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BIFURCATION ANALYSIS OF A DELAYED
PREDATOR-PREY MODEL OF PREY MIGRATION AND
PREDATOR SWITCHING

CHANGJIN XU, XIANHUA TANG, AND MAOXIN LI1AO

ABSTRACT. In this paper, a class of delayed predator-prey models of prey
migration and predator switching is considered. By analyzing the associ-
ated characteristic transcendental equation, its linear stability is investi-
gated and Hopf bifurcation is demonstrated. Some explicit formulae for
determining the stability and the direction of the Hopf bifurcation peri-
odic solutions bifurcating from Hopf bifurcations are obtained by using
the normal form theory and center manifold theory. Some numerical sim-
ulations for justifying the theoretical analysis are also provided. Finally,
biological explanations and main conclusions are given.

1. Introduction

In recent years, population dynamics (including stable, unstable, persistent
and oscillatory behavior) has become very popular since Vito Volterra and
James Lotka proposed the seminal models of predator-prey models in the mid-
1920s [5, 7-15]. Great attention has been paid to the dynamics properties of
the predator-prey models which have significant biological background. Many
excellent and interesting results have been obtained [6-26]. It is well known
that in a prey-predator environment, there is an inherent tendency among the
predator species to feed itself in a habit for some duration and then change its
preference to some other habit (this preferential phenomenon of change of habit
by the predator is called switching). Tansky [14] investigated the mathematical
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model of one-predator-prey system which has switching property of predation
in the following form:

i = |Bi— ) o

(1) Y= [E2 - H_(;Z#)n} Y,
S arz byz
d= Bt 7t

(n = 1,2,3,...), where z,y represent the prey densities and z the predator
density. The functions [a/(1+(y/x)"] and [b/(14(x/y)"] have the characteristic
property of switching mechanism. Biologically, these functions signify the fact
that the predator rate, i.e., the frequency with which an individual of the prey
species is attacked by a predator, decreases when the population of species
becomes rare compared to the population of the other species. For n = 1,
these functions represent a simple multiplicative effect [14], whereas for n > 1,
these functions exhibit an effect that is stronger than the multiplicative one
[17].

It is known to all that a commonly observed phenomenon is the migration
of populations of differential species. Considering the seasonal migration of
prey population and switching mechanism of the predator, Bhattacharyya and
Mukhopadhyay [16] studied the following model under the conditions: n = 1
and n = 2.

i) = a1(t) [91(1 - 2) - 2]
(2) do(t) = ma(t) {gg(l — ) - %} ’

. _ d1z1y d222y
y(t) = —py + 1+(111/1z2)"' + 1+(£2/2I1)"’

where 1 and x5 denote prey density in two habits, and y the predator density.
The prey population is assumed to grow logistically with a specific growth rate
g; and environmental carrying k;, £; and (2 represent the predation rate in
the two habitats, d1, 2 are the corresponding conversion rates. The predation
functions Srz1y/(1+ (x1/22)™) and Bazay/(1+ (22/x1)™) model the switching
behavior of the predator in the realm of prey group defence, i.e., there will be
less predation in the habitat having larger prey density.

Inspired by the work of [14, 16] and considering the factor that the repro-
duction of predator after predating the prey will not be instantaneous, but
mediated by some discrete time-delay required for gestation of predator [13],
we revise model (2) into the following delayed predator-prey model of prey
migration and predator switching:

i) = 21 (t) [ (1 - @) - Benmt=n]

x1+T2
3) a(t) = wa(t) [ga(1 - §2) — BEDmn],

y(t) = —uy + Srzixa(t—7)y + oz (t—7)za(t—7)y

T1+T2 T1+T2 ’
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where g;, k;, B;, 0;, p are all positive constants, n = 1,2,3,.... The more
detail biological meaning of the coefficients of the system (3), one can see [14]
or [16].

In this paper, we study the stability, the local Hopf bifurcation for system
(3). To the best of our knowledge, it is the first time to deal with the research
of Hopf bifurcation for model (3).

The remainder of the paper is organized as follows. In Section 2, we in-
vestigate the stability of the positive equilibrium and the occurrence of local
Hopf bifurcations. In Section 3, the direction and stability of the local Hopf
bifurcation are established. In Section 4, numerical simulations are carried out
to illustrate the validity of the main results. Biological explanations and some
main conclusions are drawn in Section 5.

2. Stability of the positive equilibrium and local Hopf bifurcations

In this section, we shall study the stability of the positive equilibrium and
the existence of local Hopf bifurcations. It is easy to see that Eq.(3) has an
interior equilibrium Eg(x7, 23, y*), where

o p(+az)
Ly = 5 ’
Lo = .’L'T(S ’

v = L1 +a,) [1 a (1+xr)]

B1 Okt
_ 92 _p( A
— 52(1 + ) {1 St }

where § = §; + 02 and x, = z}/x3 is the real positive root of the following
cubic equation:

(91B2kzp)ay + [g1 Baka (i — 0k1))a} + [g2frkn (k26 — p)]wr — gopBiks = 0.
We make the following assumptions:

(H1) w(l+ x,) < min{dky, 0kaz, },
(H2) (1 +z,) > 01.

