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Abstract

A scaling method valid for most turbomachines based on first principles is derived. It accounts for axial and centri-
fugal turbomachines with respect to relative gap width / tip clearance, relative roughness, Reynolds number and/or
Mach number for design and off-design operation as well. The scaling method has been successfully validated by a va-
riety of experimental data obtained at TU Darmstadt. The physically based, hence reliable and universal method is
compared with previous, empirical scaling methods.

Keywords: Scaling, Efficiency, Axial, Centrifugal, Turbine, Compressor, Fan, Reynolds number, Mach number, Size,
Tip Clearance, Gap, Roughness

1. Introduction

The value and acceptance of a turbomachine is not only determined by pressure characteristics but mainly by efficiency. In
general the performance characteristic of a turbomachine changes if the following physical quantities are varied: Machine size,
given by the impeller diameter D, angular speed Q = 2mn, kinematic viscosity v, density p, compressibility measured by the
speed of sound a, typical roughness height K, gap width (centrifugal: gap between shroud and inlet) or tip clearance S (axial)
and shape of the machine.

The performance is characterized by efficiency n=n(V,Q,D,v,p,a,K,S,shape) and specific work
Y =Y(V,Q,D,v,p,aK,S,shape). The shape of the machine is described by a finite number of dimensionless parameters, such as
the ratio of chord length to the impeller diameter k; = [/D. By means of dimension analysis the number of independent para-
meters can be reduced by 3. This yields to the dimensionless products flow coefficient ¢ = 4V /uD?m with the circumferential
speed given by u = QD /2, Reynolds number Re = uD /v, Mach number Ma = u/a, relative roughness k = K/L with the
characteristic length L, relative gap width or tip clearance s = S/L, efficiency n = 1 — Piyss/Psnarc Wherein Pg .5 is the shaft
power and Py, the sum of dissipative losses and pressure coefficient 1 = 2Y /u?.

Scaling methods serve to predict the changing in efficiency n = n(¢, Re, Ma, k, s, shape) and pressure coefficient i =
Y (@, Re,Ma, k,s,shape) depending on variation of one or more of the listed dimensionless parameters for the same volume flow
¢ and same machine shape. Hence the scaling method gives an answer to the question: What is the difference in efficiency be-
tween model (subscript m) and full scale machine?

n (¢,Re,Ma, k, s, shape) — n(@, Rey, May,, kn, Sm, Shape) =?
The first physically based scaling method can be traced back to Pfleiderer in the year 1946 [1]. He was guided by the thought,

that the inefficiency ¢ = 1 —n is proportional to the friction coefficient c;. For hydraulically smooth surface with ¢; ~ Re® the
ratio of inefficiencies from full scale machine to model yields

1=n _ (E)a 1)
1—1, Ren/
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According to pipe flow analogy with turbulent flow and hydraulically smooth wall @ was setto —0.25...— 0.1. Ackeret in 1948
improved the method of Pfleiderer, by taking inertia losses into account (published by Milhlemann [2])

1-n =V[1+<£)a], )

1= Rey
where the loss distribution factor V' was arbitrarily set to 1/2. HeR and Pelz [3] considered the loss distribution factor depending
on the flow coefficient V(¢). This considers the increase of inertia losses at off design operation.
Casey and Robinson [4] published an empirical scaling method where the difference in efficiency is given by

ACf

Ctref

An =1 —Nm = —Bres(0) 3)

B¢ is an empirically determined function of specific speed o. They claimed the validity for all types of turbomachinery regard-
less of fans and compressors, although the Mach number is not considered in Eq. 3. Both Eq. 2 and Eq. 3 need empirical functions
which are machine dependent. Hence there is always an uncertainty in applying these methods.

It is possible to yield a scaling method by means of total derivative of the inefficiency ¢ %f 1 — 5. Taking only terms of first
order in inefficiency into account [5], [6], yields to

Ac
An = —¢&(o,Rep, May, kn,, sm,shape)—f . 4)

Ctm

Comparing the methods Eq. 3 and 4 it is obvious that the empirical function B..(c) is similar to the inefficiency
e(type, size, quality), where the machine type is given by the specific speed, the size by Mach and Reynolds number and the
quality by relative roughness, gap width and shape.

