The Korean Journal of Applied Statistics (2013) DOI: http://dx.doi.org/10.5351/KJAS.2013.26.1.187
26(1), 187-200

Study on a Hedging Volatility Depending on Path Type
of Underlying Asset Prices

Jeongbon Koo® - Junmo Song®!

*HMC Investment Securities, Over-the-Counter Derivative Team

*Department of Computer Science and Statistics, Jeju National University

(Received August 3, 2012; Revised December 7, 2012; Accepted January 24, 2013)

Abstract

In this paper, we deal with the problem of deciding a hedging volatility for ATM plain options when we
hedge those options based on geometric Brownian motion. For this, we study the relation between hedging
volatility and hedge profit&loss(P&L) as well as perform Monte Carlo simulations and real data analysis to
examine how differently hedge P&L is affected by the selection of hedging volatility. In conclusion, using a
relatively low hedging volatility is found to be more favorable for hedge P&L when underlying asset prices
are expected to be range bound; however, a relatively high volatility is found to be favorable when underlying

asset prices are expected to move on a trend.
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1. M2

Black3} Scholes (1973)7} 7|3l 2l 2% (geometric Brownian motion; GBM)< 7|¥lo& %&
A (plain option)?] 717 F4S =3 o]& GBM2 thgst F8241e] 71 22 < (dynamics) &
3} sl=t] dg o] &=}y L}, 1987@ E# o] (Black Monday) o]% Z8A174e] £}
o] = MEHY A Do EFANAUA, THH HEAS /M GBM2 AAA QA FHA
BlAl FaL, olgk #AH AEL therd AFSATFEE ot HuFEgrh ol wel, GB
o] @S B Y3t AFEo] % EEE]‘HL——H] Dupire (1994)%} Elder (2002) 52
23 (local volatility model)E F3}4], Heston (1993) % Hullz} White (1987) &

3 (stochastic Volatility model)S F3lo] RS WAAZ N, o] QoT H=ZE
(Levy processes) 5= |83t By Eo] &4 7= At} (ContL} Tankov, 2004).
AT, M2 BHPE0] 3—.71101]/3 P8 AL YLl BT, B FAH 739 folde
2 93] d4 AFoAE GBMo] oA3] of&F 1 Ut} GBMDf’éO] AR F71e] 2 Y} Aol 7}
A=, F717F GBME mEthe 71 sholl 3849 7H S Al4tstal ol & vigo 2 3 %] (hedge)
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o] & sk Aotk ARSI Qe 71Z2AMEY THARY 0] A 71 2R YU HRTLE o) E
o 2ae AR 3= Folx 7] wlEdll, ¢ AFE AFEL ALZ 2FL Ajdgorn
# 3| A & 2H hedge error) & Hadletet] 27E Fvta & 5 9ot

S, 7|22k 714 0] GBME WEthe 714 st AR =x M 2EEAY FAE Yshe
7%, 3l A (hedger) 2] Ao T = SR FE717F Fok AFD HEFA o Zof A Hr}. w)

we] %o] shgalEe] SA 2 AAel Aok, wElAs BE gu
a3, 58 WEAL v S S dh 5, o
volatility) 0.2 AMg-3te] vimalord 7)2Abbe] £k Adkshe Aolth 7ZxAue] AA Aol
GBM3H 2 Aol7h gl A8 W54 A58 AFAN WS 29 AT 5 Yk o7 89l el
A AP s HAR, AZAde] A4 GHAe PP BYF Aol BY Wk B FF AE

el
3l +a)& Bt 2 ¥]&S BASE it} v o]F Alo] ofyrjziE A
AEe A (e BA) 2 AR EoRE v 3 +ad FEEkEE AT
AR 23 = oAl 23 (speculation) o] &3 mjujrt ZF WP A}
g sto] AR A HEY o AV 2 AA 7|22k wjujstA Y WA MR et o 4
£ HsART o IAY B2 FS AT EoE AAE vinE e A Sol 2