Obviously, the interior equilibrium FEy(x7, 23, y*) is positive equilibrium if the
condition (H1) holds.
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Let Z1(t) = x1(t) — 7, Ta2(t) = x2(t) — 5, §(t) = y(t) — y* and still denote
Z;(t)(i =1,2), 5(¢t) by x;(t)(i = 1,2), y(t), respectively. Then (3) becomes
Z1(t) = myz1(t) + maza(t) + maxa(t — 7) + may(t — 7)

+ iz (t) + o ()22 (t) + naad(t) + naw (t)za(t — 7)
+nsz1(O)y(t — 1) + neza(t — T)y(t — 7) + nrza(t)za(t — 7)
+ngxa(t)y(t —7) + hixy(t)2e(t — 7)y(t —7)
+ Lo (o (t — T)y(t — 1) + lax? (t)za(t — 7)
+ I3z () w2 () o (t — 7) + Laxd () e (t — 7) + Is22 (H)y(t — 1)
+ lgw1 ()2 (t)y(t — 7) + L3 (t)y(t — 7) + 728 (1)
+1s2f (t)2(t) + lsz1 ()23 (t) + lra3(t),
La(t) = praa(t) + paxa () + pswi(t — 7) + pay(t — 7)
(4) + @3 (t) + gaaa )z (1) + g32i (1) + quaz () (¢ — 7)
—7)
—7)

1
2
1

—~

+qew1(t — )yt — 7) + qraa (t)aa (t — 7)
+ s1zo(t)z1 (t — Tyt — 1)
+ 5121 ()1 (t — T)y(t — 7) + sox2(t)x1 (t — 7)
)y (t — ) + sax3 () (t — 7) + ssa5(t)y(t — 7)
y(t —7) + ssai(t)y(t — 7) + s7a3(t)

ssw2 ()21 (1) + syt (1),
y(t) = wry(t ) + upwy (1)y(t) + uswa(t — 7)y(t) + uaza (t)y(t)

+ v} (H)y(t) + Uzwl(t)w (t)y(t) + vsx3(t)y(t)
+vaz1 ()22 (t — 7)y(t) + vaz2(t)z2(t — 7)y(t),
where
my = gy — ¥y Pyt friasy” _ Pzjazy”
Tk aita (e +a3)? (w} +23)%
Brziy” Braiws Brasy” Brrizsy”
ms:_* *’m4:_* * 7 1= * *\2 * *\3 ?
xy + 2y A (z7 +3) (z] +23)

ny — _ | sy 2Hhaizay” L=  2B1aiasy”
(1 +23)>  (af +a3)3] (] +3)%
_ { Bry* 26127y” } 2B
N4 = — * * * *\2 | ? ns = — * PR
i+ (27 +x3) 1+ X3

Bixs Braiy” Brx] Brrirs
ne =7 M=~ e T | T T e |
(z7 +3) (z] + x3) 7 + Ty (z] +x3)
Prai Iy — Praiy” L= 20107y" = Praiy”
(] + 23)%’ (] + 23)%’ (] +23)% (a7 +23)3

lh=-—

)
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Bty 2Bwiay  Bafasyt  3pwiay’
(@} +25)" " (2} +ap)t

l = T . a3 — T % __x\3 -
T @yt (@ ap)d

x5 Pexiy”  Saxiasy” Pazizsy” Bazsy*
e T O R O R s
m:_%ﬂ@’lz_[&ﬂw &ﬂ@f}
T3 + 23 (z7 +23)? (27 +23)°
o= { Boaiy* 2ﬂzx’{x§y*} , = _ 2Parizsy”
(x7 +a3)? (27 +23)3 ]’ (7 +23)3
[ B, eyt ] 2 Bt
“= [ﬂ+w§+@ﬁ+ﬁﬁ}’5_ sivay T @
_ Paxsy” B Bas Bozixs B Boxh
T T BT [zwxz * (sz;)?] ST TG
oy = _ D2y s 2Bam5y” Csa= Bawsy” ,
(7 +23)? (27 +23)? (z7 +a3)?
o omai | wim By
(7 +23)3 (#7 +x3)3 (z7 +a3)*
s — 3B2x]x5y* = 01z xs g = 0z} orxixs
(z7 +a3)*’ i +ay xy +ay (2] +23)?
s = flzf - o1z xs . 0175 o1z xs ,
r} + x5 (7 + 23)? (x7 +a3)? (2 +a3)°
vy = 0175 201z5xs vy = orxixs vy = 01

af +ay (2] +a3)Y (x] +23)3

The linearization of Eq.(4) at (0,0,0) is

£1(t) = miz1(t) + maxa(t) + maze(t — 7) + may(t — 7),
(5) da(t) = paa1(t) + praa(t) + psza(t — 7) + pay(t — 7),

(1) = wy(t),
whose characteristic equation is
(6) (A—u1) [A\* = (m1 +p1)A + mipr — (p2 + p3)ma — (p2 +p3)m3€_/\q =0.
Obviously, Eq.(6) has the root A = uy. Under the assumption (H2), we know
that A = u; < 0.

