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MAXIMAL PROPERTIES OF SOME SUBSEMIBANDS OF
ORDER-PRESERVING FULL TRANSFORMATIONS

PING ZHAO AND MEI YANG

ABSTRACT. Let [n] ={1,2,...,n} be ordered in the standard way. The
order-preserving full transformation semigroup O, is the set of all order-
preserving singular full transformations on [n] under composition. For
this semigroup we describe maximal subsemibands, maximal regular sub-
semibands, locally maximal regular subsemibands, and completely obtain
their classification.

1. Introduction

A semigroup is called idempotent-generated or semiband if it is generated by
its idempotents. The latter term was introduced by F. Pastijn [7].

Let [n] = {1,2,...,n} ordered in the standard way. We denote by Sing,, the
semigroup (under composition) of all singular full transformations on [n]. We
say that a full transformation « in Sing,, is order-preserving if, for all z,y € [n],
r < y implies za < ya. We denote by O, the subsemigroup of Sing, of all
order-preserving singular full transformations.

The semigroup O,, was studied first by Aizenstat [1] and subsequently by
many authors (see, for example [2-6], [8-13]). In particular, Howie [5] proved
that O,, is a regular semiband. Garba [2] further proved that each one of the
ideals of O, is also a regular semiband. Yang [12] classified completely maximal
subsemibands and maximal regular subsemibands of O,,. Recently, Xu, Zhao
and Li [9] obtained a complete classification of locally maximal subsemibands
of O,,. Further, Zhao, Xu and Yang [13] obtained a simpler form of the clas-
sification of maximal (regular) subsemibands of O,,, using results of Xu, Zhao
and Li [9].

In view of the above work, it is natural to seek a description of the locally
maximal regular subsemibands of O,,. In Section 2 we obtain a same simpler
form of the classification of maximal (regular) subsemibands of O,, using a
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different approach from Zhao, Xu and Yang [13]. In Section 3 we obtain a
classification of locally maximal regular subsemibands of O,,.

From Gomes and Howie [3], Green’s equivalences on O,, are characterized
as:

alf < im(a) = im(p),
aRpB < ker(a) = ker(f),
aJp < |im(a)| = [im(B)|.

Thus O, has n—1 J-classes: J1,Jo,..., J,—1, where J. = {a € O, : |im(a)| =
r}.

} Gomes and Howie [3] used the notation [i — i + 1] for the increasing idem-
potent e defined by ie = i+ 1, xze = x (z # i), and [§ — i — 1] for the decreasing
idempotent f defined by if =i —1,2f = a (x # ). As usual, we denote by

E(S) the set of all idempotents of a subset S of O,,. Let E | = {[i —i+1]:
1<i<n-1}and E, | ={[i = i—1]:2 < i < n} be the increasing and
decreasing idempotent sets, respectively. Then E(J,_ 1) = E UE,

n

2. Maximal (regular) subsemibands of O,

Both maximal subsemibands and maximal regular subsemibands of O,, were
studied by [12]. Zhao, Xu and Yang [13] obtained a simpler form of the clas-
sification of maximal (regular) subsemibands of O,,, using results of Xu, Zhao
and Li [9]. In this section, we obtain a same simpler form of the classifica-
tion of maximal (regular) subsemibands of O,,, using a different approach from
Zhao, Xu and Yang [13]. For convenience, we introduce the following notation
from [8].

Let

C,={ae0,:(Vreln]) za <z},

Ct={a€0,: (Vre€n]) ra>u},
be the semigroups of all singular order-preserving and decreasing full trans-
formations and order-preserving and increasing full transformations on [n], re-
spectively.

As in [4], for any « € O,,, let

vo — ) ma wE [n]q;
xr, otherwise,

+_{ za, @ € [n]];

xr, otherwise,

where [n], = {z € [n] : za < z}, and [n]} = {z € [n] : za > z}. Ttis
obvious that = € C; and a™ € CI. The following lemma was proved by
Higgins [4, page 1053].
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Lemma 2.1. Let « € O,,. Then

a=ata” = ofa*,

with a™ €,

ateCl.