]_
2 =wolMe GBMEF g e (delta) 3AE T3t A7 +ad AT AHEEAHe 24
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=
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o
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3 FAHQ BARA, A HFAAH SAEdHY A 52 dEFEA Q] B84 FHFH itk o]
TE2 Derman (2008)2 GBM 3o A Q] d|R|<=ol3t AFS Aol AAE AHslaL, Crépey
(2004)= GBM3¥} =4WE4d By stolAe A& st vlw A+E 31929, Primbs$} Ya-
mada (2008), Kennedy 5 (2009)8} Sepp (2012) 52 7n]&S 18j3t Ae]oAe] DEF|A Y <=
oo gt AFE sttt 53], B =F9 dF WE&-2 Gatheral (1999)9] Merrill Lynch X314
NA thRolRE Ao g, 129 AFoXe 7|2A 7149 R, & 588 $P §lo] 7HF o] JdH
= AE7} 42 welle SAHEAES A, FAZE ASE ol ZA AR A o] SR
g3g Bastglt. AT, o] HuAdle dEs i dnkst ARG BAA A4S A 38
=2 k7)ol B =gl A AT SRR HAE AFE I, Bt ohekst 71 JEE 1
e BT Foto] 7|24 FA| {79 olof] mhE A HEAY] o] FxE&Y nA& 3
TS AgAetazt st

2. 9| HEllIXILt ol K[ES

218014 Ba-£2 74 solHe] 4o DeslRel st} 27k o gL Wiz, A
B0l GBME 7Pgste] SIS a5k 292 349

o .

B=Ru = T
A ET} 2279 2|52 Derman (2008)] 27304 AT = Qo) B =RoAE 1 AHES
e Ao g FrsiEct. dy FAuE 2XA gt A E Ve E Awsith
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1
dfy = s f+dS; + 5afsft(dst)2 + 01 fodt, (2.1)

o714 fi8F Sie tAIFNA S FAHL o] 87HAN Z|RAMEE] THA0laL O, xol HF 14 MRS
02,2 2 PLES ek

9 SR & 5 ol S S WHTE 2AL A Wkel &8 LR 0, fdS,, 2,/ (d5.)°
T AR} gl 9% B 0 fidt == EaErt. DER| A SR AlFuiet 9s fi(olet, AR 7=
e BRgoza A o274 9] WElEF F 0, fdS: ol e 29 e e AL st
th. HdERAE ¢ AS A REZE L ditd oz A 7|2} §F oA (FHE
o|x-&)Z A< (borrowing) @ tZ (lending)©] 713 ©7]1F84% (money market fund; MMF)E
2 FAFE, 7122 HEA8T FAE o)A o] WA kg A, A5AYU TEEZYQ Y] Az
g (rebalancing) & Foto] F4 7] fAF2E EAT 4 Qv ]E HIsk7] fJste] ARl A
AR 7122 (fe — AeSy) B Aol sk MMFE 7249 XEE2QE A6t o] ZEET
229 714E PEla 3ab. BEl-az 714 SlollA] (dS:)?S B84 (randomness) ©] AF2FR AHE) 7} =
B2, Al 2+ (arbitrage) A2l 713] 7} EA)EHA] Ls‘_r/]'“] 2l (21)2HE 4 14E Ef3ka 7
24 ANE 3OS BESE 09 AAs] SIUHFE (f, - AS)Fe] AL MMF 4e]
=7PASEE r(f — ArSy)dtel ZA "ok (Black-Scholes equatlon).

1
dfy — AydS; = 5aﬁsft(dst)Q + Oy fedt = r(fr — A¢Sy)dt. (2.2)

o
rL
i)
X
b

[t
ﬂiHﬂ
to

4 P9 788
dPt = AtdSt =+ T(ft — AtSt)dt

olmE, 4 (2.2)25E BE 1(with probablhty V)2 dP, = df,7} A8} webA] ARl 7]z A
B (f— AS)FAS MMFR ZEEe|0E 5002 24T 5 e 35 97 TESe 7}
& §419) 7123 AR Hol WA HOIN G4 payoliE RHEeld 4 917 Bk SAY A4 @
BRI 91 7P Stel A o) RolAA gheth ZEEeles] 2R A4A0R olFeld & glon, 7]
2 Ao WEA w3 A7) S5l wet Be 49 Wbl "tk B A9 )€ Fele §A
AT SA A, Z §42) Akt oz wgiae] AlolE WA T, SA
27} A5 HA A A3 el 4y A 5ol W54 Bsiel, B Aaa ug
e 9% Q) wEl Bd-gx e Ao St AeElAL AAAFAY Ado] wet HE &
SDERETSIES