In the following, we only need to investigate the distribution of roots of the
following equation:

(7) A2 — (mq + p1)A 4+ mapr — (p2 + p3)ma — (p2 + p3)mae™ " = 0.

In order to investigate the distribution of roots of the transcendental equation
(7), the following lemma is useful.

* * °
Ty + T4

Lemma 2.1 ([2]). For the transcendental equation

P(/\,ei/\ﬁ, . 767/\7',,1) —\" +p§0))\n71 4. +p§}07)1>\+p510)
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. {p§1)/\n71+m+p£}17)1)\+p511)} e 4L
[Pt A ) | e o,

as (T1,72,T3,...,Tm) vary, the sum of orders of the zeros of P(\,e” " ...,
e~ m) in the open right half plane can change, and only a zero appears on or
crosses the imaginary axis.

For 7 =0, (7) becomes
(8) X — (my + p)X + mapr — (p2 +ps)(ma +ms) = 0.

A set of necessary and sufficient conditions for all roots of (8) to have a negative
real part is given by the well-known Routh-Hurwitz criteria in the following
form:

(H3) my +p1 <0, mip1 — (p2 + p3)(ma2 +m3) <O0.
For w > 0, iw is a root of (7) if and only if
—w?— i(m1 + p1)w + mipr — (p2 + p3)ma — (p2 + p3)ms(cos wt — isinwr) = 0.

Separating the real and imaginary parts, we get

{ (p2 + p3)ms coswT = myp1 — (p2 + p3)ma — w?,

9) .
(p2 + p3)ms sinwt = (my + p1)w,

which leads to
(10) w*+[m3+pi+2(p2+ps)malw’+[mipi — (pa+ps)ma]® —[(p2+ps)ms]® = 0.
Let us denote

A = [m} + pT + 2(p2 + p3)ma]® — 4{[mip1 — (p2 + p3)ma)® — [(p2 + p3)ma]*}.
Then the roots of biquadratic equation (10) are given by

1
wi = 5{ —[m} + pi + 2(p2 + p3s)ma) + \/Z}

In the sequel, we consider the five cases:
(K1) A < 0 implies that Eq.(10) has no purely imaginary roots of the form
+iw;
(K2) A > 0, [mip1 — (p2 +p3)ma]? > [(p2+p3)ms]?, m3 +p7 +2(p2 +ps)ma > 0
imply that Eq.(10) has no purely imaginary roots of the form +iw;
(K3) A > 0, [mip1 — (p2 +p3)me]? < [(p2 +p3)ms]?, mi+pi +2(p2+ps)ma2 > 0
imply that Eq.(10) has one purely imaginary roots of the form +iw,;
(K4) A > 0, [mip1 — (p2 +p3)me]? < [(p2 +p3)ms]?, mi+pi +2(p2+ps)m2 < 0
imply that Eq.(10) has a pair of purely imaginary roots of the form +iw;
(K5) A > 0, [mip1 — (p2 +p3)ma]? > [(p2+p3)ms]?, m3 +p7 +2(p2 +ps)ma < 0
imply that Eq.(10) has two purely imaginary roots of the form +iwy.

For cases (K1) and (K2), the characteristic Eq.(10) has no purely imaginary
roots. This shows that the positive interior equilibrium point Ey is absolutely
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stable (locally asymptotically stable for all 7 > 0) under the assumptions (H1)-
(H3) with the condition (K1) or (K2).

We now consider cases (K3), (K4) and (K5). In cases (K3) and (K4), Eq.(10)
has a pair of purely imaginary roots +iw,; and w4 are given by

w+=vg{—hﬁ+m%+%m+mwmﬂ+¢5}

From (9), we have

_ + 2
SiHCLJ+T — M < 0, COSWAT = mip1 (p2 pg)mg wi - 0,
(p2 + ps)ms (p2 + p3)ms
and thus
TJF — [arcsinw +2kﬂ':| (k:0,172,>
W+ (p2 + p3)ms

Let A(T) = a(7) + iw(r) be a root of (7) near 7 = 7,7, and a(ry) = 0, and
w(le ) = w4. Due to functional differential equation theory, for every 7',:' k=
0,1,2,3,..., there exists ¢ > 0 such that A(7) is continuously differentiable
in 7 for |1 — 77| < e. Substituting A(7) into the left hand of (7) and taking
derivative with respect to 7, we have

(11) [@} T2 (mdp)et 7
dr (p2 + p3)ms (p2 +p3)ms A
Then we obtain
[M} QRS 7 i R L U 0
dr J_r (p2 + ps)ms ) r==} (p2+p3)ms | _
=}
. (m1+p1) sinqurT,:r — 2wy cos w+7,j >0

wy(p2 + p3)ms

In case (K5), Eq.(10) has two pair of purely imaginary roots +iwy and wy is
given by

wt = \/%{ — [m? +p7 + 2(p2 + p3)mo] i\/Z}.