The task of this work is (i) to further improve the method Eq. 4 to account for second order terms ¢(&2) and for tip clearance /
gap losses as well and (ii) to omit any empirical relations as far as possible to gain a universal and physically based scaling
method.

2. Second Order Scaling Method

2.1 Logarithmic Change of Inefficiency
The specific mechanical power wghaec = Psnare/m transmitted through the shaft of the machine is equal to the enthalpy in-
crease

Wshafe = Rz — Rt s 5)

assuming there is no heat exchange with the environment [7] and the process is stationary in average of time [8]. The change of
inner energy from 1 to 2 is equal to the loss of enthalpy h;.ss. The ratio of enthalpy loss and specific mechanical power is the
inefficiency

h
Sd:efl—T]= loss ' (6)
Wshaft

Both, the enthalpy loss and the shaft power can be described in dimensionless way. The dimensionless measure of the shaft power
is the power coefficient. For turbomachinery under compressible conditions the power coefficient is defined by

2w,
7 o slzlaft . 7
u

Contrary under incompressible conditions e. g. with fans it is defined by

2Pshaft
A¥ =1 8
pugAref ¢ ( )

with Ay = mD? /4. For the definition of the drag coefficient the enthalpy loss is made dimensionless by dividing through the
square of circumferential speed

2h
Cq def % . (9)

Often the drag coefficient is defined by the relative inlet velocity w? ~ u?(1 + ¢?). Both definitions are equivalent by the trans-
formation

2h
Caw &2 = o/ (L+907) (10)

7 =
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For compactness we use cq and can write

C,
sd:&f1—n=7d. (11)

To end up with a scaling method we take the logarithmic change of Eq. 11 and get the general valid equation, which will be the
basis for the new scaling method:

de dcg dA 12)
e cqg A
Since ¢q = €1 EQ. 12 is equivalent to
d dA d
de = ¢ 24 _ 222 , or dn=—sﬁ+0(£2) . (13)
Cd Ca Cd

Regarding both terms on the right hand side, we denote that a second order scaling method, which is in focus of this paper. Neg-
lecting the term of order &2 in Eq. 13 and comparing it with Eq. 3 yield Bier = cfrer/A for the method of Casey and Robinson

[4].

2.2 Froude’s Assumption

William Froude (1810-1879) was a British naval engineer and today his method of studying the resistance of ships is generally
adopted. The so called Froude’s assumption is the following: Losses (inertia drag, surface friction resistance and wave drag) are
independent of each other:

cqg = ci(s, Y, @) + c¢(Re, k, @) + c,,(Ma, ¢, shape) . (14)

In a similar way the power coefficient can be decomposed into the power transferred to the fluid within the blade channel (sub-
script Euler), the power needed to have the internal leakage flow circulating (subscript 1), and the power needed to get over the
fluid friction at the discs (subscript d) outside the blade channel (where we assume a low Mach number flow):

A = Apuier (@) + 45,1, 9) + Aa(Re, k, ) . (15)

There are two important limiting cases concerning the Mach number in turbomachines. (i) with fans or hydraulic machines ful-
filling the condition Ma? « 1 [5], wave losses are negligible. (ii) with turbomachines that run at high Mach numbers like com-
pressors and turbines (Ma? =~ 1) the influence of Reynolds number vanishes and wave losses become dominant. For that case it
counts ¢, >» ¢¢ and therefore cq4 = ¢;(s, ¥, p) + c,,(Ma, @, shape).

The application of our method to measured data has shown better results using a friction (subscript f) or wave (subscript w)
drag coefficient c4 = ¢, at the best efficiency point (BEP), i. e. neglecting inertia losses only at that operation point, instead of
using the calculated value of ¢4 = €A where £ and A are measured values in each case. This is due to measurement uncertain-
ties but for specific purposes it might be useful to apply the exact relation. Since dAg,er = 0 the logarithmic change of ineffi-
ciency Eq. 12 using Froude’s assumption reads

de _ dCd da dCi + dCf'W dll + dﬂ.d t BEP 16
e ed A Crw A 2 ' (16)

2.3 Axial and Centrifugal Machines scaled at Best Efficiency Point (BEP)

tip vortex

Fig. 1 Different gap loss mechanisms in axial (left) and centrifugal (right) machines.

