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REDUCING SUBSPACES FOR TOEPLITZ OPERATORS ON
THE POLYDISK

YANYUE SHI AND YUFENG LU

ABSTRACT. In this note, we completely characterize the reducing sub-
spaces of Tzf’zé\l on A2/(D?) where a > —1 and N, M are positive in-
tegers with N # M, and show that the minimal reducing subspaces of
T, N M on the unweighted Bergman space and on the weighted Bergman

space are different.

1. Introduction

Let D denote the open unit disk in the complex plane. For —1 < a < 400,
L?(D, dA,) is the space of functions on D which are square integrable with
respect to the measure dA,(2) = (a+1)(1—]|z|?)*dA(z), where dA denotes the
normalized Lebesgue area measure on D. L?*(D, dA,) is a Hilbert space with
the inner product (f, g9)a = [p f(2)g(2)dAq. The weighted Bergman space
A2 is the closed subspace of L?(D, dA,) consisting of analytic functions on
D. If a = 0, A2 is the Bergman space. We write A?=A32. It is known that

{ﬁ}:ﬁ% is an orthogonal basis of A2(D). Let v, = [|2"|o = %

forn =0,1,2,.... Therefore,
—+o0
1£115 =Y nlan]® < oo,
n=0

with f(z) = 327 a,2" € A2(D).

Denote the unit polydisk by D™. The weighted Bergman space A2 (D") is
then the space of all holomorphic functions on L?(D", dv,), where dv,(z) =
dAs(z1) - dAs(2zn). For multi-index 8 = (51,...,08n), B = 0 means that

Received January 25, 2012.

2010 Mathematics Subject Classification. Primary 47B35, 47B38.

Key words and phrases. Toeplitz operator, reducing subspace, Bergman space.

This work was supported by NNSF of China (11201438, 11271059, 10971020), Shanc-
long Province Young Scientist Research Award Fund (BS2012SF031) and the Fundamental
Research Funds for the Central Universities (201213011).

(©2013 The Korean Mathematical Society

687



688 YANYUE SHI AND YUFENG LU

; > 0 for any ¢ > 0. Denote by 2° = 201202 Bn and
1 ~2 n
B
z

eg = ——"—,
,yﬂl ...,yﬂ’ﬂ

then {eg}g is an orthogonal basis in A2 (D").

Let P be the Bergman orthogonal projection from L2?(D") onto AZ(D™).
For a bounded measurable function f € L>°(D"), the Toeplitz operator with
symbol f is defined by Trh = P(fh) for every h € A%(D").

Recall that in a Hilbert space H, a (closed) subspace M is called a reducing
subspace of the operator T if T(M) C M and T*(M) C M. A nontrivial
reducing subspace M is said to be minimal if the only reducing subspaces
contained in M are M and {0}. On the Bergman space A%(D), the reducing
subspaces of the Toeplitz operators with finite Blaschke product simples are
well studied (see [1, 2, 8] for example). On A%(D?), Y. Lu and X. Zhou [4]
characterized the reducing subspaces of Toeplitz operators T.v.~, T.~ and
T.y.

In this note, we consider the reducing subspaces of the Toeplitz operators
T.n.u on AZ(D?) and Ton m on A7 (D"), where N, M > 1 are integers and
1 <14 < j < n. Usually, the Toeplitz operators on the unweighted Bergman
space and the weighted Bergman space have similar properties (see [5, 6, 7, 9]
for example). However, we obtain that the minimal reducing subspaces of
T.n. with N # M on A7 (D?*)(a # 0) are less then that on A*(D?) (see
Theorem 2.4 and Theorem 3.2).