From (9), we have

_ 2
sinwyr = MATPIOE o = (dps)me — W
(P2 + pa)ms (p2 + ps)ms
and thus
1
(12) T];t = — {arcsin (ma & py s + 2k7r] (k=0,1,2,...).
Wt (p2 + p3)ma

Similarly, let A(7) = a(7) + iw(7) be a root of (7) near 7 = 7']?:, and a(77) =0,
and w(T,j[) = wy. Due to functional differential equation theory, for every
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7']?:, k=0,1,2,3,..., there exists € > 0 such that A(7) is continuously differ-

entiable in 7 for |7 — 75| < . Substituting A(7) into the left hand of (7) and
taking derivative with respect to 7, we have

-
(p2 +p3)ms  (p2+p3)ms A

[d)\} -1 2eAT (my + p1)er”
—| = +

dr

Then we obtain

d(ReX(T)) -t 2e (mq + pl)e’\Tlv+

e S —Red - —— " 4 Red UL EPUEE
N (p2 +ps)ms | | (p2 +pa)ms |,
T=T, T=T,

k
(m1 + p1) sinwymy — 2wy coswi Ty
w4 (p2 + p3)ms

= \/Z >0
(p2 + ps)?m3 ’

[d<ReA<r>> ] Rl 2 | Red (P
dr =T, (p2 +ps)ms | (p2 + p3)ms -
T=Ty T=T,
(my +p1)sinw_7,; — 2wq cosw_Ty
w—(p2 + p3)ms
—VA

=—— <0.
(p2 + ps)?m3

The above analysis leads to the following results on the stability and Hopf
bifurcation.

Theorem 2.2. For system (3),

(i) under the conditions (H1)-(H3), if (K1) or (K2) holds, then the positive
interior equilibrium point Eg is locally asymptotically stable for all T > 0;

(ii) under the conditions (H1)-(H3), if (K3) or (K4) holds, the positive in-
terior equilibrium point Eq is locally asymptotically stable for T € [0,79) and
unstable for T > 19. System (3) undergoes a Hopf bifurcation at the positive
interior equilibrium point Ey when T = T,j, k=0.1,2,...;

(iil) under the conditions (H1)-(H3), if (K5) holds, then there exists a pos-
itive integer n such that the positive interior equilibrium point Egy switches
n times from stability to instability to stability and so on and the positive
interior equilibrium point Eqo is locally asymptotically stable whenever T €
0, Uy s ) U~ Uy, 7F) and is unstable whenever 7 € (75" U7y )
UnTUHU--UE 7)) and 7 > 7F. System (3) undergoes a Hopf
bifurcation at the positive interior equilibrium point Eg when T = Tki,k/’ =
0,1,2,....
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3. Direction and stability of the Hopf bifurcation

In the previous section, we obtained conditions for Hopf bifurcation to occur
when 7 = T];':, k=0,1,2,.... In this section, we shall derive the explicit formu-
lae determining the direction, stability, and period of these periodic solutions
bifurcating from the positive equilibrium Eg(z7, x5, y*) at these critical value
of 7, by using techniques from normal form and center manifold theory [1].
Throughout this section, we always assume that system (3) undergoes Hopf bi-
furcation at the positive equilibrium Eg(x7, x5, y*) for 7 = T];t, k=0,1,2,...,
and then +iwy are corresponding purely imaginary roots of the characteristic
equation at the positive equilibrium Eo(z7%, 25, y*).

For convenience, let Z;(t) = x;(7t) (i = 1,2,3) and 7 = T,jt + i, where 7;°
is defined by (12) and p € R, drop the bar for the simplification of notations,
then the system (4) can be written as an FDE in C' = C([-1,0]), R®) as

(13) (t) = Ly (ue) + F(p, ),

where u(t) = (21(t), 22(t), y(t))T € C and ui(0) = u(t +0) = (w1 (t +0), 22(t +
0),y(t+0))" € C,and L, : C — R, F : R x C — R are given by

my Mo 0 ¢1 (O)
L= (E+p)| p2 m 0 $2(0)
0 0 m $3(0)
0 ms My ¢1(—1)
(14) +(rE+w) | ps 0 p P2(—1)
0 0 O $3(—1)
and
Fy
(15) Fp¢) = +mw) | P |,
I3