For convenience, we use [n — n + 1] or [I — 0] to denote @ (the empty
mapping). With this notation, we have:
Lemma 2.2. Let a € C;f. If ka =k for some 1 < k <n, then

ac(EF \[k—k+1]}).

Proof. Since a € C;¥ C O,,, we have that the ker(«)-classes are convex subsets
C of [n], in the sense that
zyeCander<z<y = ze(C.

Then « can be expressed as

- Al A2 . AT
b by - b, ;
where A; = {a;,a; +1,...,0,01 -1} 1 <i<r-1), A, ={ap,ar, +1,...,n},
l=a3 <as<--<ayand by < by < -+ <b,. Since @ € C;F, we have
a; =min A; <max A4; < (max 4;)a=0b;, 1 <i<r—1,
a, =min A, < max A4,(=n) < (max A, )a = b,.
Thus
br=mn and a; <b;, i€ [n].

Let eg be the identity mapping on [n], and let
Et(i,j)=li—i+1]-i+1—=i+2]---[—1—j], 1<i<j<n,
E*(i,i) = eg, i € [n].

Further, let
6 = EJF(G/T, bT)EJr(ar—la br—l) tet E+(a1; bl)
We claim that @ = 8. To prove that a@ = 3, take any x € [n]. Suppose that
x € As (1 <s<r). Then
2B =xE"(ar, by)ET (ar_1,b,—1) - ET(a1,b1) = bs = xav.

Note that [n — n + 1] = 0 (the empty mapping). If £ = n, then o = 8 €
(EF  u{eod) = (EF \{[n = n+1]})U{e}. Since a € C; C O,, C Sing,,
we have a € (Ef_\{[n = n+1]}). If 1 <k <n— 1. Note that b, = n. Since
ka =k, there exists 1 < j <r — 1 such that k € A; and b; = k. Since a € C;I,
we have b; = max A; = k and so aj41 = min Aj;; =k + 1. Thus
(21) [k—>k/’+1] ¢ {[ai —>ai+1],[ai+1 —>al+2],,[bl—1 —>bi]}, a; < b;.
Note that E+(ai,bi) = [ai — a; + 1][ai +1—a;+ 2] s [bl —1— bz] if a; < by;
E*t(a;,b;) = eg if a; = b;. Tt follows immediately from (2.1) that

Et(ai, b)) € (EF_\{[k = k+1]}U{eo}), 1 <i<r
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Then a = 8 € (B \{[k — k+ 1]} U{eo}). It is obvious that (£ \{[k —
E+1}U{eo}) = (EF \{[k = k+1]}) U{eo}. Since a € C;f C O,, C Singy,

we have
e (B \{[k— k+1]}). O
Similarly, we can prove:
Lemma 2.3. Let a € C,,. If kae =k for some 1 <k <n. Then
o € (B [k — k—1]}).
The following lemma is immediate by definition of o™, a™:

Lemma 2.4. For any o € O,,, we have
(i) If ka < k for some 1 < k <mn, then ka™ = k.
(i) If ka > k for some 1 < k < n, then ka™ = k.
For any s,t € [n], let
(2.2) My ={a €0, :sa<s,ta>t}
With above notation, we have:
Lemma 2.5. Let n > 3. Then
Mg = (BE(Jp—1)\{[s = s+ 1], [t = t —1]}), s,t € [n].

Proof. Let Pyt = (E(Jo—1)\{[s = s+ 1],[t = t — 1]}). Tt is easy to prove that
My, is a subsemigroup of O,,. It is obvious that E(J,—1)\{[s — s+ 1],[t —
t—1]} € M. Then Py = (E(Jp—1)\{[s = s+ 1], [t = ¢t —1]}) C M.

