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ABSTRACT. First we present the explicit formula for the norm of a bilinear form on the
2-dimensional real predual of the Lorentz sequence space d.(1,w)?. Using this formula,
we classify the extreme points of the unit ball of £(*d.(1,w)?).

1. Introduction

Let n € N. We write Bg and Sg for the closed unit ball and sphere of a real
Banach space F respectively and the dual space of F is denoted by E*. A unit vec-
tor x in F is called an extreme point of Bg if y,z € Bg with x = %(y + z) implies
x =1y = z. We denote by extBp the sets of all the extreme points of Bg. We
denote by L(™E) the Banach space of all continuous n-linear forms on E endowed
with the norm [T = supj,, =1 [T'(z1, - ,25)|. A n-linear form 7' is symmetric
if T(x1,...,2n) = T(Zs(1), - - - To(n)) for every permutation o on {1,2,...,n}. We
denote by L,("E) the Banach space of all continuous symmetric n-linear forms on
E. A mapping P : E — R is a continuous n-homogeneous polynomial if there
exists T € L4("FE) such that P(z) = T(z, -+ ,x) for every x € E. We denote
by P("E) the Banach space of all continuous n-homogeneous polynomials from E
into R endowed with the norm || P|| = sup, =1 [P(z)|. For more details about the
theory of multilinear mappings and polynomials on a Banach space, we refer to
[7]. We will denote by T'((x1,91), (22,y2)) = ax122 + byrye + cx1y2 + droy; and
P(x,y) = ax? + by? + czy a bilinear form and a 2-homogeneous polynomial on a
real Banach space of dimension 2 respectively.

Since 1998, many authors have been developing the problem of characterizing
extreme points of the unit balls of P("E) for some classical real Banach spaces.
Choi, Ki and the author [2, Theorem 2.4] showed that a sufficient and necessary
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condition on the coefficients a,b and ¢ for P(x,y) defined on the real space 2 to
have norm 1, is,

(i) (Jal=1or |b| =1) and |¢| < 2

or

(ii) Ja] < 1, [b] <1, 2 < |c| < 4 and 4|¢| — ¢® = 4(|a + b| — ab).

It was also proved in [2, Theorem 2.6] that P € extBp22) if and only if

(la| = [b| =1, |¢| =2) or a = —b, 2 < |c| < 4, 4a* = 4|c| — *.
Choi and the author [3, Theorem 2.2] showed that P € extBp22) if and only if
(Ja|=1b| =1, |¢f=0)ora= —b, 0 < |c| <2, 4a* =4 — .

Later, B. Grecu [9] classified the sets emtha(ng) forl<p<2or2<p<oo We
denote the 2-dimensional real predual of the Lorentz sequence space with a positive
weight 0 < w < 1 by

ol lol

dy(1 2= R2: =
(Lw)” == {(z,y) € [(z,y)[|a. = max{|z|, [y], T

Recently, the author [13] characterize the extreme points of the unit ball of
P(3d.(1,w)?). In fact, we show that the extreme points of the unit ball of
P(%d.(1,w)?) are

1
+22, +¢?, + 2442, + 244242
z7, +y°, 1erg(w +v7), (Hw)g(w +y° £ 22y),
1
+{az? —ay? + 2v/a(l —a)zy }(V1+ 5 <a<l),
w
2 1 1—w
:I:a:L'Qfaz:I: 7%’2 77&2I V0<a<—.

Notice that P("E) and L("E) are not isometric in general. It is natural to ask the
following question: what are extreme points of the unit ball of L("E)?

In 2009, the author [12] started the study of characterizing extreme points of the
unit balls of £4("FE) and classified the extreme points of the unit ball of £4(?1%).
Very recently, the author [14] characterize the extreme points of the unit ball of
L4(%d.(1,w)?).

We refer to ([1-6], [8-20] and references therein) for some recent work about
extremal properties of multilinear mappings and homogeneous polynomials on some
classical Banach spaces.