The physics of tip clearance flow in unshrouded machines, e. g. axial or diagonal, is quite different from the situation for shrou
ded machine (Fig. 1). Recently Pelz and Karstadt [9] developed a well validated model for axial machines with di4 = 0 and
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dN/A K dcipquced/Cqa » With the induced drag given by
Ci = Cio = Cinduced = C 5A%. 17)

C is a machine typical, shape dependent but dimensionless constant and s the relative tip clearance S/D. Hence the scal
ing method Eq. 16 reads

de dcgy, ds
=——+0

£ Cew eA

(18)

CcA? unshrouded machine
at BEP with the abbreviate 0 = 3
4udspz/p  shrouded machine

For shrouded blades typical for centrifugal machines, the leakage flow contributes to both, the power coefficient and the loss coef-
ficient in Eq. 16 due to mixing losses. The Appendix of this paper gives the derivation of @ for shrouded machines. u is the
discharge coefficient and d; = Dy/D the relative diameter of the gap.

2.4 Wave and Friction Losses

A model for the frictional drag coefficient c;(Re, ¢, k) and wave drag coefficient ¢, (Ma, @, shape) in the second order
scaling formula Eq. 18 is pending at this point. A flow along a flat plate can serve as a model for the flow through blade channel to
gain the frictional drag coefficient. This is not possible for the wave drag, since the waves (Prandtl Meyer or shock waves) within
the machine depend strongly on the machine shape, i.e. the dimensionless ratios of length k,, ..., ky. The discussed limiting case
cq(Ma = 1,Re)=cy(Ma) is confirmed by measurements done by Miller and Bailey [10].

Changing the rotational speed of the (model) machine will increase both Mach number and Reynolds number, since Ma~nD
and Re~nD?2. But supposed the wall friction model is sufficiently accurate and inertia losses are negligible at BEP the Mach
number influence can be extracted from the measured machine efficiency. In the context of scaling frictional losses the model of a
flow along a flat plate is sufficient to predict the frictional drag coefficient of a turbomachine. We use the Reynolds number calcu-
lated with the relative velocity at outlet

Rep = L1 ! R (19)
e _Dl—vzsinﬁo(p ¢
for axial and
e = 4bzsin,80(p ¢

for centrifugal machines. v is the hub-tip ratio and S, the design stagger angle. For k < 100/Rep the wall surface is hydrau-
lically smooth and

ce = 0.455 (log,, Rep)~2°8 (21)
is a good approximation for the frictional drag coefficient [11]. For k > 100/Rep the wall is hydraulically rough and

ce = (1.89 — 1.62log,, k)25 (22)
should be used.

3. Scaling Off-Design Operation — The Master Curve Approach

8) 1 , b) 1(@.Ci) + A7 =1(p+Ap,C;)
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Fig. 2 Performance characteristics of axial fans of specific speed ¢ = 1.46 tested at the Chair of Fluid Systems Technology,
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TU Darmstadt, with the stagger angle AR, = —6°. a) efficiency variation with Reynolds number, b) master curve.

Fig. 2a shows the dependency of efficiency versus flow coefficient for a typical axial fan at different Reynolds numbers [12].
The Reynolds number differs from 6.1E5 to 8.6E6. The markers (black unfilled dots) designate the peak efficiency points. For a
detailed fan description see HeR [12]. It is obviously for this and all other measurements, not matter if axial or centrifugal fan, that
the peak efficiency points are all aligned along one straight line. If we shift the measured efficiency curves along that straight line,
we end up with one single curve which we call master efficiency curve of the turbomachine (see Fig. 2b). If a machine does have a
master curve, the condition

(@, cm) + 80 = (@ + A, c), with An~Ap (23)
is fulfilled. The subscript m stands for model or reference and ¢ is the loss coefficient. The subscript f,w has been omitted for

shortness reasons. Even though we give Eq. 23 here for completeness it is important to mention, that our visible impression by
comparing Fig. 2a and Fig. 2b is much more convincing than arguing with an equation like Eq. 23.

a) os b) os (9, Cun) + A7 =n1(p+Ap,C,)
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Fig. 3 Performance characteristics of a compressor of a turbo charger without influence of heat transfer [7]. a) efficiency varia-
tion with Mach number, b) master curve.