It remains to prove that My C Py, Let a € Mg C O,. By Lemmas 2.1
and 2.4, we have

a=ata” =a"a", a”€C,, at €Cl,
and sat = s, ta” = t. Note that E(J,,—1) = E;/_; UE,_,. Thus, by Lemmas
2.2 and 2.3,
a=aa” (B \\{[s—s+1}) (B, \{[t >t —1]})
C(E(Jp—1)\{[s = s+ 1],[t = t = 1]}) = Px. O
A subsemiband S of O,, is called maximal subsemiband if for an arbitrary

subsemiband T of O,, such that S C T, then T' = O,,. Combining [12, Theorem
2.1 and Lemma 2.3], we obtain the following.

Lemma 2.6. Let n > 3. Let I,_o = {a € O, : [im(a)| < n—2}. Then each
mazimal subsemiband of O, must be one of the following forms:

(C)Cs =L 2 U(EJ1)\{[s—=>s+1]), s=1,2,...,n—1.

(D) Ds =1, 2 U(E(Jp—1)\{[s = s—1]), s=2,3,...,n.

Now, it is easy to prove one of the main results of this section:
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Theorem 2.7. Letn > 3. Let I,_o = {a € O, : [im(a)| < n—2}. Then each
maximal subsemiband of O, must be one of the following forms:

(A) As =1, 2U{a€e 0, :sa<s},s=1,2,....n—1.

(B) Bs=1I,2U{a €O, :sa>s},s=2,3,...,n.
Proof. Let Mg be as defined in (2.2). Then My = {a € O, : sa < s} and
M,s ={a € O, : sa > s}. Note that [1 — 0] = [n = n+ 1] = 0 (the empty
mapping). Thus, by Lemma 2.5,

As=1, o U{a€ O, :sa<s}=1,_9UMg

= In2 U(E(Jn-1)\{[s = s +1]) = Cs,
Bi=1I, 2U{a€ O, :sa>s}=1I,_9UM,
=TI o2 U(E(Jp-1)\{[s = s —1]) = Ds.
Hence Theorem 2.7 holds by Lemma 2.6. ]
A regular subsemiband S of O,, is called maximal regular subsemiband if for
an arbitrary regular subsemiband T of O,, such that S C T', then T = O,,. Note

that [1 — 0] = [n — n + 1] = 0 (the empty mapping). Combining [12, Lemma
2.3 and Theorem 4.1], we obtain the following.

Lemma 2.8. Let n > 4. Let I,_o = {a € O, : [im(a)| < n—2}. Then each
mazimal reqular subsemiband of O,, must be the following forms:

(F) Fs =1, 2 U(E(Jp—1)\{[s = s+ 1],[s > s—1]}), s=1,2,...,n.

(G) Gs =T o U(E(Jp-1)\{[s > s+ 1],[s+1—s]}), s=2,3,....n—2.

Using Lemma 2.5 and Lemma 2.8, the other main result of this section is
now established:

Theorem 2.9. Letn >4. Let I,_o = {a € O, : [im(a)| < n—2}. Then each
mazimal reqular subsemiband of O, must be the following forms:

(A) As =1, 2U{a€ O, :saa=s}, s=1,2,....n.

B) Bs=I,2U{a €O, :sa<s,(s+1a>s+1},s=2,3,...,n—2.

Proof. Let Mg be as defined in (2.2). Then My, = {a € O,, : sa = s} and
Ms41) = {a € Op 2 sa < 5,(s +1)a > s+ 1}. Note that [1 — 0] = [n —
n+ 1] = 0 (the empty mapping). Thus, by Lemma 2.5,

As=I, 2U{a €O, :sa=s}=1I,oU Mg,
=TI o U(E(Jp-1)\{[s = s+ 1],[s = s — 1]}) = F},
Bs=1I, 2U{a €O :s5a<s,(s+1)a>s+1} =1, o UM

=TI, o U(E(Jo-1)\{[s > s+1],[s+1—=s]}) =Gs.
Hence Theorem 2.9 holds by Lemma 2.8. (]
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3. Locally maximal regular subsemibands of O,,

Let I be a subset of E(J,_1). A subsemiband (I) of O, is called a locally
mazimal regular subsemiband if (I) is regular, and any regular subsemiband
(J) (J € E(J,-1)) of O, properly containing (I) must be O,,. In this section,
we obtain a classification of locally maximal regular subsemibands of O,,.