Continuing the problem of characterizing extreme points of the unit balls of
L(™E), in this paper, we focus on the space £(?d.(1,w)?). First we present the ex-
plicit formula for the norm of a bilinear form in £(%d.(1,w)?). Using this formula,
we can classify the extreme points of the unit ball of £(3d.(1,w)?) by the method
of step by step.
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2. Main Results

If T € £L(3d.(1,w)?), then T((z1,51), (¥2,y2)) = ax172 +by1y2 + cr1y2 + drays
for some reals a, b, c, d.

Theorem 2.1. Let T((x1,y1), (z2,y2)) = az1x2 + by1ys + cx1y2 + dxayr €
£(2d,(1,w)2). Then there exists (unique) T ((x1,y1), (x2,1y2)) = a*z122+b*y1ys +
c*r1ys + d*xoyn € L(3d.(1,w)?) such that a*,b*, c*,d* € {Fa,+b, +c,+d} with
a* > b* > 0,¢* > |d*| and |T|| = |T'|| and that T is extreme if and only if T  is
extreme.

Proof. 1If a < 0, taking —T', we assume a > 0.
Case 1: || > a

Let Ty ((z1,31), (22,92)) = T((y1,sign(b)a1), (y2, 72))
= [blzrxe + |a|yryz + sign(b)dziys + cxay:.
Then ||T}|| = ||7|| and T is extreme if and only if T} is extreme. If sign(b)d > |c|,
then the bilinear form 77 satisfies the conditions of the the theorem. Suppose that
sign(b)d < |c|.
Subcase 1: ¢ >0
1t sign(b)d = |d] or (sign(b)d = —|d},|d| < |el),

let T((x1,91), (w2,92)) = Ti((22,¥2), (x1,51))
= [blz1wa + [alyrye + |clz1ys + sign(b)dzay: .
Then ||Ty|| = || 7| and T is extreme if and only if T, is extreme. Hence, the bilinear

form T, satisfies the conditions of the theorem. If sign(b)d = —|d|, |d| > |c|,

let To((x1,91), (w2,92)) = Ti((x2,—¥y2), (1, —y1))
= |blz1ze + |a|y1y2 + |sign(b)d|z1ys — |c|xay.

Then ||Ty|| = ||| and T is extreme if and only if T} is extreme. Hence, the bilinear
form T, satisfies the conditions of the the theorem.
Subcase 2: ¢ <0

Let T((21,91), (@2,32)) = Til(=w1,n). (—22,92))
= |blzrze + |a|y1ys — sign(b)dxiys + |c|zay: .

Applying Subcase 1 to T?:, we can find a bilinear form 7" satisfying the conditions
of the theorem.
Case 2: |b| <a

Let Ty((z1,91), (2,42)) = T((1,01), (w2, sign(b)yn))
= ax122 + |blyaye + sign(b)cxiyz + droy;.
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Applying Case 1 to T, 41, we can find a bilinear form 7" satisfying the conditions of
the theorem. O

Theorem 2.2. Let T((z1,y1), (x2,¥2)) = axi1x2 + byrye + cx1ys + dray; €
L(2d.(1,w)?) with a > |b|,c > |d|. Then ||T|| = max{a + bw? + (¢ + d)w,a —
bw? + (¢ — d)w, (a + b)w + ¢ + dw?, (a — b)w + ¢ — dw?}.
Proof. Since {(+1, *w), (fw, =+ 1)} is the set of all extreme points of the unit
ball of d,(1,w)? and T is bilinear,
1T = max{|T((£1, £w),(£l, £w))|T((£l, £w) (fw, £1)),
IT((fw, £1),(x1, £w),|T((fw, +£1),(+w, £1))|}

It follows that

1T} = max{|T((1,
T((1, —w),
(1, —w
|T((wa -1 ) T((wv 1)7 (17 7?1)))‘, |T((wv *1)’(17 *w))|,
T((w, 1), (w, D)[|T((w, 1), (w, =D)L[T((w, —1), (w, 1))|
T((w, =1), (w, =1)[}

= max{a + bw® + (c + d)w,a — bw® + (¢ — d)w, (a + b)w + ¢ + dw?,

(a —b)w + ¢ — dw?}.