2. The results on the Bergman space

Let M, N be integers with M, N > 1 and M # N. In this section, we
consider the minimal reducing subspace of T,n.» on A*(D?). Here 7y, =

25]l0 = /715~ Let pr(k) = EEDN — 1 and pa(k) = LM 1. Let Hpm =

Span{zz, 2™ 220" and P,,,, be the orthogonal projection from A2 (D?)
onto Hym.-

Lemma 2.1. Let n,m,h be nonnegative integers. Then the following state-
ments hold:
(a) if p1(m) is an integer, then p1(m + hM) = p1(m) + hN is an integer
for every h > 0;
(b) if p2(n) is an integer, then pa(n+ hN) = pa(n) + hM is an integer for
every h > 0;
(c) if p1(m) and pa(n) are positive integers, then v, (m)Yps(n) = YmVn
(d) p1(p2(n)) =n and p2(p1(m)) = m.
Proof. Notice that if p;(m) and pa(n) are positive integers, then v, () =

\/%vm and 7, (n) = %vn. So (c) holds. By the direct calculation, (a), (b)
and (d) are obvious. O
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Theorem 2.2. Letn,m be integers such that0 < n < N—1o0r0<m < M-1,
and both of p1(m) and p2(n) are integers. Then for a,b € C,

M = Span{azthN M bzfl(m+hM)z§2(n+hN)' h=0,1,2,...}

is a minimal reducing subspace of TZ{VZé\/I on the polydisk.

Proof. By Lemma 2.1(a) and (b), it is easy to check that Ty (M) C M.
On the other hand,

* ko 1y _ * kU B\.B
TZ{vzéW(Z1Z2) = E ( 2N M71%2,€ )e
B=0

2_2
U GRENGIEM e k> N> M,

3
Vie—NTVi-m

0, if others.

For each h > 1,

* n+hN _m-+hM
Tzivzé” (Zl 29 )

2 2

_ Yn4+hNTm+hM zn+(h71)sz+(h71)M

- 2 2 1 2 )
Tnt(h—1)NTm+(h—1)M

o pu(mthM)_pa(nthN)
2V 2 (Zl 2 )

2 2
/7p1(m+hM)/7p2(n+hN) Zpl(erhM)szpQ(nJrhN)fM
2 2 1 2 .
Vo1 (m+hM)—N7V pa (n+hN)—M

Combining this with Lemma 2.1(c), it is easy to check that

* n+hN _m-+hM p1(m+hM) _pa(n+hN)
Tzf’zéw (az] 2y + bz} 25 )

hN—N hM—M m~+hM—M n+hN—N
= plazft 2t + b2 ) 2620 )y eM,
2 2 2 2
where p = — 'Yn+hN'szn+hM S Tp1(mthM)Vpy(nthN)
Yo+ (h—1)NVm+(h—1)M Vo1 (m+hM)—NTVpy(nthN)—M

Since0 <n<N-—1(or0<m< M-—1), we get pa(n) < M (or p1(m) <
N, respectively). Therefore, Ty _ (azi 25" + b1 ™2y — g e M. So
Ty (M) € M, which finishes the proof. O

Lemma 2.3. Suppose M # 0 is a reducing subspace of Ton o in A%(D?). Let
f= E(k,l)to ak12¥25 € M. For each nonnegative integers n,m with anm, # 0,
the following statements hold:

(I) if p1(m), p2(n) are integers and a,, (m)p,(n) 7 0, then

anm 2} '+ G a7 257 € M.

(IT) if at least one of pi(m),p2(n) is not an integer, or a,, (m)ps(n) = O,
then z1'zy" € M.
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Proof. For every integer h > 0, denote by T} = TZ?NZSJVI. Notice that

2 2
(21)  TPTa(eley) = DNEnTAMem nom o g > 0,

TnVm
Let Ppq be the orthogonal projection from A2 (D) onto M, then for nonnegative
integers n,m, k, [,

(PMTThetzg', 2t 2) = (T Th Pt 23", 21 25) = (Pt 25", T Thzt 23)-

Thus ”hN;’;ng“ = ”hN;gng“". Equivalently,
kTl n I'm
E+1D)(1+1 k+hAN+1)(1+hM+1
o EDEED AN DGR Y