Eg. 23 holds for all efficiency curves measured at our own laboratory for different specific speeds i.e. for pumps, fans or com-
pressors, axial or centrifugal. A further example is given by Fig. 3, which shows the dependency of efficiency versus flow coeffi-
cient for a compressor of a turbocharger at different Mach numbers. Isentropic efficiency is defined by the ratio of isentropic en-
thalpy difference and real enthalpy difference n;s = Ah;s/Ah. The Mach number differs from 0.7 to 1.5. In this case, the effect of
Mach number dominates the characteristic but Eq. 23 is still fulfilled.

4. Scaling the Flow Coefficient ¢

Fig. 4 Uneven boundary layers on pressure and suction side. The difference between a) and b) cascade is the Reynolds number
and hence the boundary layer thickness.

In this section we describe the physical reason for the proportional relation An~A¢ in a short form and give an analytic equa-
tion for it. A more detailed description can be found in [6]. We start the discussion with a schematic sketch of the flow through a
blade cascade. Fig. 4a shows the flow through a blade cascade with small Reynolds number. The Reynolds number and the relative
roughness k determine the boundary layer thicknesses §, = &/1 and hence the fluid displacement and momentum losses. In the
context of the current considerations, it is sufficient and more over very convenient to use the relation

6,~cr = ce(Re, k) . (24)

Fig. 4b shows schematically the geometric similar machine at a higher Reynolds number. As usual all velocities are measured
in multiplies of the circumferential speed u, the length of the adjacent side of the velocity triangle is one and the opposite side is
given by the flow coefficient ¢ = c,/u (here ¢, is the absolute meridional velocity component). Increasing the rotational
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speed or machine size will result in a thinning of the boundary layer. To achieve the optimal flow angle in the right cascade the
flow coefficient ¢ has to be changed to ¢ + A@ [6]. Here the different response from suction to pressure side to a change in
Reynolds number is important. The relative change on the suction side is much bigger than on the pressure side which is clarified
by the classical work of Schlichting and Scholz published in the year 1950 [13]. The change of the peak efficiency point for small
changes is given in [6] by

Ap = — Acy (25)

1
C(t, BO)

with
C(t, o) = 5 (sin fy + cos o) - (26)

wherein t is the dimensionless blade spacing of the blade cascade. Eq. 26 was derived without considering the pressure gradient
in the blade channel. It results from a cascade of plates with simplifications in displacement thickness calculation. Hence the de-
termination of the constant with Eq. 26 overestimates the value of C clearly. We got a constant value of approximately 0.25 for all
our fans from measurements no matter if the fans are centrifugal or axial.

5. Validation of the Method
For application we replace the differential operator in Eq. 18 with differences and get

ACf

An=—(1—n)[ +eﬁ—z]. @7)

Cr

The first term in the squared brackets accounts for the change in efficiency due to Reynolds and roughness effects. It is validated
with test data from two axial fans with a diameter of 1000 mm, 250 mm and two centrifugal fans with 2240 mm, 896 mm diameter
[12], [14]. Except Reynolds number, Mach number and relative roughness the two axial and centrifugal fans are similar to each
other.

The second term in Eq. 27 considers the change in tip clearance or gap width from model to full scale machine. The tip clear-
ance of the axial fan was altered by reducing the blade length [12]. Additionally two centrifugal pumps with a diameter of 260 mm
and 350 mm analyzed in [15] and [16] are examined, because there is no test data for the centrifugal fan with altered gap width at
the moment.

The test stands are built and measurements of the performance characteristics are evaluated complying with 1SO 5801 standard
[17]. The shaft power of the fans is measured by a flying mount torque metering shaft without measuring any mechanical losses in
bearings and gaskets. The variation of the Reynolds number within one machine is achieved by changing the rotational speed. The
test data of the lowest Reynolds number has an uncertainty below 2.3 % points of total efficiency due to accuracy of torque meas-
urement. The uncertainty of test data with highest Reynolds number is quite lower (below 0.5 % points).

We will validate the two terms of Eq. 27 separately in the following. Figure 5 shows measured performance characteristics
from centrifugal fan and predicted characteristics using different scaling methods mentioned in introduction (As = 0). The scaling
is performed with test data from the large model machine (Im) represented by open dots. The desired characteristic is the test data
of the full scale machine (fs) represented by black dots. The predicted performance characteristic using the new method (Pelz and
Stonjek) shows the best agreement to measured data.
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Fig. 5 Characteristic of the centrifugal fan with ¢ = 0.29 scaled up with different methods.