O

By Theorem 2.2, notice that if |T| = 1 for some T € £(%d.(1,w)?), then
A <1, <1, e <1, Jd <1

Theorem 2.3. [14,Theorem 2.3] Let T((z1,y1), (z2,y2)) = azxi1x2 + by1ys +
c(z1y2 + 2211) € Ls(*du(1,w)?). Then

(a) Let w < /2 — 1. Then T is extreme if and only if

T € {£x122, £y190, £

1
(1+w)2[
1
1+ w?
1
il—|—w2
1
142w — w?

1
m(xlx2 + y192),
T1Z2 + Y1y2 £ (Z1y2 + 2v1)],
[z172 — y1y2 £ w(T1y2 + 221)],
[wx1z2 — wy1y2 £ (T1Y2 + 2291)],

(122 — Y1y2 £ (T1Y2 + T211)],
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1

+ (1+w)2(1— wi) (1 —w—w)z122 — WY1y £ (T1Y2 + T2y1)],

e e~ (L = e (1 + 2yl

(b) Let w = /2 — 1. Then T is extreme if and only if

2 1
(T122 + 1Y2), £=[T122 + Y1y2 £ (21Y2 + 2231)],

2
T € {xz122, £y1y2, = * 2

4

V2
ij[ﬁm oy £ (V2+ 1) (2112 + 22m1)),

2 (V34 D{arg — vam) & (oage + )}

(c) Let w > /2 —1. Then T is extreme if and only if

T e {£x172, Y192, £ (T122 + 31Y2),

1
14+ w?

)2 [z122 + Y192 + (2192 + 2201)],

1+w
1

m[xlxz —y1y2  (T1y2 + 22y1)],
1 1—w

@y — iy £

T w2 122 = y1y2 £ 5 Jrw(ﬂﬂlyz + @211)],
1 1—w

— [ - +

1+w2[1 Jrw(ﬂé‘lﬂl?2 y1y2) £ (T1y2 + 231)],
1 1

i2 T 2w (2 +w)r179 — E?lez + (z1y2 + z211)],

1 1

m[;xlxz — 2+ w)y1y2 = (21y2 + v2y1)]}-

It is obvious that if a symmetric bilinear form T ¢ extB. (24, (1,w)2), then
T ¢ €$tBL(2d*(1)w)2).

Theorem 2.4. Let S((z1,y1), (22,y2)) = azxixe + by1ys + cx1y2 + droy; €
L£(3d.(1,w)?) witha >b > 0,c > |d|. Then
(a) Let w < /2 — 1. S is extreme if and only if

1
S € {z122, 2192, (x122 + 21Y2), m(ﬂflxz + Y12 + 21Y2 + X2y1),

1
1+w

1
m(xlfz +y1y2 + w1y — wWr2Y1), m(wmxz + wyi1y2 + T1y2 — Ta2y1),

1

m(xlﬂb + y1y2 + T1Y2 — T2y1),
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- - 1—w—w? —
(1 + w)2(1 _ w) (xlx? + Yy1y2 + ( w—w )Ilyg wxgyl),

;((1 2) + + )}
1+ w)2(1—w) W —WT)T1T2 + WY1Y2 + T1Y2 — T2Y1)s-

(b) Let w = /2 — 1. Then S is extreme if and only if

1 1
S € A{mze, 21y, —= (172 + T1Y2), = (w122 + y1y2 + T1y2 + T2y1),

NG 2
V2

T((\@ + D) (z122 + y1y2) + T1y2 — T2Y1),

g(mxz +y1y2 + (V2 + 1) (2192 — 291))}-

(c) Let w > /2 — 1. Then S is extreme if and only if

S € A{zixa, 1ys, (z172 + 21Y2), ( )2 (T122 + Y1y2 + T1Y2 + T241),

1+w 1+w

1
142w — w?
1 1—w

m(m(ﬂfl@ + 11Y2) + T1Y2 — T2y1),
1—w

1+w

(122 + y1y2 + T1y2 — T2y1),

(T1y2 — x291))s

1
m($1$2 +y1y2 +

1
m(ﬂ?lm +y1y2 + (2 + w)z1y2 — EJUle),

1
242w

1
((2+w)zrz2 + Y2 + 21y2 — x201) }-

Proof. 1t consists of two cases. Suppose that S((z1,y1), (x2,¥2)) = azizs +
byrya + cx1ye + dway; € extBg(?d.(1,w)?) with @ > b > 0,¢ > |d|. Then S €
ea’,‘tBL(’zd*(l’w)’z) if and only ifS,((Il,yl), (IL‘Q,yg)) = cx1x2+dy1ystax1ys+broys €
extBg(2q, (1,w)2)- Without loss of generality we will consider S' instead of S.