(n+1)(m+1) (n+hN+1)(m+hM+1) =~

We claim that (k,1) = (n,m) or (k,1) = (p1(m), p2(n)). In fact, let b — +o0,
then
(2.3) (k+1)({+1)=(n+1)(m+1).
It follows that (kK +hN + 1)({+hM +1) = (n+hN +1)(m + hM + 1). Since
gA) =k +AN+D)(+AM +1)— (n+ AN +1)(m+ AM + 1) is an analytic
polynormal on C, g(A) = 0 for any A € C. The coefficient of A\ must be zero.
We get
(2.4) M(n—k)=N(l—-m).
This together with (2.3) implies the claim.

Therefore, Pa(27'25") € Hupm. Hence,
Since Py f = f for every f € M, we arrive to

<PManfa Z?Zén> = <fa anPMZILZgL> = <f7 PM'ZILZ?> = <anfa Z?Zgl>
Notice that pa(p1(m)) = m, p1(p2(n)) = n and H,, (m)ps(n) = Hnm- Replacing
n, m by p1(m) and pa(n), respectively, it is easy to get that

Moteover, (PatPanf, 2£5) = (P, 2k24) = 0 for any (,1) # (pr(m), pa(n)
and (k,1) # (n,m). Hence Py f = PmPam(f) € M. So we get the result. O

Theorem 2.4. Suppose M # {0} is a reducing subspace of T,n .y in the

Bergman space A%(D?). Then there exist a,b € C and nonnegative integers
m,n with 0 <n<N—-1o0r0<m<M-—1, such that M contains a reducing
subspace as follows

Moy mab = Span{az{bN"'"ng""m + bzfl(m+hN)z§2(n+hM) ch=0,1,2,...},

where p1(m + hN) = W —1 and pa(n+ hM) = W —1. In
particular, if p1(m) (or pa(n)) is not a positive integer, then b = 0. Moreover,
M is minimal if and only if M = Moy, m ab-
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Proof. (I) If M # 0, there exist nonzero function f € M and k, !, such that
Py f # 0. Lemma 2.3 implies that

k= Puf= azl 22 + bzpl(l) E M.
Observe that there is a positive integer hg such that az"z5" + bzpl(m) p2(n) —
(T )™ (grt) # 0, (T _ae)"+ (grt) = 0, where n =k — hoN, m = | — hoM.
Clelarlzy, 0<n<N 711 2or 0 <m < M —1. So Theorem 2.2 shows that
azl 2z + bel(m)Z§2(n) € My m,ap C M.
(IT) Suppose M is minimal. As in (I), there is a nonzero function azjz5" +

b2 (™) 020" ¢ M. Then the following statements hold:

(a) if 2J25" € M, then M = Span{z{ TNt M > oy

(b) if p1(m), pa(n) are integers, and 2™ 222 € M. then

M = Span{z/(MFTN 2 ()FRM s gy

c) if none of 272" and z z is in M, then = Mu.m.ap Wit

if f 2720 and {n(m) 2/)2(71) is in M. then M Mop.m.a, ith
ab # 0.

So we finish the proof. O

Remark 2.5. Note that

pr(ARN) pa(nthM) _ mot (SRt nt ESAGO p pN
1 2] =% %2 :

If N = M, then p1(n) = m and pa(m) = n. Y. Lu and X. Zhou [4] showed that

Span{(zFz" + 27 28) (2120)"Y 1 h = 0,1,2,...} and Span{zfz0(z122)"N : h =

0,1,2,...} are the only minimal reducing subspaces of T,n.y. Let ab = 0 with

a # b. Then M,, ,, o is a reducing subspace of TZ{vzéu when N # M, but is

not a reducing subspace of T, x_~.