The main result of this section is:

Theorem 3.1. Letn > 4. Let I,_o = {a € O, : [im(a)| < n—2}. Then each
locally mazximal reqular subsemiband of O,, must be the following forms:

(A) As={a€ 0, :sa=s}, s=1,2,...,n.

B)Bs={a€ O, :sa<s,(s+1)a>s+1},s=2,3,....,n—2.

To prove Theorem 3.1, we begin by establishing a series of lemmas. Com-
bining [5, Lemmas 1.2 and 1.3], we know that O,, is generated by E(J,_1).
Note that |E(J,—1)| = 2n — 2. From the result [3, Theorem 2.8] that the rank
of O, is 2n — 2, we immediately deduce:

Lemma 3.2. Let n > 4. Then
O, = (E(Jn-1)) and no proper subset of E(J,—1) can generate Oy,

It is well known that the characterized forms of the Green’s relations in
Sing,, are the same as in O, (see Section 1). Sing, has n — 1 J-classes:
SJr ={a € Singy, : lim(a)| =71}, r=1,2,...,n— 1. Let

SI, ={a € Singy, : lim(a)| <7}, r=1,2,...,n— 1.
Then the sets SI, are two-sided ideal of Sing,. As usual, we denote by F(S)
the set of all idempotents of a subset S of Sing,. Let I be nonempty subsets of
E(SJy,-1). Tt is obvious that I C E({(I)NSJ,—1). In general, E({(I)NSJ,_1) C
I is false. For example, let

Fo 2 3 -+ n—1 {n,1} (2 3 -+ n—1 {n,1}
23 - n-1 1 )09 \23 - w-1 ow )0
then f,g € E(SJp—1). Let n=f-[n—1—n]- [n—2—=n—1]---[1 — 2], then
(2 3 -+ n—-1 {n,1}
T=\3 4 - n 2
and so n"~! = g. Clearly, E;" | C E(SJ,,—1). Let I = E ; U{f}. Then g

"=t € (I)andsog € E((I)NSJ,—1). Clearly, g ¢ I. Thus E(I)NSJ,—1) € I.
However, using Lemma 3.2, we have the following.

Lemma 3.3. Let I be a subset of E(J,—1). Then
E({I)N Jy-1)=1.

Proof. Clearly, I C E((IYNJ,,—1). Now, we need to prove that E({(I)NJ,_1)
I. Note that I € E({I)NJp—1) C {I). Then (I} C (E({(I)NJp—1)) C ({I)) = (

2N
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Jn_1)) = (I). Let I* = E((I)NJ,_1)\I. Then I C E(J,_1)\I*
E(I) N Jn-1)) = (I) € (E(Jn-1)\I"). Thus

Blur) = I* U (B ) € (1) U (B( N ) = (B \T)
and 8o (F(Jp—1)) € (E(Jp-1)\I*) C O,. Tt follows immediately form Lemma
3.2 that

E(Jnfl)\l* = E(Jnfl)'
Then I* = () (the empty set) and so E((I) N J,—1) C I. O

Further, we have:

Lemma 3.4. Let I,,_o = {a € O, : |im(a)| < n—2}. Let I and J be nonempty
subsets of E(Jp—1). Then

WICJ&(I)C(J)e I,2UI) C I, oU(J).

) IcJeI)yc(J)e I, o U{I) CI,—oU{J).

Proof. (i) Clearly,
ICI=I)C{Jy=1,2U{I)C I, 2U{J).
To prove that
ICT<=(I)C(Iy< L, 2U{I)CI, 2U{J).
It suffices to prove that
I, o U(I)C I, 2U{(J)y=1CJ.