2.2. SIX|HS A} Gl K|

SIAHEA L] gl mE slA HF £e AV RT] 95, 7|2ARNe THA o] v SE v
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dSt = pStdt + O'tStth7 (23)

o37] /ﬂ {Wt}% EZF Bk *% (standard Brownian motion)©]3l o= tAl 3 01]/\19] £AE g ol
2 714 o) 94402 FeEIAS AV . 3, S S0 42

Eds %?l’ ﬂ’ﬁ% OHX] WEe AHgSte] 7|2 ARke] vl ke At v /\7]"3}5} xE

273

379} AAREAL ot o] WEA 2Jste] AH tAHAN §A9 o EA AT YerE 77
S AR B §ae g Adew vwd Ao AFdn. A% 64 =L Al
Az (i — AL So) 2N MMF R A 1, tA Aol M= AP 7122443 (7 — AS) 2
4] MMF7} H =5 xHqu ste}. o)Al o] ZEZE Q9 71AE Pe} s, P9 ¢hA 9l wsleke
o3 2A "k

dPH = AP 4s, 41 (ftH - Af’st) dt

A= F7H 0] A (2.3)0] obd FENEWAA dS = pSidt + ouSidWi B WETRE 7H Sl
FAE sy oz AR AA F7L 57t HAH YL ul) (dS)*L o} SPdt= 713 Ak
wEbA, A (2.2)00l A2k 2 ol o5

P (S - A8 di = J0R g7 (aSE)? + 00 fi
. %835ftHquSt2dt+6tffldt
tHER,

1
dPf = AFds, + 5633 (o) Sidt + o f dt

aela, fe] 7l 4 (2.3)S waE AA FrA el bl o 2gE e
dff = A4S, + %aﬁs FH(dS)? + ot dt
— AFdS, + 1afsftHafsfdt + o dl
7h €t 2HBRE AFAA A 2EZE 9 7MY g4 o] 27 7+ Aol=
dpf — aff = %afs f ot — o7 Sidt
7} =53, WEbA SAY FHE <92 o33 A "tk
P = pr= P = g =1 [ sl (o - o) st (24)

714 T g49) wrlela B = filelnl, fri W7A Aol M e §Ae] A4 1A olch.
@elisl o7 BB ALAS EAG A0 oRolmz, HF £ole A (2.4)F ok
2A 202 Golalnt. Ao i A RS $5R R AT 59 el d sles
G 49, A 2oL thes) ek,

N o rBL _9.
-



Study on a Hedging Volatility for ATM Plain Options 191

el 2.1 ot {8301 A (2.3)S W20 oAl GIXHEA op 2 SM0| SRS 22, YEllAS =
ask= dllAel 2B &9 tisat ¢t
n—l
—fTN*ZFH [of —07,] 57 (tig1 —ti), (2.5)

071M tos SH2| DHOKAIE, i A SR (RHZR) AL, tn(= T)E M2 TIIAIEO0IL, S;2t TH &= 6AIE
OlMel F=otet 62, FH olTt.

