
by Ito (1951). Besides the Ito stochastic differential
equations, Kunita and Watanabe (1967) introduced sto-
chastic differential equations driven by square integrable
martingales, and Meyer (1970) studied stochastic diffe-
rential equations driven by square integrable semimar-
tingales. After a half century development, the stocha-
stic differential equation has been widely applied to
physics, mechanics, biology, economics and finance,
control theory, aerospace engineering, and other disci-
plines. It has become a basic modern mathematical tool
to analyze the stochastic model for inspection system.

Note that the driven process Brownian motion is a
stochastic process such that almost all sample paths are

continuous but non-Lipschitz continuous functions, that
is to say, all sample paths have infinite length. Thus, the
Brownian motion describes the irregular movement of
pollen with infinite speed. In order to describe the irre-
gular movement of pollen with finite speed, an uncertain
counterpart of Brownian motion called canonical Liu
process was introduced by Liu (2008). Canonical Liu
process is a Lipschitz continuous uncertain process with
stationary and independent increments, and each incre-
ment is a normal uncertain variable. Following the
canonical Liu process, uncertain calculus was initialized
by Liu (2009) to deal with differentiation and integration
of functions of uncertain processes. Furthermore, un-
certain differential equation, a type of differential equa-
tion driven by the canonical Liu process, was defined by
Liu (2008). Recently, Chen and Liu (2010) proved the
existence and uniqueness theorem of solution for uncer-
tain differential equation under the Lipschitz condition
and linear growth condition. Moreover, uncertain dif-
ferential equations have been applied to uncertain op-
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timal control by Zhu (2010) and uncertain financial mar-
ket by Chen (2011), Liu (2008) and Peng and Yao (2011).
For exploring the recent developments of uncertainty
theory, the readers may consult Liu (2010).

Stability analysis on differential equation is an im-
portant aspect in investigating the qualitative properties
of differential equation by Lyapunov function approach.
Some efforts have also been devoted to the application
of the Lyapunov function method to design controls or
to obtain sufficient conditions for the optimality of a
given control. The stability analysis on stochastic diffe-
rential equations was initialized by Kats and Krasovskii
(1960) through the stochastic Lyapunov approach to the
study of qualitative properties of stochastic differential
equations. The theory of stochastic Lyapunov functions
has been a successful tool for assessing its stability
properties (Kushner, 1967; Khas minskii, 1962,1980).

Since the canonical Liu process is more appropriate
to describe the real existence noise, uncertain diffe-
rential equations have advantages in describing dynamic
systems. Stability analysis of uncertain differential equa-
tion also has a great practical and theoretical significance.
The rest of the paper is organized as follows: prelimi-
nary concepts of uncertain processes are recalled in Sec-
tion 2. The concepts of uncertain differential equation
are recalled in Section 3. The definitions of stability for
uncertain differential equation are introduced in Section
4. Several sufficient and necessary conditions of stability
for linear uncertain differential equations are proved in

Section 5. Finally, a brief summary is given in Section 6.

2. PRELIMINARY

Uncertain measure M is a real-valued set-function on
a o -algebra L over a nonempty set I' satisfying nor-
mality, duality, subadditivity and product axioms. The
triplet (I, L, M) is called an uncertainty space.

Definition 1 (Liu, 2007). An uncertain variable is a func-
tion from an uncertainty space (I', L, M) to the set of
real numbers, i.e., for any Borel set B of real numbers,
the set

{ceBy={rel|c(y)e B}

is an event.

The uncertainty distribution function ®:% —[0, 1]
of an uncertain variable & is defined as ®(x)= M{£ <
x}. The expected value of an uncertain variable is de-
fined as follows.

Definition 2 (Liu, 2007). Let &£ be an uncertain variable.

Then the expected value of & is defined by
+00 0
E[E]=[" M{g2rdr=| M{E<ridr

provided that at least one of the two integrals is finite.

Liu (2007) proved the Markov inequality for un-
certain variables. Let & be an uncertain variable. Then
for any given number ¢>0 and p >0, we have

ElE]

t?

Milg|zt<

An uncertain process is essentially a sequence of uncer-
tain variables indexed by time or space. The mathema-
tical definition was introduced by Liu (2009).

Definition 3 (Liu, 2008). Let T be an index set and let
(T, L, M) be an uncertainty space. An uncertain pro-
cess is a measurable function from 7 x(T, L, M) to the
set of real numbers, i.e., for each /T and any Borel set
B of real numbers, the set

(X, eBy={yel'|X(y)eB}

is an event.

An important uncertain process called the canoni-
cal Liu process, which could be seen as the uncertain
version of Wiener process, is difined as follows.

