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Fig. 1. Structure of an SPM-type vernier motor 
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Abstract – In this paper, the authors designed a surface permanent magnet (SPM)-type 
vernier motor whose maximum output is more than 5.2 kW, whose power factor at 4 kW is 
more than 90%, and whose efficiency at 4 kW is 85% under the conditions that the operating 
voltage, frequency, and synchronous speed are 400 V, 50 Hz, and 100 min-1, respectively. 
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1. Introduction 
 

 In drive systems such as a traction machine for elevators, 

in which a high torque must be generated at low speeds, a 

reduction gear is generally used. However, a reduction gear 

has problems such as backlash, friction loss, and 

maintenance. To solve these problems, research on direct-

drive systems has been conducted. To connect a motor 

directly with a load without using a reduction gear, a motor 

should generate high torque at a low speed. Although the 

stepping motor and the brushless DC motor are used for 

direct drive systems, these motors have a pulsating torque. 

So, various vernier motors, which theoretically have no 

pulsating torque, have been developed [1]-[4]. 

In recent years, the performance of a motor using a 

permanent magnet has been improved by increasing the 

energy product of the permanent magnet. In the vernier 

motor, a surface permanent magnet (SPM) type has been 

developed. But as Toba et al. [3] reported, a low power 

factor of 56% remains problematic. 

In our laboratory, the output characteristics calculation 

method, which use a voltage equation on the γ-δ axis and a 

torque equation, has been proposed [5], [6]. In this study, 

the induced electromotive force and the synchronous 

reactance, which are used on a voltage equation and a 

torque equation, are calculated by the finite element method 

(FEM) analysis. The advantages of using the voltage 

equation and the torque equation are the small calculation 

scale and the intuitive understanding of the result. However, 

the influence of magnetic saturation and iron loss cannot be 

considered in this method. Therefore, it is necessary to 

calculate the output characteristics by FEM analysis 

directly [7]. 

 

2. Principle and torque equation 
 

2.1 Operating Principles of an SPM-type Vernier Motor 
 

The basic composition of an SPM-type vernier motor is 

shown in Fig. 1. The number of slots is 6, and the number 

of rotor poles is 10. A three-phase armature coil of the full 

pitch winding is specified for the stator slot. The permanent 

magnets are set on the surface of the rotor core so that the 

North pole and the South pole appear alternately. The 

relation of S, R, and P is denoted in (1), where S is the 

number of slots of the stator, R is the number of poles of the 

rotor, and P is the number of poles of the rotating magnetic 

field. 
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Fig. 2. Principle of an SPM-type vernier motor 
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Fig. 2, which shows the linear operation of Fig. 1, is the 

principle of operation of an SPM-type vernier motor. In this 

figure, the magnetomotive force and the magnetic flux 

density distribution for ia= −2ib= −2ic were shown. 

Additionally, the currents of the a phase, the b phase, and 

the c phase, denoted by ia, ib, and ic, respectively. 

Because there are slots and teeth in the stator, gap 

permeance pulsates periodically. Therefore, the 

magnetomotive force is modulated by gap permeance, and 

the magnetic flux density of the gap contains the 

fundamental wave, the 5th wave, and the 7th wave. Then, 

the rotor synchronizes with the 5th wave, because rotor has 

10 poles. The synchronous speed N is denoted by (2), where 

f is the frequency, because the rotor rotates at P/R times the 

speed of the rotating magnetic field generated by the 

armature coil. So, the SPM-type vernier motor can realize 

super slow speed rotation easily by increasing the number 

of poles of the rotor: 
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2.2 Derivation of the Torque Equation 

 

The voltage equation on the γ-δ axis and the torque 

equation in an SPM-type vernier motor have been 

explained more fully in past papers [5], [6]. 