respectively, where ¢(0) = (¢1(0), p2(0), $3(0))T € C and

Fy = m163(0) + 1261 (0)d2(0) + 13¢3(0) + nag1 (0)p2(—1)
+n501(0)¢3(—1) + neda(—1)d3(—1) + n7¢2(0)d2(—1)
+ 1g$2(0)¢3(—1) + 1101(0)p2(—1)d3(—1) + l1$2(0)p2(—1)¢3(—1)
+1267(0)pa(—1) + 13¢1(0)p2(0) o (—1) + L¢3 (0) 2 (—1)
+ 1507 (0)3(—1) + l601(0)p2(0)p3(—1) + I565(0)p3(—1)
+1767(0) + 1367 (0)¢2(0) + Isd1(0)$3(0) + 17¢53(0),
+q193(0) + ¢202(0)$1(0) + g367(0) + qad2(0)¢1 (—1)
+ g5¢2(0)p3(—1) + ge 1 (—1)¢3(— )+Q7¢1( )o1(—1)
+4s91(0)¢3(—1) + 5192(0)d1(—1)¢3(—1) + 5101 (0) 1 (—1)¢3(—1)
+5205(0)p1(—1) + 53¢2(0)¢1 (0) ( 1) + 5467(0)¢2(—1)

b2
b2

)
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+ 5505(0)p(—1) + 5602(0)$1(0)¢3(—0) + 5567 (0)p3(—1)
+ 5705(0) + s395(0)¢1(0) 4 58¢2(0)$7(0) + 5767 (0),

Fy = + u2¢1(0)¢3(0) + uzda(—1)¢3(0) + uag2(0)$3(0) + v167(0)¢3(0)
+0261(0)$2(0)h3(0) + v365(0)h3(0) + v461(0)d2(—1)¢3(0)
+ v4¢2(0)p2(—1)93(0).

From the discussion in Section 2, we know that if p = 0, then the system (13)
undergoes a Hopf bifurcation at the positive equilibrium Eo(z7, x5, y*) and the
associated characteristic equation of system (13) has a pair of simple imaginary
roots :I:wOT,;t.

By the representation theorem there is a matrix function with bounded
variation components 7(6, 1), [ 1,0] such that

(16) L,¢= / dn(0, )¢ for ¢ € C.

In fact, we can choose

mi1 Mmo M3
n(0, p) = (Té“ru)( ni o ng  ng )5(9)

0 0 I
0 0 0
(17) —(rF+mw | 0 0 0 |s06+1),
lo I3 Uy
where ¢ is the Dirac delta function.
For ¢ € C([—1,0], R?), define
dé(9
) -1<6<0,
(18) Ao =19 o
f_l dn(sa N)¢(S)a 6=0
and
0, -1<0<0
19 R - ’
(19) ¢ = { F(p, ), 0 =0.
Then (13) is equivalent to the abstract differential equation
(20) Uy = A(p)ur + R(p)ue,

where u(0) = u(t +6),0 € [-1,0].
For ¢ € C([0,1], (R?)*), define

* ey fe 1]
e {f A (L 0(1),  s=0
For ¢ € C([—1,0], R®) and ¢ € C([0,1], (R3) ), define the bilinear form

(. 6) = B(0 / gow (€ — 0)dn(0)6(€)de.
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where n(0) = n(0,0), the A = A(0) and A* are adjoint operators. By the
discussions in Section 2, we know that :l:ion,f are eigenvalues of A(0), and they
are also eigenvalues of A* corresponding to ion,jE and —ion,;t, respectively.
By direct computation, we can obtain

4(0) = (1,0, )7 €077 " (5) = M(10°, 5*)e"07 " M = =
where
_ (m1 —iwo)ps — (p2 + P30 iy
 (ma + maem 0 Ypy + (iwo — p1)ma
5 (ma + m3€_iw0‘r’l€i)(]i2 + psflf_iwi‘”ki) + (iwo — P1)(m1 —iiwo),
(mg + m3e™™OoTk )pye 0Tk + (iwg — p1)mge” o7k
o = m1+it_00 -
p2 + pze” 0Tk
5 = (ma + paa)e 0T

iwo + 1
B =14 aa* + 8" + 1t [psa* + maa + (mg + psa™) ).
Furthermore, (¢*(s),¢(#)) =1 and {g*(s),G()) = 0.
Next, we use the same notations as those in Hassard [1] and we first compute

the coordinates to describe the center manifold Cy at 4 = 0. Let u; be the
solution of Eq.(13) when u = 0.

Define
(21) 2(8) = {q",w), W(L,0) = ui(6) — 2Re{=()a(0)}
on the center manifold Cy, and we have
(22) W (t,0) = W (=(1), 2(),0),
where
22 z2
(23)  W(z(1),2(t),0) = W(z,2) = Waoo + WizZ + Woa o + -,

and z and Z are local coordinates for center manifold Cj in the direction of ¢*
and ¢*. Noting that W is also real if u; is real, we consider only real solutions.
For solutions u; € Cp of (13),

2(t) = iwotit 2 + 3 (0) £(0, W (2, 2,0) + 2Re{2q(0)} ef iwotiE 2 + G (0) fo.
That is
4(t) = iwoTiE 2 + g(2, 2),
where
22 z2
9(z,2) = 9205 +91125+9023 +--
Hence, we have

9(2,2) = 7 (0) fo(z,2) = f(0,:) = Kogz® + K112% + Kg22> + K212°Z + h.o.t.,
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where