Al (2.5)& = AlFoA ] YA S A (impled volatility) 2 A HEAHAc g2 Ao HElFAE &
A3 wfo] £9& it FF F/F F49 A Aoke A FolBE, A9 HF £
A5 (on) T AAAEA (00)9 Aolel 43}04 ﬁ’ﬁ%r/} 1@‘?“1%@0] HAUF AR =4 A2

] B 7Fsdol ZA "Lt o
= ¢ 5 itk AU
42010 7]-/] 0°] = +=t), Boylex} Emanuel (1980)°] w2 o] 7
g st A thZo] FelE RHE o Ut

i

ru

1 S
Pf — fr~ 5 2 ;_ 3 ¢(di) (U7 = 1) (i1 — 1),
AN ¢()E BE AFFELETSF, di = (log(Si/K) + (r +0.50%)(T — t;)) JoV/T — ti, K& &4

o] gAprtolar, {Us b x*(1) 2049 AAd 8 E (random sample) o]t}
T, Aol M s FARRE el ool osto] A AAkE 7] w2l efsta Sl sAHE %
HEE A er gAo] mied 5 gl W, WA elA s B0 Mo s AdE s B9t Wk
WA FA o] 5 7| 2AP T WEA AR ASS wkgstal YA A SAY 52 Al
o] A& bE F A, HA 28 AT S vlekE e Bl wet sAME gl 2] AR
T A7) wiEoll, w4 slAY A e ATt R FAE eSS o A -3 S A M EE
Zdefo] A Hrt.
4 = B A7 st e sAWEES WAEEA ol v A, S ATHA R et
WA S o] obd the WEAHLR &4 = 54 Al
ol A9 7‘]7‘}7}(“]157})3]' skaL, s A= = deAE 3 :}‘3]'3’— 5‘]’@ Hzx &l
Al iE‘é £ AN 71223 (f — AN So)F A MMF& A9k olm, (f§™ — Ay So)F
A F (" - foH)T—:L‘ﬂ.J% M5 o] MMFo] Exp5te] wh717b2] A5k, A (ff' — A So)F A<
MMF$} AfAHe] 712apto e 749 Aee TEZE L, PP tiste A2 desxE +3s}
d, A (2.4)8F 22 el 9Jste] v HF £9e 78+ Uk

PTH—fT:(ém—féf) & /T{ —dffH}

= (= )T+ 3 [ sl (o - o) st

R

A7 B = fim ek,
Tebd, BASH0R e A7) ol %ol A A, dAe] HE 2ap ol thes) 2ol dojArk,

el 2.2 FIE {Si 31 Al (2.3)S W20t okAL fimel JiHe2 SM0| EEAUS AR, DHUSH oy
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Figure 2.1. S/K vs. I'S? of an ATM call option by remaining maturities(L) and hedge volatilities(R)

2 Hetoll X g s&ot= oM 2& &2 Ui 2L
) 1 n—1
Pj{[ _ fT ~ <f(73m _ f({{) erT + 5 Z Fflsf [g%{ — U?J (ti+1 — ti) (2-6)
=0

= ( m fOH) e 4+ Gamma P&L.
A AEAA (i — fil)e' & onolT JEER, F7ME ] W2 AW
2% 9 4 $we] WA % (Gamma PLL)S) TF 520258 245 A Bet
F7HE ol wE FE3449] Gamma PLLE gobi 7] §8te] tho] AMde F53HA}

S, 1 S, 2
r7S7 o S exp {%H(t) (10 (—) + (r+0.50%) (T — t)) } (2.7)
71N K& §A9 AArtela I 572 Sz/K7P exp{(—r + 0.50%)(T — 1)}2 wl Heh7} H32 o]
ZozHE WolA4E ol A AL} o2 2h7] 13 vlvke] KOPSI2002|4: A4Sl tishe]

50%v]Rke] S| A5t 5% Wil Tﬁ?’%l%}g— 2 A% exp{(—r + 0.50%)(T — )} Fk&
o2t 0.950014 1.1 Abelell A @-ddrt.