Case 1: a =10

In this case, S’ € L4(%d.(1,w)?). Since S e extBe2q, (1,w)?), S e extBe (24, (1,w)2)-

Let ' e extBe (24, (1,w)2) in the list of Theorem 2.3.
Claim: S'((z1, 1), (x2,2)) = ﬁ(wlm +y1y2 + 21Y2 + T2y1)¢E extBeq, (1,w)?)

Let € > 0 such that

2

1—w 2w
2 2
€1+ w )<1,1+w2+26w<1,1+w2+6(1—w ) < 1.
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Let Ry((z1,91), (22,92)) = S'((x1,11), (x2,y2)) + €(x1y2 — z2y1) and Ro((21,y1),
(xZayQ))/ =S ((v1,11), (z2,92)) — E(xlyZI_ x2y1). By Theorem 2.2, |Ry|| =1 =
|Rz||,S" = 3(R1 + Rs). Since Ry # Ry, S’ is not extreme.

Claim: S’((le,yl), (zg,yg)) = m(xlxg +Y1Y2 +T1Y2 +x2y1)e extBL(%l*(l,w)?)

Notice that
1= S ((Lw), (Lw)| =S ((w,1), (w,1))]
= 1S (L w), (w, 1) = |S"((w, 1), (1,w))|.

Let Ri((z1,91), (z2,y2)) =S ((z1,y1), (72,92)) + (ev122 + 0y1y2 +yT1Y2 + d2291)
and Ra((z1,91), (z2,y2))

S ((x1,91), (T2, y2)) — (ex172 + 6y1ya + YT1Y2 + 62291 )
B € R. Since

with [[Ri]] = 1= || Rzll, €, 6,7,
|Ri((1, w), (1, w))] < 1, |[Ri((w, 1), (w, 1)) < 1,
|Ri((1,w), (w, 1)} <1, [Ri((w, 1), (1,w))| < 1,
we have
0 € + ow? 4+ yw + Pw
0 = ew? +0+yw+ pw
0 = ew+dw+y+ puw?
0 ew + dw + yw? + B,

which imply that 0 = ¢ = 6 = v = 3. Therefore, R; = S = R, and S’ is extreme.
Claim: if w # v2—1, then S ((z1,v1), (¥2,%2)) = T5p—gz (T122 + Y12 + T1y2 —

xgyl) S extBL(zd*(Lw)z)

Notice that
o= [S((1,—w),(1,w)| = |S"((w, 1), (w, ~1))]
= 1S ((Lw), (w, 1)) = | ((w, 1), (1, —w))|.
Let Ri((1,1), (22,92)) = S ((x1,91), (w2,2)) + (ex122 + Syrya +ya1ys + 6x2y1)

and Ro((w1,y1), (72,92)) =5 ((71,91), (22,92)) — (ex122 + dy1y2 + Y212 + d2291)
with [|R1|| =1 = ||Rz]|,€,0,7, 5 € R. Since

|Ri((17 —UJ), (1,11)))‘ < 17 |Rz((wv 1)7 (w’ _1))| < 17

|Ri((1’w)’ (wa 1))' <1, |Ri(<w’ _1)7 (1’ _w>)| <1,

we have

€ — ow? + yw — fw

ew? — 6§ — yw + fw
ew + dw + 7y + fuw?
= ew+ dw —yw? — B,

o o o o
I
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which imply that 0 = ¢ = 6 =y = 3. Therefore, R; = S =Ry and S’ is extreme.
Claim: S ((z1,91), (z2,y2)) = m(ﬁxz Ty + (1 —w — w?)z1ys —