Suppose that I, o U(I) C I,,_oU(J). Then (I)NJ,—1 = (Ln—2U{I))NJp_1 C
(In—2 U (J)) N Jp—1 = (J) N Jp—1. Thus, by Lemma 3.3,

I=E({I)NJy—1) CE{T)NJy—1) = J.
(ii) By (i), we easily deduce that
I=J&e{I)=(J)e L2 U{)=1I,_2U{J).
It follows immediately that
Icie{I)c(ye L, 2U{l) Cl,2U{J). 0

Now, we can use Lemmas 2.5, 2.8, 3.2 and 3.4 to obtain the following.

Lemma 3.5. Forn >4 and s € [n], let Mys be as defined in (2.2). Then Mg
is a locally mazimal reqular subsemiband of O,,.

Proof. Recall that My, = {a € O, : sa = s}. Let « € Mg,. If [im(a)| = 1,
then clearly o = aa and so « is regular. If |im(«)| > 2, suppose that

(A1 Ay - A,
o =

ai as e [o7%

) € Mss,
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where a1 < ag < +-- < ap, min A; > maxA;_1,7=2,3,...,r. Since a € Mg,
there exists k € {1,2,...,r} such that s € A, and a, = s. Let
5o B, By --- B,
“\ by by - b ’

where by, = s € Ag, b = minA;, i # k, By = {1,2,...,a1}, Bs = {x € [n] :
as—1 <x<as}, s=2,3,...,r—1,and B, = {a,—1 +1,...,n}, then o = afa
and § € Mg, (since s = ay, € By and by, = s). Then « is regular and by Lemma
2.5, we have

(3.1) Mys = (E(Jpn—1)\{[s = s+ 1],[s = s —1]}).

Thus M, is a regular subsemiband.
For some J C E(J,_1), let (J) be a regular subsemiband of O,, properly
containing M, see (3.1). Then, by Lemma 3.4(ii),

(3.2) B )\{[s = s+1],[s = s — 1]} C J.

Let T = I,_2 U (J) and let Fs be as defined in Lemma 2.8, i.e., Fs = I,,_2 U
(E(Jn—1)\{[s = s+ 1],[s = s —1]}), see (3.2). Then, by Lemma 3.4(ii),
F, C T, and since (J) is regular, I,,_o is a regular semiband (see [2]) and also
an ideal of O,,, we deduce that T is a regular subsemiband of O,,. Thus, by
maximality of Fy (by Lemma 2.8) and Fs C T, T = I,,_2 U (J) = O,,. It now
follows immediately that E(J,—1) C (J) and so (E(J,—-1)) C (J). Thus, by

Lemma 3.2, (J) = O,,. O
Also, using Lemmas 2.5, 2.8, 3.2 and 3.4, we have:

Lemma 3.6. Forn >4 and 2 < s <n—2, let My,41) be as defined in (2.2).
Then My(s11y is a locally mazimal regular subsemiband of O,,.

Proof. Recall that M(,41) = {a € O, : sa < 5,(s + 1)a > s+ 1}. Note that
for any o € M(541), |im(a)| > 2 (since sa < s and (s+1)a > s+1). Consider
a typical element

A Ay o A,
‘- ( ar ay - ar ) © Msto,
where a; < az < -+ <a,, mnA; >maxA; 1,i=2,...,7. Since @ € My(s41),

there exist k € {1,2,...,7 — 1} such that s € Ag, s+ 1 € Agy1 and ax < s <
s+1<agyr. Let ¢ =a; (1 #k) and ¢ = s, then ¢; < ¢g < -+ < ¢,.. Let

(B By -~ B,
B_(bl by .- b, )’
where bk+1 =s+1¢€ Ak+1, b; = HliIlAi, ) 7é k + 1, By = {1,2,...,61},
B,={xen]:c1<x<¢},i=23,...,r—1land B, ={¢,—1+1,...,n}.
Clearly, 8 € O,. Note that s = ¢, € By and s + 1 € By (since ¢ = s <
s+ 1 < agp1 = cgg1). It follows that sf = Brf = b, = min Ay, < s (since

s € Ag) and (s +1)B = Bry1ff = byp1 = s+ 1. Thus f € M,,41). Note
that ¢; = a; (i # k) and a, < s=c¢ < s+ 1 < agq1. It follows that a; € B;
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(i =1,2,...,r) and so @ = afa. Thus « is regular and by Lemma 2.5, we
have
(33) Mi(s1) = (E(Jn-1)\{[s = s + 1], [s + 1 — s]}).