The voltage equation of an SPM-type vernier motor in 

the steady state on the γ-δ axis is denoted by (3) and (4). 
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(5) and (6) are obtained if (3) and (4), respectively, are 

solved for the current: 
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where V is the operating voltage (V), ra is the resistance of 
the armature coil (Ω), XS is the synchronous reactance 

(Ω), 2
S

2
a XrZ += , ( )aS

1
S /tan rXφ -= , E0 is the induced 

electromotive force (V), φ is the power factor angle (rad), 
RδL/2 is the power angle (rad), Iγ is the current of the γ axis 
(A), and Iδ is the current of the δ axis (A). 

The torque equation and the induced electromotive force 

equation are shown in (7) and (8), respectively: 
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where ω is the angular frequency (rad/s), and MFIF is the 
flux linkage (Wb). 

 

The equations of the torque and the output are shown by 

(9) and (10) from (6), (7), and (8). 
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Fig. 3. Procedure of FEM analysis 
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Fig. 4. Phasor diagram of SPM-type vernier motor 

Moreover, the output PO is denoted in equation (11)

 if the resistance of the armature coil ra is ignored. 
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The output of an SPM-type vernier motor has the same 

form as that of the common synchronous motor. 

 

3. Design and Calculation Method 
 

In this chapter, the design concept of an SPM-type 

vernier motor is explained. And output characteristics are 

calculated by FEM analysis. 

 

3.1 Design Concept of the SPM-type Vernier Motor 

 

For equation (11), the output of the motor is proportional 

to the induced electromotive force and inversely 

proportional to the synchronous reactance under a constant 

operating voltage V. For the induced electromotive force E0 

and the synchronous reactance XS, (12) to (15) are known: 

 

nE µ0                     (12) 

lE µ0                      (13) 

2
S nX µ                    (14) 

lX µS                     (15) 

 

where n is the number of armature coil turns (turn), and l is 
the core length (m). 

 

Therefore, the output does not change with the core length 

and the output is inversely proportional to the number of 

armature coil turns. 

Additionally, the power factor is maximized and the 

current is minimized when the induced electromotive force 

E0 is the same as the operating voltage V. 

In this study, first of all, the number of turns is decided 

by maximum output, and secondly, the power factor is 

improved by adjusting the core length.  

 

3.2 The Procedure of Calculation using FEM Analysis 

 

Fig. 3 shows the calculation procedure for calculating the 

output characteristics directly by 2D FEM analysis [7]. In 

this method, torque and current are calculated directly by 

accounting for the external voltage source. This causes a 

lengthy calculation time. Additionally, to determine the 

optimum design parameters, numerous calculations are 

needed. However, this method can calculate iron loss and 

considers the influence of magnetic saturation. 

Fig. 4 shows the phasor diagram of an SPM-type vernier 

motor. Power angle RδL/2 is the phase difference of the 

voltage and the induced electromotive force. The torque is 

calculated by changing the power angle, which changes 

with the transition of the phase of the voltage on the basis 

of the induced electromotive force. In addition, in the 

analysis, the torque and the current were calculated at a 

point considered to have fully converged. 

In this method, the output PO, the power factor pf, and 

efficiency η are calculated by (16), (17), and (18), 

respectively: 
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 Table 1 Specifications of the type I and II models 
  

Type I II

Operating voltage

Number of armature coil turns

Core length

Induced electromotive force

Resistance of armature coil (75˚C)

Frequency

Synchronous speed

Coercive force of magnet

Material of core

Number of slots

Number of rotor poles

Residual induction of magnet

Number of poles

300

336

60

142

0.98

50

100

1.45

1074

50A290

36

60

12

400

456

120

385

1.78

(V)

(turn)

(mm)

(V)

(Ω)

(Hz)

(min-1)

(T)

(kA/m)

—

—

—

—
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Fig. 5. 1-pole section of the motor component (Units: mm) 
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where T is the torque (N×m), ω is the angular velocity 
(rad/s), ra is the resistance of the armature coil at 75˚C (Ω), 
I is the current (A), η is the efficiency (%), and Pi is the iron 
loss (W). 