Figure 2.1& A7k7F 10090 ATM Z5A0l thate] s A¥EA0] 20%< B¢ ZFE71708 T 57
(F) AE717F 67492 A2l AAREAE TS (+)8 Wbl ek 2-ellA Bl TYs72
F77F AL 2A Ol & wl A7t e Bl Holdes FopA A HeH, g4 27le &
E717k] oA A SAAE 0] HolAeS v AL o= F7F FATE 2A M F449 7]
Zrol A5 A% GHZ]N"OM Gamma P&Lo] AA 8= HlS2 AXA S a1, w2 Hofd 7]3ke]
A4E 2 HF2 oA 2 vtk o] AME ATM REFA 482 3¢, AT slAL
< 27N E F 63*}7} 2014 49 wl (3 EA)olle Gamma P&Lo| WA Jake
Al g Zela, 1 99 F7F Fejd wj (Aol ddidez & WA € dojrg, FAe A5
(fo™ = fo)e Mol A ek g o] AT & Y= BFOR, FHF A9 Gamma PELOA o]
AL 5 e PFoR sANEde Adshs Aol £l il € i‘%lé F58 o 9irk. Ik
o2 WEAe] Hopd 2EFAY olRI/HAE ol =, Wb (i — fil)e T AAA B
= (Figure 2.29] ) FAZNA = w2 s AAEH S AH83taL, & 57%1] £ =2 sANEEE A
3to] Gamma P&LoJA 9] o] o5 F78k= 2l (Figure 2.29] -)°] slAlEel Feld Aol o
of gt HEe 8L A (2.6)= onZ VS S/K 9] WMl HJ% ulEgkel FEE 2ARS| kst
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Figure 2.3. Paths of stock prices in range bound and trend(L) and corresponding I'S? paths of an ATM call
option(R)
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HFoh= I'S? RS
Uehd Zelth($). A5 FAY FAARAME Azl E2WA I'S%e] 37]7} Zolx|A H+& vl
FE Fejo| FAARANNE AeFA AR Bl 0529 gho] 433 AXA = o] Gamma P&L°1
FF FAEd A or Z TS vXA HE & 5 At} Figure 2.49] 932 Figure 2.39 &
7} A 20 thate] 3 A M EA S 0.5%00 A 40%71A] D] A A 78 Gamma P&LT (fim — f)erT o]
3, SEAL A (2.6)9] 2AREAE DEEIAE 6“6}01 A2 AA EAEE YeRdth FE e
F7H4 2ol e Gamma P&LS] 71719 Auligke] (f6™ — fo')e' oA} grieh 27 mio] 2
TS AR, S P FUMA R WY AEe)7] Wigel ¥ MEdS AMErE A
T 9ol FEla S 9T 4 Ut

Aol Aol SAMHAAE o fi Lt 919 vl5e AekS F5 AMSRITE Ans At ol f1 A o
e BEA) S A, 7 PN He GEAoz JukE A BozA(Re dANE
4] AHE) 2L £4 WS PAFHIL FALS FHY W GuiE 37 Fo=A (R AAAFAY A
% F4 449l $AYL WA 2551 Aol TAelth o] ML viv) MEE 23
B3 o

T T

FB ARk e, A S ol WlEe] AT JEgche oA Aol
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== P&LinTrend
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Figure 2.4. Hedge volatilities vs. Gamma P&L and (f&™ — foH)eTT of stock prices in Figure 2.3(L) and hedge
P&L and approximated P&L(R)
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%, ol A ke, 281 e & A4S 5 o A FUHES) e o)
o] FAEof A JFE RJAFE Foto] Yolirh FRE A9 v
THE Aer PRt F7hs W54 (0r) 0] 20% 4 (2.3)9) GBME me
3ttt FAEYPHY FHAEEE YA sk, 71
(5, p = 0.50%) 3FATE AW, o] o= FA7F vepd 5= 917] wl
of 8" A2 0537 1d AJFNAY] gho]l H = 7} thu] 90% mIvke] A 110% ©]4<L wfell
Al A A va A FJRFE o ke AR DHFES dgich HEe] BoAd A}, oy
z27 3ol A HAR FrMAR] AFH ¥EA (realized volatility) ] Hwol] that 95% A=
19.93% 1A 19.97% 2 =" WA 20%t F-2 8k xfol7k Ao, I 37|17 A Aol 9
nd A5 of7] Wil o] Xolg FAIBtL AYE APt s E 3t e A=
(2.3)9 pE 27 £100% % FaL SABA AT A 2 Pl 0.59 AIR7R = pE 100% =,
o]ToflE= —100%= 3t BAsIHeH, s & A £ YR o] XA 7t FEpEE
1000718] F7MAZE B8R, FAHEALES 0.5%ANA 40%714] 0.5%p HEo 2 AR, wr)7}t
13(252999)0 ATM & F543 3400 tiste] Dl E 53 AA A& 4] (2.6)9]
AR S AAEIHTE EYFo|AHE 2 3.5% 2 ZHEstE e, AAIANAY FAL 20%2] HEA
o2 MEH AR FIALE &, HE WETHe EY-E= F4 4 of3te] Al4bd 9.670] Ht.
QL T 99 A el A=z ugt 2eldd AU} Figure 3.1(3 B )3} Figure 3.29 4 Figure
3.5(FA7) ol veRY Qlth. AAF F& FAL 742 sl AHEAdd e HE FAEdT ZAEY
FAFE ey, 7= AAL A9 5%, 95% EATS, A4S 1000718 A2 & 9o
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Figure 3.1. Hedge P&L, approximated P&L, and profit ratio in range bound: Call option(L) and Put option(R)