Figure 6 shows the scaling of the gap width for two centrifugal pumps with a common value for p of 0.7 for both pumps

(Acg = 0). The method has been applied to the test data of design gap width represented by open dots and the desired characteristic
is the test data with altered gap width represented by black dots.
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Fig. 6 Centrifugal pumps with changed gap width. The specific speed of the pump on the left side is o = 0.127 [15] and on

the right side ¢ = 0.076 [16].

While the efficiency of the pump on the left in Fig. 6 is slightly underestimated, it is overestimated for the second pump on the
right. The reason is the uncertainty in @ in Eqg. 18 due to a changed swirl in the volute before gap entrance. This is caused by
another rotor diameter from the pump on the left compared to the pump on the right.

Figures 7 and 8 show the measured data and the predicted performance characteristics of the axial fans (As = 0). The scaling is
performed with the test data of lowest Reynolds number of the small model machine (sm) (open dots) and the desired characteris-
tic is the test data of the highest Reynolds number of the large model machine (Im) (black dots). To obtain different geometries on
the same test rig, the stagger angle of the axial fan was varied. B, is the stagger angle of the design point. It was varied from
AB, = +6° to AfS, —12°. The prediction of the characteristic with the method introduced in this work is good for small
variations from design point stagger angle. The low stagger angle of 48, 12° results in significant deviations between mea-
surement and predictions regardless of used scaling method. The original Ackeret formula shows the worst prediction for our test
cases.
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Fig. 7 Axial fan with stagger angle AB, = +6° (¢ = 1.64) and AB, = 0° (o = 1.49).
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Fig. 8 Axial fan with stagger angle AB, = —6° (o6 = 1.46)and AB, = —12° (o = 1.53).

For the validation of the right part of Eq. 27 the tip clearance from the same axial fan was changed from 0.1 % to 0.5% with the
same stagger angles as above. Figure 9 and 10 show the test data (black dots: desired characteristic) and the predicted efficiency
curve calculated by Eq. 27 at a fixed Reynolds number of 5.4E6 (Ac; = 0).
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Fig. 9 Tip clearance loss validation for the axial fan with stagger angle A, = +6° (o = 1.64) and AB, = 0° (o = 1.49).
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Fig. 10 Tip clearance loss validation for the axial fan with stagger angle AB, = —6° (o = 1.46).

The predicted efficiency curve fits the measured data with small deviations.

6. Conclusion

A new method for scaling up the efficiency of fans has been introduced in this work. The method has essential advantages
compared to previous introduced scaling methods
o0 simple application,
o physical motivation for the scaling effect and the shift in flow rate,
o only one free parameter,
o scaling of Reynolds number, roughness and tip clearance / gap losses combined in only one formula and
0 good results.

The method takes altered tip clearance / gap width in model and full scale machine into account. More work has to be done regard-
ing to the determination of the constant for the shift in flow rate. Furthermore, especially for centrifugal fans scaling of disc fric-
tion losses could be necessary. This can be achieved by Eq. 39 in Appendix, where disc friction losses are not neglected. Neverthe-
less, the method shows good agreement to test data within the scope of the analyzed fans at the Chair of Fluid Systems Technology.
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Nomenclature

Symbols
a speed of sound [m/s] h enthalpy [Ws/kg]
A area [m?] k relative roughness
b width [m] K absolute roughness height [m]
Cq drag coefficient l chord length [m]
Cr friction coefficient L characteristic length [m]
c,C constant m mass flow rate [kg/s]
Bret scaling constant Ma Mach number
relative diameter n rotational speed [1/s]
D diameter [m] ng Schnelllaufzahl [1/s]
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p
P

quality
T

Ta

Re

s

S
shape
size
type

~<<Sse=-

is

ideal
induced
|

local
loss

pressure [Pa]

power [W]

quality

radius (coordinate) [m]

ratio of angular velocity
Reynolds number

relative tip clearance / gap width
absolute tip clearance / gap width [m]
shape

size

type

dimensionless blade spacing
blade spacing [m]
circumferential velocity [m/s]
specific power [Ws/kg]

loss distribution factor

volume flow rate [m3/s]
specific work [Ws/kg]