3. The results on the weighted Bergman space

Let —1 < a < 400 with a # 0. In this section, we consider the reducing
subspace of T’ . on the weighted Bergman Space A%(D). Here v, = ||2"]|a =

n!l'(24a)

Ttatn)" We begin with a useful lemma.

Lemma 3.1. Let M, N, n,m,k,l be nonnegative integers with [ > m,n > k
and M,N > 1. If

(3.1) VAN R YViar 1 = VAN 0 Varstms >0,
then N =M, l=mn and m = k.

Proof. First, note that the equality (3.1) holds if and only if for any A € C the
following equality holds:

n—k —
(3.2) [TON+i+8) J[JOM +2+a+1-3)

j=1 j=1

3
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n—Fk l—m
= JION+2+a+n—j) [JOAM +j+m).
j=1 j=1

By computing the coefficient of A»~¥+1="=1 in the equality (3.2), we obtain

MY (G+R)+N YT 2 atl—5) = M Y37 (2+atn—j)+N 7T G+
m). It follows that M (n — k) = N(Il —m).

Second, we prove that if « is not an integer, then the following statements
hold:

(3.3) m+1)N=(k+1)Mand I +1+a)N=(n+1+a)M.

(a) Let Ay = =& Then A\N +k+1=0and N +2+a+n—j #0 for
any 1 < j <n—Fk, because \{N + 2+ o+ n — j is not an integer. Therefore,
the equality (3.2) implies that Hé;T()\lM + j+m) = 0. That is, there exists
1 < hy <1—msuch that \\M +m +hy =0. So, hy = ELM —m > 1. It
follows that (m 4+ 1)N < (k+1)M.

(b) Let Ay = —2&L. Then AoM +m + 1 = 0. Similarly, we can get an
integer ho such that 1 < hy <1 —m and A\aN + k + ho = 0, which implies that
hy = 2N — k> 1. Thus (m+1)N > (k + 1) M.

Comparing (a) with (b), we arrive at (m + 1)N = (k + 1)M.

(c) Let py = —2842 Then yyN +n+1+a =0, muN+k+j #0
for any 1 < j < m — k. Therefore, Hé;rln(,ulM +2+a+1—j) =0. That
is, there exists 1 < hg < I —m such that yyM +2+ a+1— hs = 0. So,
hy=—2HEAN 4 2+ a+1) > 1, ie, (+1+ )N > (n+1+a)M.

(d) Let pp = —E2 Then psM + 1+ 1+ a = 0. As in (c), there
exists 1 < hy < n — k such that uoN +a+2+4+n—hy =0. So, 1 < hy =
e N+ (24 a+n)<n—kand (I+1+a)N < (n+1+a)M.

Comparing (c) with (d), we arriveat ({+ 1+ a)N =(n+ 1+ a)M.

Third, we prove that if « is an positive integer, then (3.3) holds. In fact, if
14 o > 2 is an integer, then (3.2) can be simplified into

k1 mi
[TON+i+k) [JOM +2+a+1-))
j=1 j=1
kl mi

= JION+2+a+n—j) [JOAM +j+m),vA€C,
j=1 j=1

where 2 < kg < n—-k, 2 <m; <l—-m,2+a+n—k >k +k and
24 a+1—mq > mi+m. By the same technique as in second part of the proof,
we can get the equalities in (3.3).

Finally, combining the equalities (3.3) with M (n— k) = N(I —m), it is easy
to get alN = aM. Since a # 0, we have N = M, [ =n, k =m. O

Theorem 3.2. Let o # 0, M,N > 1 with M # N. Suppose M # {0} is
a reducing subspace of Tzf’zé‘/f in the weighted Bergman space A%(D?). Then
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there exist nonnegative integers n,m with 0 < n < N—-1or0<m< M -1
such that

Mo = Span{Z"NFTnhMEm . — 0 1.9} C M.

In particular, M is minimal if and only if there exist n,m as in assumption

such that M = Mpm,.