Definition 4 (Liu, 2009). An uncertain process C, is

said to be a canonical Liu process if

(i) C,=0 and almost all sample paths are Lipschitz
continuous,

(i) C, has stationary and independent increments,

(iii) every increment C,  —C, is a normal uncertain

variable with expected value 0 and variance ¢,
whose uncertainty distribution is

O(x)= (1 + exp(—gj]_ ,xeR.

Definition 5 (Liu, 2009). Let X, be an uncertain pro-
cess and let C, be a canonical Liu process. For any
partition of cloesd interval [a,b] with a=1¢ <t, < -
<t .. =b, the mesh is written as

m+l

A=max |t —t].

1<i<k

Then, the uncertain integral of X, with respectto C, is

t

k
I:X[dct = hmZXt, . (CzH] - C[l-)

A-052

provided that the limit exists almost surely and is an
uncertain variable.
Let C, be a canonical Liu process and let f(r) be

an integrable function with respected to ¢. It has been

proved that the uncertain integral 'f(: f(®)dC, is a normal
uncertain variable with expected value 0 and variance

s 2
( J 0 |f(t)|dt) . Let h(z,c) be a continuously differenti-
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able function. Then, X, = A(z, C,) is an uncertain process.
Liu (2009) proved the following chain rule

t

:%(t, Ct)dt+@(t, C,)dC.,. (D
ot oc

3. UNCERTAIN DIFFERENTIAL
EQUATIONS

Based on the canonical Liu process, Liu (2008) in-
troduced uncertain differential equation to describe dy-
namic uncertain systems.

Definition 6 (Liu, 2008). Suppose that C, is a canonical
Liu process, and f'and g are some given functions. Then,

dX, = f(, X,)dt+g(t, X,)dC, 2

is called an uncertain differential equation. A solution is
an uncertain process X, that satisfies (2) identically in z.

The following uncertain differential equation
dX, = a()X,dr + b(1) X dC, 3)

is called a homogeneous linear uncertain differential eq-
uation. It has a unique solution

X, = Xoexp( [Lats)ds + j;b(s)dq )

Note that X, is a lognormal uncertain variable for each .

Suppose that u,,u,,v,,v, are some continuous func-
tions with respect to #. It has been proved by Chen and
Liu (2010) that the linear uncertain differential equation

er = (u]tXt + ”2; )dt + (vltXt + v21)dCt (4)
has a solution

e ds+ [ 22 dC,
US 0 U\

t
X, =U| X, + Io

where
U, = exp(J.Orulrdr + L:W dC,,).

Liu (2012) give two analytic methods to solve uncertain
differential equations. We will introduced as follows.

Theorem 1 (Liu, 2011). Let f be a function of two
variables and let o, be an integrable uncertain process.
Then the uncertain differential equation

dx, = £(t, X,)dt +1X,dC,

has a solution X,=Y'Z where ¥, :exp(—J.(:O'sts) and

Z, is the solution of uncertain differential equation

Az, =Y, f(1.Y'Z)de
with initial value Z; =X, .
Theorem 2 (Liu, 2011). Let g be a function of two vari-
ables and let ¢ be an integrable uncertain process. Then
the uncertain differential equation

dX, = tx,dt + g(t, X,)dC,

has a solution X,=Y'Z, where Y =exp|- Iogdsl and

t t
Z, is the solution of uncertain differential eq{)latio dz,

=Yg(t, ¥, 'Z,)dC, with initial value Z, = X, .

4. CONCEPTS OF STABILITY

Before we study the stability properties of uncer-
tain differential equations, we will introduce some stabi-
lity concepts.

Definition 7 (Liu, 2009). An uncertain differential equa-
tion is said to be stable if any solutions X, and ¥, sa-
tisfies

lim M|X,-Y,[>e=0

[Xy-Y,1=0
for any given number ¢ >0 and any time ¢ > 0.
In fact, an uncertain differential equation is stable
if and only if for any given x and ¢, there exists & such
M{X,-Y|>x}<e,t>0
whenever | X, -, |[< 8. The uncertain differential equation
dX, = adt + odC,
has the solutions
X,=X,+at+0C, and Y, =Y, +at+oC,
with the initial values X, and Y, respectively. Then for
any given nonnegative real number & and any time
t>0, such that
M{|Y,~ X, e} = M{|Y,~ X, 26} =0
when ever | ¥, — X, [<e&. Thus this uncertain differential
equation is stable. Next, we will give another example
which is not stable. The uncertain differential equation

dX, =(m—-aX,)dt+0dC, a<0 %)

has solutions
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t

x =" [XO - ﬁjexp(—az) + o[ eplats—n)dC,
a a 0
and
v =24 [YO - ﬂj exp(-ar) + o[ exp(a(s - )dC,,
o a 0

with the initial values X, and Y, respectively. Then for
any given nonnegative real number ¢, such that

M{Y, - X, 2 &} = M{exp(-a)| ¥, ~ X, [2 6} = 1
provided that ¢ is sufficiently large.