 

This method has the following advantages: the influence 

of magnetic saturation and the iron loss can be considered. 

However, the disadvantages are that the FEM analysis scale 

becomes large, and the relation between the output results 

of FEM analysis and the design parameter is unclear. 

 

3.3 Consideration of the Coil-end Leakage Reactance 

 

In this calculation method, a coil-end leakage reactance 

is considered in the 2D FEM analysis. The coil-end leakage 

reactance coil is connected in series to "FEM coil" in the 

analysis (JMAG studio Ver. 10.0). The inductance of the 

coil-end leakage reactance is calculated by Kilgore’s (19) 

and (20) [8]: 
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where λe is the permeance of the coil-end leakage, 
(2le2+le1) is the measurement of the coil end, X is the 
leakage coefficient, q is the number of slots per pole per 
phase (=1), m is the number of phases (=3), c is the number 
of parallel circuits per phase (=1), ns is the number of 
conductors in each slot (Type I : 56, Type II : 76), p is the 

number of pole pairs (=6)，kp is the short pitch factor (=1), 
and kd is the distribution factor (=1). 

 

3.4 Specifications of the Designed Model 

 

Table 1 shows the specifications of an SPM-type vernier 

motor for the Type I and Type II models. Type I is the old 

model that designed to generate a high torque, and Type II 

is the new model that designed to improve the output 

characteristics. The number of armature coil turns of Type 

II is set to be 1.3 times that of Type I, because the operating 

voltage is increased from 300 to 400 V (1.3 times). The 

core length of Type II is set to be 2.0 times that of Type I to 

improve the power factor. By increasing the core length, the 

induced electromotive force increases (denoted in (13)), so 

that it becomes approximately equal to the operating 

voltage. 

Fig. 5 shows the 1-pole section of the motor component. 

Type I and Type II have the same cross section. The radius 

of stator is 200 mm, the number of slots is 36, the number 

of rotor poles is 60, and the number of poles is 12. The 

stator has the three phase armature windings. The 

demagnetization areas of the permanent magnet and the 

glue layer are also considered. Fig. 6 shows the 

magnetization model of the permanent magnet. The arrows 

show the magnetomotive force by the permanent magnet. 

The demagnetization areas are set at a width of 1/4 pole 

pitches from both sides of the magnets, and the 

magnetomotive force decreases linearly. 

 

3.5 Consideration of the Coil-end Leakage Reactance 

 

Fig. 7 shows the comparison of output characteristics 

calculated by FEM analysis. The output characteristics of 

Type II are improved from those of Type I. The maximum 
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Fig. 6. Magnetization model of the permanent magnet 
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Fig. 7. Comparison of output characteristics calculated 

by FEM analysis 

Table 2 Characteristics at 4 kW by FEM analysis. 
 

Type I II

18.5

52.1

40.4

1006

79.3

6.6

93.0

29.1

233

93.9

Current (A)

Power factor (%)

Iron loss (W)

Copper loss (W)

Efficiency (%)
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Fig. 8. Magnetic flux lines of Type I. 
 (Interval of magnetic flux lines is 0.5 mWb/line) 
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Fig. 9.  Magnetic flux lines of Type II 
(Interval of magnetic flux lines is 0.5 mWb/line) 

output of 6.1 kW is obtained in Type II. Table 2 shows the 

output characteristics at 4 kW. The power factor is 93.0% 

and the efficiency is 93.6% in Type II. So, the design 

objective is attained in Type II. 

 

3.6 Investigation of the Magnetic Flux Density 

 

Fig. 8 and Fig. 9 show the magnetic flux lines of the Type 

I and Type II, respectively. The magnetic flux density of the 

tooth is 1.25 T in Type I and 0.65 T in Type II. Moreover, in 

the backyork, the magnetic flux density is 0.29 T in Type I 

and 0.15 T in Type II. Accordingly, the Type II has low 

magnetic flux density compared with Type I. 