Proof. Suppose M # {0} is a reducing subspace. As in the proof of Lemma
2.3, there exist integers n, m such that Py(z]25") # 0 and

2 2 2 2
YN+ ThM+1 _ ThN+nVhM4m Vh >0
Yot o A

whenever (Paq(2725"), 28 25) # 0. Considering that {v; j:"g is strictly decreas-
2 2
ing and —pNHEIRMEL ] a5 ) — +oo [3], we obtain that 4797 = 242, and
YoN+nVhM+m

VANARVEM Al = ViN4nViriem> B > 0. This means that one of the following
statements holds:

(1) I=m,n=Fk;

(2) I >mand n > k;

(3) l<mand n <k.

Since N # M, Lemma 3.1 implies that (2) does not hold. By the same
technique, (3) does not hold. So, (1) holds, that is, there exists ¢y, € C such
that Pa(27'25") = cpmzltzd. For f = Z(k,l)to apz¥zh € M, we claim that if
Gnm # 0, then ¢y # 0. In fact,

Qumf = QumPr(f) = Qum( Y Pularizi))
(k,01)>=0
= Cnmanmz?zgl = Cannmfa
where @, is the orthogonal projection from A2 (D?) onto Span{z723"}. There-
fore, ¢pm =1 # 0.

Hence z7'z5* € M. Choose an integer hg such that 0 < n —hgN < N — 1,
m—hoM >0o0r0<m—hoM <M —1,n—hgN > 0. As in the proof of
Theorem 2.4, Span{zfﬂh_hwNz;n'k(h_h")M :h=0,1,2,...} € M is aminimal
reducing subspace of T,n.ar. The proof is complete. O

Remark 3.3. By the proof of above theorem, we know that on the weighted
Bergman space, either Span{z7'25"} C M or Span{27'z5'} C M= holds.

Theorem 3.4. Let N,M > 1 and N # M. Every nonzero reducing subspace
M of T.n o in A2 (D?) for every o > —1 is a direct (orthogonal) sum of some
minimal reducing subspaces.

Proof. We prove the theorem in two cases.
Case one: «a # 0. Let us denote

My = Span{sz"’"ngJ“m :h=0,1,2,...},
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where 0 <n < N-—-1or0<m<M—1. By Lemma 3.1, we have M, C M
if and only if there exist some f € M with (f, 2723") # 0. Let By = {(n,m) =
0 n<N—-—1lorm<M-—1, (f,z27'25") # 0 for some f € M}. Then M =

@(n,m)EEl M"m
Case two: a = 0. For n,m > 0, there exist a,b € C such that M contains
the minimal reducing subspace of T,y defined by

Moy m.ab = Span{asz*'"ng"’m + bzfl(m+hN)z§2(n+hM) :h=0,1,2,...}.

In fact,
(1) If 2725 € M, then My, 11,0 = Mpm.-
(2) If Zfl(m)2’2p2(n) € M, then Mn7m1071 = Mp1(m)pz(n)'
(3) If neither 2722 nor 2™ 262" are in M, and there exists f € M
such that P,,,f # 0, then Theorem 2.4 implies that My, 1, 0.6 C M
is a minimal reducing subspace of T, ar, where Punf = az{'z3" +
b2 ™ 2200 1t follows that Pamg = Mazlzdt + bz ™ 202 for
every g € M with P,,,g # 0.
(4) If Pyf = 0 for any f € M, then My, mqap € M if and only if
a = 07 b = 0, i.e., ./\/lmm,o’() = {0}
Let M' = M © My, map. Then M’ is a reducing subspace. Continuing this
process, since A?(D?) = @D (1, m)s0 21#3", it is not different to prove that M is

the direct (orthogonal) sum of some minimal reducing subspaces as M, m q4.b-
O

In [8], Kehe Zhu shows that a reducing subspace of T,~ on A%(D) is the
direct (orthogonal) sum of at most N minimal reducing subspaces. However,
the reducing subspace of T,y .y on A*(D?) may be the direct (orthogonal)
sum of infinity numbers of minimal reducing subspaces. For example, M =
Span{zl 2" f(zy); f € A2(D), h =0,1,2,...} is a reducing subspace of T2z
and M = G}:Z% M, where M,, = Span{z] 2203 h=0,1,2,...}.