Thus Mj(s41) is a regular subsemiband.
For some J C E(J,_1), let (J) be a regular subsemiband of O,, properly
containing M(s41), see (3.3). Then, by Lemma 3.4(ii),

(3.4) E(Jp-1)\{[s > s+1],[s+1—=s]} CJ

Let T = I,,_o U {J) and let G be as defined in Lemma 2.8, i.e., Gy = [,,_o U
(E(Jn—1)\{[s = s+ 1],[s+ 1 — s]}). Then, by Lemma 3.4(ii), G; C T. Since
(J) is regular, I,,_o is a regular semiband (see [2]) and also an ideal of O,,, we
deduce that T is a regular subsemiband of O,,. Thus, by maximality of G (by
Lemma 2.8) and Gs C T, T = I,,_o U (J) = O,. It follows immediately that
E(J,-1) C(J) and so (E(J,—1)) C (J). Thus, by Lemma 3.2, (J) = O,,. O

The following lemma gives a necessary condition for a locally regular sub-
semiband of O,, to be maximal.

Lemma 3.7. Let I be a nonempty set of E(J,—1). If {I) is a locally maz-
imal regular subsemiband of Oy, then T = I,_o U (I) is a maximal regular
subsemiband of O,,.

Proof. Suppose that (I) is a locally maximal regular subsemiband of O,,. Let
M be a regular subsemiband of O,, properly containing T'. Since M = (E(M))
and I,,—o € M (since T'C M), we have M = I,,_oUM = I,,_oU(E(MNJ,—1))
and so
I,_oU <I> =TcM=1,,U <E(M n Jn—1)>-

Note that E(M N Jp—1) € E(Jy,—1). Then, by Lemma 3.4(ii), (I) C (E(M N
Jn—1)) and so, by the locally maximality of (I), (E(M N J,—1)) = O,,. Thus
M =0, and so T = I,,_» U {I) is a maximal regular subsemiband of O,,. O

Now, we can prove Theorem 3.1.

Proof Theorem 3.1. Let Mss and M54 1) be defined earlier. It is obvious that
(3.4) A ={a €0, : sa=s} =M,

(3.5) Bs={acOy:sa<s,(s+1)a>s+1} = My

Thus, by Lemmas 3.5 and 3.6, A; and By are locally maximal regular sub-
semibands of O,,.

Conversely, we shall prove that each locally maximal regular subsemiband
of O,, must be of the form Ag or Bs. For some I C E(J,—1), let (I) is a locally
maximal regular subsemiband of O,,. Then, by Lemma 3.7, T = I,,_oU(I) is a
maximal regular subsemiband of O,,. Thus, by Lemma 2.8, there exists s € [n]
such that T'= Fs = I,_2 U (E(Jn—1)\{[s = s+ 1],[s = s — 1]}) or there exists
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s€{2,3,...,n—2} such that T = G5 = I, s U(E(Jp—1)\{[s = s+1],[s+1 —
s]}). Tt follows immediately from Lemmas 3.4 that

(1)
(1)

(B(Jp—1)\{[s > s+ 1],[s > s—1]}) or
(B(Jp—1)\{[s = s+ 1],[s+ 1= s]}).

Thus, by Lemma 2.5 and (3.4), (3.5),

(I) = (B(Juot)\{[s » s+ 1], [s = s~ 1]}) = Mou = 4, 01

(I) = (E(Ju—1)\{[s = s + 1], [s + 1 — s]}) = M(s11) = B. _
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