Definition 8. An uncertain differential equation is said
to be asymptotically stable if it is stable and

lim | X, =Y, =0, as.
t—>+0

whenever | X, -Y, [< 0.

The stability and asymptotical stability properties
of uncertain differential equation can be depicted by
Figure 1.

Figure 1. The stability and asymptotical stability of
uncertain differential equation.

Definition 9. An uncertain differential equation is said
to be global asymptotically stable if it is stable and

lim | X, =Y, =0, as.

t—>+0

for any X, and ¥,.

5. STABILITY THEOREMS

Theorem 3. Suppose that a(z) and b(z) are continuous
functions and J-OM | b(s)|ds <+oo. Then the uncertain dif-
ferential equation

dX, = a(t) X,dt +b(1)X,dC, (6)

is stable if and only if supJ;a(s)ds < oo,

=20

Proof. 1t has been proved that the unique solution of
uncertain differential Eq. (6) is

X = Xoexp( [lats)ds + [ ;b(s)dCs)

which is a normal uncertain variable with expected value
t 2 .
0 and variance (IO | b(s) | ds) with respected to ¢. For any

given positive number x, we have

M{X, ~Y | >xi= M{\ X,-7,| exp(ju’a(s)ds + J.U’b(s)dCs) > K}

_ t K B t
- M{job(s)dcs > lano T Joa(s)ds}

K t
=1-®,| In - a(s)dsj.
[ | Xo - Y() | '[0

Then for any positive number &, we get

M{\X,—Yt\>;c}<g®1—(l)t[ln u —j;a(s)ds]<g. (7)

‘XO_Y;)‘

On the one hand, we have

supJ-(ja(s)ds <+ and L:w | b(s)|ds < +oo.

=20

For any given positive numbers « and &, there exists a
number &, say

o= Kexp[—\/gj.;x [ b(s) | dslnl_—g - supJ‘(:a(s)dsJ
T & 20

such that

K t
M{| X, —Y,|>,<}1-@,[1n|X0_%|—j(]a(s)dsJ

K t
<1-O, [lng - Ioa(s)dsj
<¢

as | X, -Y |[<d.
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On the other hand, if Eq. (6) is stable, it follows
from the definition of stability that for any given
positive numbers x and ¢ there exists a § such that

K —
‘X<>_Y<>|

M{J.;b(s)dcx >1In jéa(s)ds} <¢
as | X,—-Y,|<d. Since L:b(s)dCS is a normal uncertain

variable with expected value 0 and finite variance for all
t>0. Thus

K t
In————| a(s)ds > d7'(g), V¢>0.
| Xy =Y, | j“

Therefore we get

sup_[;a(s)ds < lng —®7'(g) < +oo.

t=0

Thus the uncertain differential Eq. (6) is stable if and
only if supf [a(s)ds <400,
20 %0

Example 1. Suppose that a(r) and b(r) are two func-
tions

1
1+¢°

a(t)= and b(t) = exp(-t).

Then

supJ.;a(s)ds = % <+o00 and J.Om |b(s)|ds =1<+o0.

20
Thus the uncertain differential equation

Xl
+1

t

dt +exp(—t)X,dC,

is stable.

Theorem 4. Suppose that a(s) and b(s) are continuous
functions and J‘(:w | b(s) | ds < +o. The uncertain differen-

tial equation

dX, = a() X, dt + b(1) X,dC, (8)
is asymptotically stable if and only if 1im '[ ;a(s)ds = —oo,

Proof. 1t follows from Theorem 3 that the uncertain
differential Eq. (8) is stable for

tim | a(s)ds = —<o.

>+

It has been proved that for any two solutions of Eq.
(6) satisfying

X, -, = (X, = e[ lats)is + [ bsydc, ).

Since [ |b(s)|ds<+o, we have J.Otb(s)dCs <+o0, as.

Therefore lim| X, -Y,|=0 if and only if

1—w

lim J-;a(s)ds = —0,

t—>+0

Example 2. Suppose that a(r) and b(¢) are two func-
tions defined by

a(t)y=-1 and b(t) = exp(—t).
Then

[ a(s)ds =0 and | 0“” |b(s) | ds = 1< +o0.

Thus the uncertain differential equation
dX, =-X,dt +exp(—t) X, dC,
is asymptotically stable.