 

4. Characteristics Calculation by the Torque 

Equation 
 

In this chapter, the output characteristics of Type I and 

Type II are calculated by proposed method using the torque 

equation. Then, the accuracy of the proposed method is 

checked by comparing it with FEM analysis of chapter III. 

 

4.1 The Procedure of Calculation using the Torque 

Equation 

 

Fig. 10 shows the procedure of the proposed method. In 

this method, induced electromotive force and synchronous 

reactance are calculated by the FEM. Therefore, the 

calculation time is short. And the output is obtained by 

substituting the induced electromotive force and the 

synchronous reactance into equation (10). The output 

characteristics (power factor, efficiency, and current) are 

calculated by equations (5), (6), and (18). The proposed 

method has the advantage that the influence of design 

parameters, which affect the output, can be easily estimated 

from equation (11). Accordingly, the proposed method is 

useful in the design of SPM-type vernier motors. However, 

accurate calculations that consider magnetic saturation are 
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Fig. 12. The precision of proposed method (Type II) 
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Fig. 11. Comparison of output characteristics 
       calculated by the proposed method 

Table 3 Characteristics at 4 kW by proposed method 

Type I II

Current (A)

Power factor (%)

Iron loss (W)

Copper loss (W)

Efficiency (%)

17.8

53.2

40.4

1006

80.4

6.4

95.6

29.1

233

94.2
 

2D FEM Analysis (small scale calculation)

・Induced electromotive force

・Synchronous reactance

Torque equation (5), (6), (9), (18)

Start

End

Output characteristics

(※ Iron loss Pi : Table 2) 

E0

XS

・Torque T eq. (9)

・Current eq. (5), (6)I 

・Power factor eq. (5), (6)pf

・Efficiency eq. (18) ※η

 
Fig. 10. The procedure of the proposed method 

 

 

difficult, and iron loss can be calculated using other 

methods. Therefore, efficiency is calculated using the iron 

loss obtained by FEM analysis (Table 2). 

 

4.2 Calculation Results of the Proposed Method 

 

Fig. 11 shows the comparison of output characteristics 

calculated by the proposed method. The maximum output is 

6.4 kW in Type II. Table 3 shows the output characteristics 

at 4 kW, including the iron loss and the copper loss. The 

power factor at 4 kW is 95.6% and the efficiency at 4 kW is 

94.2% in Type II. 

 

4.3 Precision of the Proposed Method 

 

The accuracy of proposed method is compared with FEM 

analysis using the Type II in Fig. 12. The lines show the 

output characteristics calculated by the proposed method, 

and the plotted points show the results calculated by FEM 

analysis directly. The output characteristics agree well, 

although the difference becomes large near the maximum 

output. Therefore, the calculation method by the proposed 

method has sufficient accuracy. 
 

5. Conclusions 
 

In this study, the authors designed an SPM-type vernier 

motor and confirmed that the design objective was attained. 

Also, the results of FEM analysis and those of the proposed 

method were compared. The results are as follows. 

The output did not change with the core length and the 

output was inversely proportional to the number of 

armature coil turns. Because induced electromotive force 

was proportional to the core length and the number of 

armature coil turns, and synchronous reactance was 

proportional to core length and the square of the number of 

armature coil turns. Therefore, output characteristics of 

designed motor were improved by adjusting the core length 

and the number of turns. As a results, the design objective 

was attained.  



Hironori Kakihata, Yasuhiro Kataoka, Masakazu Takayama ,Yoshitarou Matsushima and Yoshihisa Anazawa   133 
 

 

Comparing proposed method with FEM analysis, 

accuracy of the proposed method is excellent, therefore, the 

proposed method is applicable to the design of the SPM-

type vernier motor. 

The design process using FEM analysis is large scale 

simulation with long-run calculation, therefore, the 

proposed method can permit greatly accelerating the design 

process, because this method has the advantage of the small 

scale calculation. 

In the future, authors will consider an optimum design 

for achieving high torque. 
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