o 80 - 5%, 95% Qu. 10 o 280 5%, 95% Qu. w

g 3 || 2 A

S +eaess Approximated PRL = ° «svevs Approximated P&L B

¥ e B 2 50 2

H —— &L S 5 —P&L ES

T 08 @ T 08 ©
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— —ProfitRatio(R)
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Figure 3.2. Hedge P&L, approximated P&L, and profit ratio in upward trend: Call option(L) and Put option(R)

o 80 s 5%, 95% Qu. 105 (| 280 e 5%, 95% Qu. 19 v
g s 2 g
> +ueves Approximated PRL = % +veere Approximated P&L 3
o 60 Ed w o
3 —P&L 9 H —P&L 5y
T o T 08 ©

0.
— —ProfitRatio(R) — —ProfitRatio(R)

Figure 3.3. Hedge P&L, approximated P&L, and profit ratio in downward trend: Call option(L) and Put op-
tion(R)

ojelo] WrAYBIAL QlA, A HEAES W E AMRE A 23 4o AL IS FFE 5 ATt
ol ok A A (2.6)F (2.7)& B3] & 4= ARol, FATE AE A 529 A7t AR oz Fop
A4 Yehd 2RE A 4= 9tk 3, Figure 3.1904] Figure 3.59] ThA] NS Hd 49 WhA 1)
Eo] AFAAFTAH(20%) 5 FAHLE 45 Wkl e, AWM E 4ol AFHAFT AR W7 A}
22 grEts 9 Hlgo] w2 A Frbes A4S AT 5 Uk

9 AFAAE AA SR vl &&3itiH, HA A" HEdel e S-S 5t &, FAo R gt
ol el whet &H WsART o =AU ZA AU FTAES 2 2 Aot ojuf, £} o4t}
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oney Jyoud
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Figure 3.4. Hedge P&L, approximated P&L, and profit ratio in upward and then downward trend: Call option(L)
and Put option(R)
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Figure 3.5. Hedge P&L, approximated P&L, and profit ratio in downward and then upward trend: Call option(L)
and Put option(R)
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Figure 4.1. Time series of KOSPI200 index from January 2009 to September 2011

Table 4.1. Descriptive statistics for log returns and estimates of GBM

Statistics for log returns R .

mean(sd) skewness kurtosis J-B test A-D Test ’ i
Range 0.0003(0.011) —0.537 0.961 22.49[0.000] 0.67[0.077] 17.8% 8.8%
Ranget 0.0005(0.011) —0.281 —0.068 3.35[0.187] 0.47[0.247] 17.1% 13.7%
Trend1 0.0008(0.010) —0.237 0.122 2.59[0.273] 0.54[0.164] 16.1% 22.3%
Trend2  0.0001(0.011)  —0.604 0.908  24.49[0.000]  1.46[0.001]  17.8%  3.1%

Ranget: Presents statistics and estimates for the data except December 27, 2009.

The numbers in square brackets denote p-values.
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Figure 4.2. Results of KOSPI 200 analysis: Hedge P&L and approximated P&L in range bound(L) and trend(R)
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