’LUJL‘le) S 61‘tBL(2d*(17w)2) if w < \@— 1

Notice that

L= IS ((Lw), (Lw)] = 15" ((1,w), (w, 1))

w)
= 18 ((w. 1), (w, 1)] = |S"((w, 1), (w, = 1)).
(

/

Let Ri((w1,91), (22,92)) = ((x1,91), (22,42)) + (ex122 + 0y1y2 + Y2192 + 02291)
and Ro((z1,91), (22,92)) = S ((21,91), (22,y2)) — (€122 + 6y1y2 + Y21y + 622y1)
with |Ry1|| =1 = ||Rz2]l,¢,0,7, 8 € R. Since

|Ri((1vw)ﬂ (lvw))‘ <1, |Ri((17w)v (w7 1))| <1,

|Ri((w,1), (w,1))] <1, [R;i((w, 1), (w, =1))] <1,
we have
= e+ 6w’ 4+ yw+ Pw
ew + dw + v + Pw?
ew? + 6 + yw + fw

0 = ew?—0—~w+ pw,

which imply that 0 = ¢ = 6 = v = . Therefore, R; = S = Ry and S’ is extreme.
Claim: S'((z1,y1), (2,%2)) = %((\/5 + ) (z122 + y1y2) + T1y2 — Ta2y1) €

o o o
I

emtBL(zd*(l’w)Z) ifw=v2-1

Notice that
w), (1, w))| = |S'((1,w), (w, 1))|
S, ~w), (~1,w))| = S ((w, 1), (w, 1))].

\
\
Let Ry((x1,91), (22,92)) = S ((x1,91), (22,92)) + (ex172 + 0192 + Y12 + 07291

s
(
S

and Ro((z1,y1), (w2,¥2)) =5 ((w1,y1), (22,2)) — (€ex122 + 6y1y2 + YT1Yy2 + d22y1)
v
)

1 =

(
(
with ||R1]| =1 = ||Rz2]|,¢,0,7, 8 € R. Since
[Ri((1,w), (1,w))] <1, [Ri((1, w), (w, 1)) <1,
[Ri(1, —w), (=L w))| <1, [Ri((w, 1), (w, 1))] <1,
we have
= e+ 0w’ +yw+ Pw
= ew+ 0w+ v+ Pw?
—e — dw? 4+ yw + Pw
= ew? 45+ yw+ pw,

o o o o
I
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which imply that 0 = ¢ = é = v = 3. Therefore, R; = S =Ry and S’ is extreme.
Claim: S ((x1,11), (22,%2)) = 1oz (ire(e12e + y1y2) + T1y2 — Tay1) €

exth(zd*(l,w)z) if w > \/57 1
Notice that

1= |8 ((Lw), (~w, 1) = |S"((1, —w), (w, 1)) = | ((w, 1), (=1, w))]
= |S/((w7 _1>7 (Lw))' = |S,((1> —w), (17w))|'

Let Ri((z1,51), (22,52)) = S ((w1,31), (w2,92)) + (2122 + Sy1yz + Y2192 + 0oy
and Ra((w1,1), (z2,92)) =5 ((z1,91), (22,y2)) — (ex172 + 0Y1y2 +YT1Y2 + 6T2y1)
with ||Ry|| =1 = ||Rz2]],€,6,7, 8 € R. Since

|Ri((1vw)7 (_w7 1))‘ <1, |Ri((17 _w)7 (w, 1))' <1,

|Ri((w, 1), (=1, w))[ <1, [Ri((w, —1), (1,w))| <1,
|Ri((17 —’LU), (1,11)))‘ < 17

we have

= —ew+ dw+ v — fw?
ew — dw + v — fw?
—ew + dw +yw? — B
= ew—ow+yuw? -4

o o o o o
I

= e—ow’+yw— Pw

which imply that 0 = ¢ = § = v = . Therefore, Ry = S = Ry and S’ is extreme.
Claim: S ((z1,11), (22,12)) = 2+#Qw((ﬂmﬂﬁz + y1y2) + (2 + w)zrye — Taoyr) €

extBL(zd*(lyw)z) if w> \/i -1
Notice that

1= [S'((1,~w),1,w)| = |S'((1,w), (w,1))]

- |S ((].,’LU), (*’LU, 1))| = |S ((w71)7 (710,1))‘.