Theorem 5. Suppose that a(r) and b(¢) are continuous
functions with respect to ¢ and J.OW | b(s)|ds = 4. The un-
certain differential Eq. (6) is asymptotically stable if

there exists a number p >1 such that

J.ta(s)ds

lim sup—————<0

([ b 6]

Proof. For any given x, we have

M{X,-Y |>x}= M{\ X, -, |exp(I;a(s)ds+I;b(s)dCs)>K}

[poyac, I K_Y | [ ats)ds
> 0o fol _
([s@ias) ([rs@ias) ([l166e)

E(J.Orb(s)dCS )2

In K !
X1 e

(118185 _ (11815

K t
X1, s

INESTEN] i ([ 18105

(. 1pnas)’

In

( [ 166)] dq)zw)
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Since

[ a(s)ds
lim sup

<0 and j+’°\b(s)|ds=+oo,
T =40 (>T t P 0
(jo |b(s)| dv)

we get

lim M{| X, =Y, |>«}

t—+0

1
= lim >=0.

o 2p-1) In - I ta(s)ds
(1106 05) Aokl S
0

(IO |b(s) | ds)p (jo |b(s)| ds)P

Therefore for any given x and &, there exists a number
N such that M {|X,-Y | >«}<& when ¢ >N. When
0<t< N, there exists a number §, say

5= Kexp[—\/g'[ 7 b(s) | dstn =% + sup [ ’a(s)dsJ
7 d0 £ Jo

0<t<N

such that

M{ X, Y |>x}= M{|X0—Y0 |exp(j;a(s)ds+j;b(s)dc,,)>K}

t K t
- M{Iob(s)dq >1n A j Oa(s)ds}

K '
=1-®,|In - a(s)ds]
[ |X0_Yo| J-O

K t
=1-1-®, [mg—joa(s)ds]

<¢

as | X, — Y, | <. Thus the uncertain differential Eq. (6) is
stable. Furthermore, it is obvious that
[ a(s)ds + [ b(s)dc, [ a(s)ds

0 0 < lim sup 0

lim sup

T ([ las)

| (:b(s)dCS
+ hm sup

<0, a.s.
T+ (>T P

(1501 as)

Since I , |b(s)|ds =40, we have flirg Joa(s)ds + J‘Ob(s)d
C, =-»,as. Thus

lim | X, =¥ | = lim | X, — ¥, | exp( [lats)ds + [ (:b(s)dCs)

t—+0

=1 Xy =%, | fim exp (joa(s)ds + job(s)dcs)
=0(a.s.)

Therefore uncertain differential Eq. (6) is asymptotically
stable.

Example 3. Suppose that a(r) and b(¢) are two func-
tions defined by

a(ty=—t"", p>1 and b(t)=1.

Then

[La(s)ds .
lim sup —=—1 and jo |b(s) | ds = +.

Thus the uncertain differential equation
dX, =—+""'X,dt + X,dC,
is asymptotically stable.

Theorem 6. Let a(r) and b(r) be two continuous func-
tions. Then the uncertain differential equation

dX, = a(r)X,dt + b(1)dC, O]
is stable if I (:a(s)ds > —o0,

Proof. The uncertain differential Eq. (9) has a unique
solution

X, = exp(J;a(s)ds)(Xo + I;b(s) exp(—J‘Osa(r)dr)dCs)

which is a normal uncertain variable with expected value
0 and variance

(exp(J‘ota(s)ds)L: | b(s) | exp(—j(la(r)dr)ds)2 .
Since

sup

120

Jota(s)ds‘ <0 and [ |b(s)|ds <-+o,

we have
t +00 t
exp('[oa(s)ds)'[o [b(s)| exp(—'foa(r) dr)ds < o0,
For any positive numbers « and ¢, there exists a num-

ber &, say

such that
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MU, =1 k) = b{lerp(X) - exp(Eplep [ ats)ds
+f O‘b(s)exp(—j:a(r)dr)dq) > ;c}

t s K t
= M{ j Ob(s)exp(— j Oa(r)dr)dCY > Inm - joa(s)ds}

—_ — K — !
--® (ln lep(Xy)—exp(%,)| J oa(s)dsj

K t
<1-®, (mg - j Oa(s)dsj

<¢&

as | X, — Y, | <68. Thus the uncertain differential Eq. (9) is
stable.

Example 4. Suppose that a(r) and b(¢) are two functions
defined by

alt) = !

= 4,>0 and b(t)=
(t+a)n’(t +a,) "

1+

Then

t +00 ﬂ
\supjoa(s)ds\<+oo and jo \b(s)|ds—5,

120
Thus the uncertain differential equation

X, dt ! dc

= +
(t+a))n’(t +a,) 1+

t

is stable.

6. CONCLUSION

The concepts of stability and asymptotical stability
for uncertain differential equation were introduced in this
paper. Based on them, thestability theorems for linear
uncertain differential equation were studied. Fortunately,
several sufficient and necessary conditions of stability
for linear uncertain differential equations were obtained.
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