4. The results on the polydisk A2 (D™)

In this section, we consider the reducing subspace of T~ ,» in the weighted
i <
Bergman space A2(D™) with N # M.

Theorem 4.1. Suppose M # {0} is a reducing subspace of Tyn,m (N, M >

1,N # M, i # j) in the weighted Bergman space A2%(D™). Then the following
statements hold:

(a) if a = 0, then there exist functions gi,go € A%2(D"2) and integers
I,mwith0<I<N-—-1o0or0<m<M—1, such that M contains the
reducing subspace

M’ = Span{ (g1 (z") 2 NHEMEM L gy (27) 1 (FEIND 02 (mbhMDy y > 0);
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(b) if a # 0, then there exist a function g € A%2(D"2) and integers I, m
with 0 < I < N—-10or0<m< M —1 such that M contains the
reducing subspace

Mimg = Span{szHz]hMerg(z/) ch=0,1,2,...},

where 2/ = (21, ., Zic1, Zidly - ooy Zj=15 Zjf1s- - -5 Zn)-
Moreover, M’ is the only minimal reducing subspace of T.n ,m on A%(D™) and
i~
Mg is the only minimal reducing subspace of T,n v on A% (D™) with a # 0.
i %

Proof. Without loss of generality, let ¢ = 1 and 7 = 2. Denote by Pps the
orthogonal projection from A2(D") onto M. Let 25 = zFzb2... 2k with
PM (ZK) 7& 0. Let Th = TZ?NZSIVI. Then <T;ThPMZK,ZL> = <PMT;Tth,ZL>

for any 2% = 2122 ... 2ln Observe that

2 2
<PMzK,T,fTth> — M@MZK,ZL%

W Vi
and
WQLN k 7}21M k
(TiThz", Puat) = =5 5502 (28, Prazt).
Yiey Vio
Therefore,

2 2 2 2
YhN k1 Yh M+ ko YaN+1, VhM 41y

2 .2 = 2.2 ;Vh >0,
Vi Vieo Yi, Vi,

whenever (Ppz%, 2E) # 0.

If @« = 0, then as in Lemma 2.3 we have (I1,l2) = (ki,k2) or (I1,l2) =
(p1(k2), p2(k1)) where py(ka), p2(k1) are integers. Thus Pszl(k2)z2p2(kl)z'K/
and Ppz® are in 21252 A2(D"—2) + zfl<k2)z§2(kl)A2(D”_2), where 2/ = (z3,
ooy zn) and K" = (ks,...,kn). Let Py k, be the orthogonal projection from
A%(D"™) onto

Span{z¥1 282 A2(D"2) 4 zfl(kZ)ZSZ(kl)AQ(D"72); h=0,1,2,...}.

Then Py, Pmz% = PapPiyg,2%. For each f € M with f # 0, there are
integers I, m > 0 such that Py, f # 0. By the similar technique, we can proof
that <PMPmlf, ZK> = <Pmlf,ZK> for any K = 0, i.e., PMPmlf = Pmlf- SO,
there exist fi(z') and go(z’) € A%2(D"72) such that P, f = g1(2/)z/"z} +
gg(z')zfl(l)ZSZ(m) € M, which implies that (a) holds.

If o # 0, then we arrive at PrzX € 2}'252 A2(D"2). Denote by P ;. the
orthogonal projection from A% (D™) onto

Span{z¥1252 A%2(D""2);h = 0,1,2,.. }.

Then P} ;. (f) = Py, Prm(f) = PmPy 4, (f) € M for each f € M. Hence (b)
holds. The rest of the proof is obvious. O
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