Let Ri((z1,v1), (72,y2)) = S/,((l“h@h)» (w2,y2)) + (ex122 + 0y1Y2 + YT1Y2 + 6221 )
and Ra((w1,1), (z2,92)) =5 ((x1,91), (v2,¥2)) — (ex122 + 0y1y2 +YT1Y2 + 0T2y1)
with ||Ry|| =1 = ||Rza]],€,6,7, 8 € R. Since

[Ri((1, —w), (L, w))] < 1, [Ri((1,w), (w,1))] < 1,
‘Rl((law)7 (—’LU, 1))| <1 |Rl((w7 1)’ (_w7 1))| <1,
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we have

= - 0w’ 4+ yw— Pw
ew 4 dw + v + fw?
—ew + dw + v — pw?
= —ew’+0+yw— fw,

o o o o
I

which imply that 0 = € = § = v = . Therefore, R, = S = Ry and S’ is extreme.
Claim: S ((x1,41), (x2,42)) = 1550z (W(T1224+11y2) +21Y2—T2y1) € €xtBe2a, (1,u)?)

ifw<v2-1
Notice that

L= 18'((1 —w), (w, 1)] = |5 ((w, 1), (1, —w))]
= IS ((w, =1), (1, w))] = IS ((w, =1), (1, —w))].
(

Let Ri((w1,v1), (22,92)) = S/((mhyl) T2,Y2)) + (€x122 + 0Y1Y2 + YT 1Y2 + d22Y1)
and Ry((x1,91), (2,92)) =5 ((x1,91), (552,112)) (ex122 4 0y1Y2 + Y2 1Y2 + d2201)
with ||Ry|| =1 = ||Rza||,€, 0,7, 8 € R. Since

|Ri((17_w)’ (’U),l))‘ < 17 |R ((’LU, 1) ( ) ))| < 1
|Ri((w’_1)7 (1,’11)))‘ <1, IR ((w7 )7( ) ))‘ <1,

we have

= ew—dw+ vy — fw?
ew — dw — yw? + B

ew — dw + yw? — B

o O o O

= ew+ dw—yw? — B,
which imply that 0 = € = § = v = . Therefore, Ry = S = Ry and S is extreme.
Case 2: a > b

We claim that b = 0. Otherwise. By Theorem 2.2, 0 < a < 1. If d =0, then

1= S| = a+bw? + cw = (a+ b)w +c,
a—bw?+cw<1,(a—bw+c<l.

If ¢ > 0, then we can find € > 0 such that ||R;|| = 1 for j = 1,2, where
Ri((z1,v1), (22,92)) =5 ((z1,91), (22,¥2)) +e(w122 — %ylyz +x1Y2 — ixzzn)
and Ro((z1,11), (72,92)) = S ((z1,01), (22,2)) — (@122 — L9102 + 7152 — =T231),
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which shows that S is not extreme and we have a contradiction. If ¢ = 0, then

a= ﬁ < m = b, which is impossible. Therefore, d # 0. If d > 0, then

1=8"] = a+bw? + (c + d)w = (a+ b)w + ¢ + dw?,
a—bw? 4+ (c—dw < 1,(a—bw+c—dw? < 1,

which shows that S is not extreme and we have a contradiction. If d < 0, then
a>b>0,c>|d =—d. Since S is extreme, it follows that

1 =a+bw+(c+d)w=a—bw?+(c—d)w = (a+b)w+c+dw? = (a—b)w+c—dw’.

H—Lw’ 0 = b = d, which is a contradiction. We have shown that b = 0.

If a =1, then 0 = ¢ = d. Hence S' ((z1,11), (22,y2)) = z172.
Claim: x29 € 6.TctBL(2d*(17w)2)

Then a =c=

Notice that
L= [S((1,w), (1,w)| = |S"((1,w), (1, —w))|
= 18((1, ~w), (1, w)] = S"((1, ~w), (1, ~w))|.
Let Ri((z1,91), (w2,y2)) = x122 + (€x102 + 0Y1Y2 +YT1Y2 + 0x2y1 ) and Ro((x1,y1),

(w2,12)) = 122 — (€x122 +0Yy1y2 +y21Y2 +0x2y1) With ||Ri]| = 1 = [[Ra]|,€,0,7,8 €
R. Since

[R:i((1,w), (1,w))] < 1,[Ri((1,w), (1, —w))[ <1,
|Ri((1’ _w)> (Lw))l <1, |Ri((1> _w)’ (17 _w))l <1,
we have
€ + ow? + yw + fw
€ — ow? — yw + pw
€ — dw* + yw — Pw

o o o o
|

= e+ ow? —yw — puw,

which imply that 0 = ¢ = § = v = 8. Therefore, Ry = x1x2 = Rs and x1x2 is
extreme.
Suppose that 0 < a < 1,d #0. If d > 0, then

1= S| =a+ (c+d)w = aw + ¢ + dw?,
a+(c—dw < 1,aw+c— dw? < 1.