Koo = D75 |1+ naa+ nga® + niae™ T g Be” 0T 4+ ngafe” 20T
+n7a?e T 4 ngafe TR + G (qla2 @20+ g3 + quae” 0T
FgsaBe ™ 0T 4 geBe 20Tk 4 greTiw0Th 4 qsﬂefmr’“i) + B* (uQﬂ
+U3o¢ﬂe*i“”ki + uwzﬂﬂ ,

Ky = D1 [2711 + 2noRe{a} + Ins|al® + 2n4Re{deiw°Tki}
+ 2n5Re{Beiw°Tki} + 2ngRe{38}
+ 27’L7|0¢|26W"Tk'i + 2n8Re{dﬁe_"“’°Tki}
+ a* (2|a|2q1+2q2Re{a} + 2q3+2q4Re{ae*WOTf }+q5Re{5[ﬂe*iwoff}
+2gsRe{S} + g7 (6“‘)07’ic F T 4 que{Bei“"’Tf }))
+8 (2uzRe{B} + 2usRe{afe " } + 2uiRe{38} )|,

Koo = DT;:E {nl + nod + n3ad® + 7”L4(34(5i“’“7ki + n5Bei“’°Tki + nGQBeQWUTf
+ ”7d2€2iwmf + ”8d3€iw07’§c +a” (fhd2 +qa + g3 + (146&5“"0713t
+q5 @B 4 go BP0 4 qret TR 4 ggfe 0T )
+8* (Uzﬂ_ + Ug@Beiw“T’fi + u;;&B)} ,

Koy = DT,;t{nl {WQ%)(O) + 2W1<1”(0)]
a3 0) 4 W) + awlP0) + WD (0)

+ n [aWéé’(O) + 2anf>(0)}

s [ 3AWED O 4 S 0) 4 arEw o)+ w0)

|12

12 , 1 ,
s |5V O 4 S 0) 4 e WD) + W 0)
(15 : 1_ .

+ 16 | 3 BW5 Q)T 4 a0 Wy (0)

e 0 WIP(0) + ae~ 0 Wi (0)]

+ 7 [ae™omE WP (0) + 2aW @ (0)}
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1 1 B
+ug (§6W2(§) (0) + 5aW5 (0) + AW (0) + aW Y (0)) o (B +26)
+ vo (aﬁ + Re{@ﬁeiiwo‘r’f}) + vg (042861'000%i + 2|O¢|2ﬁ€7iw07—’3:)
O 25, —iwoT 2 n iwoTE 2 n —iweTE
+uvg (af+Re{af})+vy (a Be 0T 1 |a|2Be™0Tk +|a|2Be 0T )} .

Then we obtain
920 = 2K20, 911 = K11, go2 = 2Ko2, g21 = 2Ko1.

For unknown W (0), W (0), Wi (1), W (=1), (i =1,2,3) in ga1, we still
need to compute them.
From (20) and (21), we have

(24)
+ [ AW —2Re{q*(0)fq(0)}, ~1<0<0, def _
e { AW —2Re{g (0)fq(®)} + J.  6=0 AWV HHEZO,
where
52 52
(25) H(Z,Z,G) :Hgo(e)? +H11(9)22+H02(9)?+'-' .
Comparing the coefficients, we obtain
(26) (A — 2iT,§tw0)W20 = —Hgo(@),
(27) AW11(0) = —Hq1(0),

And we know that for § € [-1,0),

(28)  H(z,2,0) = —7"(0)foq(9) — ¢"(0).foa(0) = —g(z, 2)a(0) — (=, 2)q(0).
Comparing the coefficients of (28) with (25) gives that

(29) H0(8) = —g20q(0) — 902q(9),

(30) Hy1(0) = —9119(0) — 9114(0).

From (26), (29) and the definition of A, we get

(31) Wao(0) = 2iwors Wao(0) + g204(0) + go23(0).

Noting that ¢(0) = q(O)eiw"Tkie, we have

(32) Wao(6) = ’gQiq(O)ei“"T’vie 4 2902jE q(())e—iwo'rkie +Ele2iworki97
wWoT}, 3woTy,

where Fy = (E%l), E§2), E§3))T € R3 is a constant vector.
Similarly, from (27), (30) and the definition of A, we have

(33) Wi1(0) = g119(0) + g114(0),
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) . + 10 . +
(34)  Wi(0) = ——Lrg)e i + L g)e 0 1 B,
woTy, woTy,

where Fy = (Eél), E§2), Eég))T € R3 is a constant vector.
In what follows, we shall seek appropriate Ey, FE5 in (32) and (34), respec-
tively. It follows from the definition of A, (29) and (30) that

0
(35) /_1 d?’](e)Wgo (9) = QiWOTkiWQO(O) — Hgo(O)
and
0
(36) [ an@Win () = ~H0).