channel
disc
Euler
friction
inertia
isentropic
ideal
induced
leakage
local

loss
model
plate
reference
remaining
required
shaft

tip clearance / gap width
total
wave
design point
inlet
outlet
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Blasius constant
design stagger angle

specific diameter, boundary layer thickness [m]

dimensionless boundary layer thickness
inefficiency

efficiency

clearance constant

ratio of lengths

power coefficient (compressors)

power coefficient (fans)

discharge factor

kinematic viscosity [m?/s], hub tip ratio
density [kg/m3]

specific speed

shear stress [Pa]

flow coefficient

pressure coefficient

angular velocity [1/s]



Appendix
Centrifugal Machine for Small Mach Number (Ma « 1)
Leakage. Contrary to axial machines the leakage flow driven by pressure difference between in- and outlet causes a high energetic

flow back to the inlet (see Fig. 1).
The leakage flow in centrifugal machines is generally described by

my = uAgJ20pp , (28)

with the gap cross sectional area A; = 2mR,S and the discharge factor u [1]. The discharge factor depends on gap Reynolds
number, type of sealing and pre swirl of the flow before entering the gap. For short cylindrical sealing gaps the in- and outflow
losses dominate the gap resistance depending on Reynolds number [18].

On the one hand, the power consumption will rise with increasing leakage flow, on the other hand it is assumed, that the power,
which is necessary to keep the leakage flow circulating, is dissipated completely. This assumption is justified concerning the mix-
ing process of the high speed leakage flow and the low speed kernel flow in the inlet region.

The specific power loss through leakage flow is determined by

my Ap
me w2t (29)

Eq. 28 and Eq. 29 yield to the dimensionless power loss
3 1
i) = A = 4up2sds p (30)

with the relative gap diameter d, = D,/D. As already mentioned u depends on Reynolds number, but the main influence of the
change in leakage flow is the relative gap width s and the driving pressure difference contained in 1. The total derivative of Eq.
30 yields to

1,3 1 3
dey = dh = 4ud; (E spady + zpfds) . (31)

The influence of the change in pressure coefficient due to Reynolds effects is small compared to the influence of altering relative
gap width from model to full scale machine. With dy = 0 we get

1 3
dCi,l = dﬂ] = 4‘[1ds alpids . (32)

Disc friction. Following Pfleiderer [1] and other authors the specific disc friction power can be calculated by integrating the wall
shear stress about the disc surface

Q
hd =—,fT'T da . (33)
m

Assuming pipe friction analogy, which is suitable concerning the developed flow in the impeller side room chamber, the shear
stress can be calculated by

1
7= §PCf,d,1oca1(1 —19)%0%r% , (34)
where cgq10ca1 1S the local friction coefficient, r, the ratio of angular velocity of the rotating fluid kernel and r the radius of

disc. With rq = 1/2 (rotating fluid kernel with half rotational speed than rotor, which is valid if the roughness of impeller back
and housing wall is the same) and an averaged friction coefficient c¢q the specific power loss is

__T 3ps - 35
hd 1280pcfld‘Q‘D m ( )

Dividing through u?/2 we get the dimensionless specific power loss due to disc friction

1 1

Adg=—¢Ceqg— .
d 40Cf,d(p

(36)
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Scaling formula. Both the disc friction power 14, which increases the necessary shaft power, and the leakage power A; has to be
considered in the drag coefficient ¢4 as a power loss, too. Inserting Eq. 32 and the total derivative of Eq. 36 in Eq. 16 we end up
with

de dce 4 1 ud % ds ds] + 1 1 degg dcf,d] 37
£ ¢4 (p”slp cg Al @40l ¢4 Al
As usually A > ¢4 this leads to
ds ds dCfd dCfd
—>»— —>»> —. 38
Cq “ A ’ Cq “ A ( )
and
de dcf+ 1 aud %ds 4 1 dcf_d] (39)
£ o4 <pM5¢Cd 40 ¢4 17

In fans with very low specific speed the disc friction power can be in the order of magnitude of useable fluid power. By neglecting
disc friction in fans with higher specific speed and taking the same assumption as for axial fans ¢; < ¢; leads to the scaling for-
mula for centrifugal fans

de dcf_i_4 p 1 Eds (40)
£ ¢ K ST el
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