Notice that if ¢ > |d| = d, then S  is not extreme and we have a contradiction.
If ¢ = d, then S ((z1,y1), (z2,y2)) = ﬁl‘lﬂh + Hﬁxlyg + ﬁxgyl. It is not

difficult to show that S’ is not extreme and we have a contradiction.
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Similarly, if d < 0, then

1=|S=a+ (c— d)w=aw+ ¢ — dw?,
a+(c+dw < 1aw+c+ dw? < 1.

Notice that if ¢ > |d| = —d, then S" is not extreme and we have a contradiction.

If ¢ = —d, then S ((z1,41), (w2,92)) = TE®1%2 + T @12 — T %2y It is not

difficult to show that S  is not extreme and we have a contradiction. Therefore,
1

d—Oandl—a+cw—aw+c $0a=c= 15 so S ((z1,11), (z2,32)) =

1+w (z122 + 21y2). We will show that S’ is extreme. Indeed,

), (Lw))] = 1S (1, —w), (1,w))]

1 = |S((1,w
= [8'((1,w), (w, 1)) = |S((1, —w), (w, 1))].
Let Ri((z1,91), (22,92)) = S ((z 1, 1)s (T2, 92)) 4 (€212 + 6y1y2 + yT1Yy2 + 62y1)
and Ro((z1,91), (22,92)) = S ((x1,31), (22,52)) — (em122 + Syaye + Y21y +
dzoy1)with |R1]] = 1 = ||Re|, €, 9,7, 8 € R. Since
|Ri((1,w), (1, w))] < 1,[R((1, —w), (1,w))] < 1,
|R;((L,w), (w,1))] < L, [Ri((1, —w), (w,1))] <1,
we have
0 €+ ow? + yw + pw
0 = e— 0w’ +yw—Bw
0 = ew+dw+vy+ puw?
0 = ew—dw+vy—pfuw?

which imply that 0 = e = § = v = 5. Hence, Ry = S" = Ry and S’ is extreme.
Therefore, we complete the proof. O

Using Theorems 2.1 and 2.4, we can classify the extreme bilinear forms of the
unit ball of £(2d,(1,w)?) as follows:

Theorem 2.5. T € extBgeq,(1,w)2) o and only if there exist n € N and
S((z1,y1), (x2,42)) = ax122 + byr1yz + cr1y2 + drayr € extBp2q,(1,w)2) with
a > |bl,e > |d| such that T((x1,y1), (x2,y2)) = S((ugn),vgn)),(ugn),vén))) 0.0
(", 017), (ug”, 05)), where

Jorj=1,on (o), (g 05?)) € ((£a1, £90), (Eaz, £92)),

(22, Fy2), (F21, F91)), ((ixl,iyl),(iyg,ixg)),((iyg,img),

(21, £y1)), ((Fy1, £21), (Fx2, £Y2)), (22, £Y2), (Y1, £21)),

((Fy2, £@2), (Fy1, £21)), ((£y1, £21), (Fy2, £22)) }
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Proof. It follows from Theorems 2.1 and 2.4. O

Corollary 2.6. (a) extBg (24, (1,w)?) \eTtBed. (1,u)2) 7 0.
(b) extBg (24, (1,w)2 )\extB[; (2d.(1,w)2) # 0.

Proof. (a): By Theorems 2.3, 2.4 and 2.5,

1

11 w2 (371.132 —|—y1y2) S emtBL (2d. (1,w) \extBL(zd (1,w)2)-

(b): By Theorems 2.3, 2.4 and 2.5,

T1Y2 € extBL(Qd*(1,w)2)\extBLs(?'d*(l,w)?)-
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