where n(0) = (0, 0).
From (26), we have

(37) Hs0(0) = —g20q(0) — go2q(0) + 273(H1,H2,H3)T,
(38) Hi1(0) = —g114(0) — g11(0)4(0) + 275 (Py, Py, P3)7,
where

ok ok
Hi = nq + noa + nza? + ngae ™ “07% 4 ngBe w07k

Cop, ok " ok

+n6a6€ 2iwo Ty —|—n7a26 wo Ty —l—ngaﬁe ZUJ[)Tk’

I g
Hy = 10® 4 qaov + g3 + quae™"™°Tn + gsaffe 0T

g oy o
+ q666—2zwo‘rk + q7€_“’"07'k + qgﬁe—zwork )
Hs = usf3 + ugaﬁe_iw‘”ki + ugaf3,
P, 2n; + 27’LQR6{C¥} + 1n3|a|2 + 2n4Re{deiw07’ki} + 2”5R€{Beiwm—ki}
+ 2ngRe{BB} + 2n7|04|26i°"07k'i + 2n8Re{dﬁe_iw°Tki},
. + . +
P, = 2|al?qr + 2¢2Re{a} + 2g3 + 2qsRe{ae™ s } + gsRe{afe o7 }
; = —1 = 2 iwoTE
+2q6Re{B} + qr(e"°™ + e Tk + ggRe{pe" 0™ },
Py = 2usRe{B} + 2usRe{afBe " } + 2usRe{3B}.

Noting that

0
(war 1= [ e=mioan)) at0) =0,

-1

0
(—ion,;tI —/ e_iWOTkiedn(G)) q(0) =0

—1
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and substituting (32) and (37) into (35), we have

0
(2m07,j[1 - / e2iwoTi f’dn(o)) Ey = 27 (Hy, Ho, H3)".
—1

That is
. " oy
2iwg — M1 —mMg — M3k —myeoTk
—p2 — D3 iwo — p1 —pseiwors | By = 2(Hy, Ha, Hy)".
0 0 ’iwo — M1
It follows that
A 2 A 3 A
39 ED 24 p@ 212 p@) 518
( ) 1 Al ) 1 Al ) 1 Al )
where
. . + . +
2iwg —m1  —mo — m3ze™°"k  —mye™07k
Ay =det | —py—ps iwo — p1 —paeomi |,
0 0 iwo — 1
Hl 77,)1461'0.)07',;t
All =2 det H2 ’L'wo — D1 —])461'("‘)07—16i 9
Hj 0 two — 1
2in — ma H1 7m4€iwm—/3t
Alg = 2det —p2 — P3 H2 —])Llell““’()"—lei s
0 Hz  iwg — 1
2in — ma —mo — mgei‘*’“ﬂci H1
Az =2det | —py—ps3 iwo — P1 H,
0 0 Hs
Similarly, substituting (33) and (38) into (36), we have
0
</ dn(o)) Ey =215 (P1, Py, P3)T.
1
That is
mi1 Mg +m3 My
D2 D1 ps | By =2(—P,—P,—P3)".
0 0 M1
It follows that
1 Dot 2y A 3 Ao
40 Ey’' =—= E =—"2 FEy/ =—=2=
( ) 2 AQ ) 2 AQ ) 2 AQ )

where

mi Mmo+m3 My
Ay = det P2 b1 P4 ’
0 0 M1
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H1 mo + ms3 My
Asy = 2det Ho> P1 P4 )
Hs 0 H1

mq H1 ma
AQQ = 2det D2 H2 yZ )

0 Hz wm
my mo+mg Hp
Ao =2det | po p1 H,
0 0 Hj

From (32), (34), (39) and (40), we can calculate g1 and derive the following
values:

, 2
? g g
c1(0) = YoorE <920911 —2|gu1|? — lgoa|~ (;,)2| ) + %,
k
Re{c1(0
e Rela ()

Re{\ (7))}’
B2 = 2Re(c1(0)),
~Im{e1(0)} + paTm{\ (1)}

Ty = — :
WoTg

These formulaes give a description of the Hopf bifurcation periodic solutions
of (13) at 7 = 7% (k =0,2,3,...) on the center manifold. From the discussion
above, we have the following result:

Theorem 3.1. The periodic solution is supercritical (subcritical) if pa > 0
(u2 < 0); the bifurcating periodic solutions are orbitally asymptotically stable
with asymptotical phase (unstable) if o < 0 (B2 > 0); the periods of the bifur-
cating periodic solutions increase (decrease) if To > 0 (T < 0).

Remark 3.2. A 7T-periodic solution of (13) is a T-periodic solution of (5).

4. Numerical examples

In this section, we present some numerical results of system (3) to verify
the analytical predictions obtained in the previous section. From Section 3,
we may determine the direction of a Hopf bifurcation and the stability of the
bifurcation periodic solutions. Let us consider the following system:

#1(t) = 21 (t) [0.5(1 —0.22,) — M} ,

r1+T2
(41) a(t) = aa(t) [0.5(1 — 0.3,) — CSutrmien ]
. _ 0.3z 1z2(t—7)y 0.2z (t—7)z2(t—7)y

y(t) - _O.Sy + T1+T2 + T1+w2

which has a positive equilibrium Eg(z7, x5, y*) &~ (4.4437,1.2904,0.4941) and
satisfies the conditions indicated in Theorem 2.2. When 7 = 0, the positive
equilibrium Ey ~ (4.4437,1.2904,0.4941) is asymptotically stable. Take k =0
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for example, by some complicated computation by means of Matlab 7.0, we get
o ~ 1.0328, 79 =~ 0.53, /\l('ro) ~ 0.7511 — 9.54014. Thus we can calculate the

following values:
c1(0) = —2.2241 — 6.4133i, ug = 2.9611, B2 &~ —4.4482, T, ~ 63.3239.

Furthermore, it follows that pus > 0 and B2 < 0. Thus, the positive equilibrium
Ey ~ (4.4437,1.2904,0.4941) is stable when 7 < 7¢ as is illustrated by the
computer simulations (see Figs.1-2). When 7 passes through the critical value
7o, the positive equilibrium FEy =~ (4.4437,1.2904,0.4941) loses its stability
and a Hopf bifurcation occurs, i.e., a family of periodic solutions bifurcations
from the positive equilibrium Fy & (4.4437,1.2904,0.4941). Since pug > 0 and
B2 < 0, the direction of the Hopf bifurcation is 7 > 7y, and these bifurcating
periodic solutions from Fy ~ (4.4437,1.2904,0.4941) at 7 are stable, which
are depicted in Figs.3-4. From the bifurcation diagrams (Figs.5-7), it is shown
that the positive equilibrium Fy & (4.4437,1.2904,0.4941) is stable when 7 <
70 = 0.53 and unstable when 7 > 79 = 0.53.

Fig.1 Fig.2
5

0
0
¥

45\

‘UUJ W

0 200 400 600 800 1000 1200 0 0 o

Figs.1-2 Behavior and phase portrait of system (41) with 7 = 0.5 < 79 &~ 0.53.
The positive equilibrium Ey /= (4.4437,1.2904, 0.4941) is asymptotically stable.
The initial value is (0.3,0.3,0.3).

Fig.3 Fig.4
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Figs.3-4 Behavior and phase portrait of system (41) with 7 = 0.6 > 79 &~ 0.53.
Hopf bifurcation occurs from the positive equilibrium Ey = (4.4437,1.2904,
0.4941). The initial value is (0.3,0.3,0.3).
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Fig.5 Fig.6

X,(0-4.4437
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Figs.5-7 Bifurcation diagrams of system (41) with initial value is (0.3,0.3,0.3).

5. Biological explanations and conclusions
5.1. Biological explanations

From the analysis in Section 2, we know that under the conditions (H1)-
(H3), (i) if (K1) or (K2) holds, then the positive equilibrium FEy(x7, 25, y*) of
system (3) is asymptotically stable for all 7 > 0. This shows that, in this case,
the population density of prey species in two habits, the population density of
predator species will tend to stabilization, that is, the population density of
prey species in two habits, the population density of predator species will tend
to x7, x5, y*, respectively, and this fact is not influenced by the delay 7 > 0;
(if) If (K3) or (K4) or (K5) holds, then the positive equilibrium Eo(z7, 3, y*)
of system (3) is asymptotically stable when 7 € [0, 7). This shows that, in this
case, the population density of prey species in two habits, the population den-
sity of predator species will tend to stabilization, that is, the population density
of prey species in two habits, the population density of predator species will
tend to x7,x5,y*, respectively, and this fact is not influenced by the delay
7 € [0,79). When 7 crosses through the critical value 79, the positive equilib-
rium Eo(z3, x5, y*) of system (3) loses stability and a Hopf bifurcation occurs.
This shows that the population density of prey species in two habits, the popu-
lation density of predator species may coexist and keep in an oscillatory mode
near the positive equilibrium Ey (3, 23, y*).
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5.2. Conclusions

In this paper, we have investigated local stability of the positive equilibrium
Eo(z3, 25, y*) and local Hopf bifurcation in delayed predator-prey model of prey
migration and predator switching. We have showed that if the conditions (H1)-
(H3), (K1) or (H1)-(H3), (K2) hold, the positive equilibrium Ey(z}, 25, y*) of
system (3) is asymptotically stable for all 7 > 0. Under the conditions (H1)-
(H3), if the condition (K3) or (K4) or (K5) holds, then the positive equilibrium
Eo(z3, 25, y*) of system (3) is asymptotically stable for all 7 € [0,79). As the
delay 7 increases, the positive equilibrium loses its stability and a sequence
of Hopf bifurcations occur at the positive equilibrium Eg(x7, 23, y*), i.e., a
family of periodic orbits bifurcates from the positive equilibrium Ey(z7, 25, y*).
At last, the direction of Hopf bifurcation and the stability of the bifurcating
periodic orbits are discussed by applying the normal form theory and the center
manifold theorem. A numerical example verifying our theoretical results is also
correct.
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