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ABSTRACT. The object of the present paper is to investigate the majorization properties
of certain subclasses of analytic p-valent functions defined by convolution.
1. Introduction
Let f and g be analytic in the open unit disc U = {z € C: |2| < 1}.
We say that f is majorized by g in U (see [7]) and write

(1L.1) f(z) <<y9(z) (2€0),

if there exists a function ¢, analytic in U such that

(1.2) lp(z) <1 and  f(z) = ¢(2)g9(2) (z€U).

It may be noted that (1.1) is closely related to the concept of quasi-subordination
between analytic functions.

If f and g are analytic functions in U, we say that f is subordinate to ¢ ,
written symbolically as f(z) < g(2) if there exists a Schwarz function w, which (by
definition) is analytic in U with w(0) = 0 and |w(z)| < 1 for all z € U, such that
f(z) = g(w(z)),z € U. Furthermore, if the function g is univalent in U, then we
have the following equivalence, (see [8, p.4]):

f(2) < g(2) & f(0) = g(0) and f(U) C g(U).
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Let A(p) denote the class of functions of the form:
(1.3) f(z) =2+ Z arpz® (peN=1{1,2,..}),

which are analytic and p-valent in the open unit disc U. Also let A = A(1).
For functions f; € A(p) (i = 1,2) given by

fe) =+ S st (i=1,2pEN),
k=p+1
we define the Hadamard product (or convolution) of f; and f by
(1.4) (fixfo)(z) =2P + Z apiag 22" = (f2 *x f1)(2).
k=p+1
For h(z) given by
(1.5) hz)=2"+ Y md® (ur>0),
k=p+1

then a function f € A(p) is said to be in the class S (h;v) of p-valent starlike
functions of complex order v € C* = C\{0} in U, if and only if

oo (A1)

(1.6) (zeU;peN;jeNg=NU{0};7 € C 2y —p+il < (p—13))

Furthermore, a function f € A(p) is said to be in the class Kg(h,'y) of p-valent
convex functions of complex order v € C* in U, if and only if

i L (B

(1.7) (z€UspeN;j €Ny €Ch [y —p+jl < (p—17))
From (1.6) and (1.7) it follows that:
(i) SY(1Z5:7) = S(7) and K{(1%557) = K(y) (y€C").

The class S(v) was introduced by Nasr and Aouf [9], and the class K () was intro-
duced and studied by Nasr and Aouf [9] and Wiatrowski [13].

(i) S9(Z2ip — @) = S3(0) and K(Zoip—a) = Ky(0) (0<a<p).
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The class S;;(a) was introduced by Patil and Thakare [12], and the class K, (a)was
introduced by Owa [11]. We note that

S;(a) C S;(O) = S; and K,(o) C K,(0) =K, (0<a<p),

where S and K, denote the subclasses of A(p) consisting of functions which are
p-valent starlike in U and p-valent convex in U, respectively (see Goodman [5]).

Definition 1.1. Let - 1< B<A<1,peN,jeNy,veC* |v(A-B)+ (p—j)B| <
(p—1J),f € A(p) and h(z) is given by (1.5). Then f € S (h;y; A, B), the class of
p-valent functions of complex order « in U if and only if

1 [ z(f *h)UHD(2) ‘ 1+ Az
1. 14— —FF - .
) { +v< Fmoi) T TTBs
Clearly, we have the fqllowing relationships:
(i) ) (hsv; 1, =1) = §F (h;y) 5
(i) S5 (£2:7) = S5 ()

We shall need the following lemma.

Lemma 1.2([1]). Let vy € C* and f € K}(v). Then f € Si(3~), that is,

(19) Ki(1) € 83(37) (v €T

A majorization problem for the classes S(7v) and K(v) has recently been inves-
tigated by Altintas et al. [2]. Also, majorization problem for the classes S* = S*(0)
and K = K (0) has been investigated by MacGregor [7]. In this paper we investigate
majorization problem for the class S (h,v; A, B) and some related subclasses.

2. Main Results

Unless otherwise mentioned we shall assume throughout the paper that, —1 <
B<A<1lyeC*peN,jeNyand h(z) is given by (1.5).

Theorem 2.1. Let the function f € A(p) and suppose that (g*h) € Si(h,v; A, B).
If (f * h)9)(2) is majorized by (g * h)Y) (2) in U, then

(2.1) (f WD) < |(gx MU ()] (2] < o),
where ro = 1o(p, 7, 4, A, B) is the smallest positive oot of the equation

V(A= B)+(p—j)B|r® = [2|B] + (p - j)] r*—

(2.2) 2+(A-B)+(p—J)Blr+(—j)=0.
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Proof. Since (g * h) € S} (h,~; A, B), we find from (1.8) that

1 [ 2(g*h)UtD(z) \ 14 Aw(z)
(23) 1+7< (9= WO(2) ‘p*0‘1+3ma7

where w is analytic in U with w(0) = 0 and |w(z)| < 1 (¢ € U). From (2.3), we
have

(2.4) 2g*xh)I(z) (0~ j)+ (A~ B) + (p — j)B)w(z)
’ (g% h)W(z) 1+ Bw(z) '

From (2.4), we have

(1 +[B[z]) ||
(p=3) = (A= B)+(p—J) Bl

Next, since (f * h)U)(2) is majorized by (g * k)@ (z) in U, from (1.2), we have

(25)  |(gm)P ()] < (9% 0T (2)].

(2.6) (f #h)D(2) = @(2)(g * 1)V (2).
Differentiating (2.6) with respect to z, we have
(2.7) (f+h)IH(2) = ¢ (2) (g h)Y)(2) + @(2) (g * )T (2).

Thus, by noting that ¢(z) satisfies the inequality (see [10]),

2
o0 < ROL e,

(2.8) LT

using (2.5) and (2.8), in (2.7), we have

(29) [(f+m)U(:)] <

L le)P (1+1B121) |2 PG
@(w_1—@F'@—D—VM—B%Hp<ﬁHVJMgh) @)

which upon setting
[zl =r and |p(z)|=p (0<p<1),

leads us to the inequality

(f )T (z)] <

©(p) « )GHD (5
A= —7)-hA-B) + B M)
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where
(210) O(p) =—r(1+|B|r)p*+ (1 =r*)[(p—j) — V(A= B)+(p—3) Blr]p
+r(1+|B|r),

takes its maximum value at p = 1, with ro = ro(p, j,7, A, B), where ro(p, j,7, A, B)
is the smallest positive root of (2.2). Therefore the function ®(p) defined by

(2.11) @(p) =0 (1+|Blo)p* + (1 ~0*)[(p—j) = [¥(A = B) + (» - j) Bl o] p
+0(1+|B|o)
is an increasing function on the interval 0 < p <1, so that
(2.12) O(p) <@(1) = (1~ 0?)[(p—J) — V(A ~B) +(p—j)Blo]
(0<p<1;0<0 <ro(p,j,7, 4, B)).

Hence upon setting p = 1 in (2.11), we conclude that (2.1) holds true for |z| < rg =
ro(p,v,7, A, B), where ro(p,~,j, A, B), is the smallest positive root of (2.2). This
completes the proof of Theorem 2.1. O

Putting A =1 and B = —1 in Theorem 2.1, we obtain the following result.

Corollary 2.2. Let the function f € A(p) and suppose that g € Sg(h;'y). If (f =
h)9)(2) is magorized by (g h)Y) () in U, then

(WD) < |9+ MU ()] (2] < o),

where ro = 1o(p, j,7) is given by

k— k2 =412y —(p—j) (p—j)
22y - (p—j) ’

where (k =2+ (p—7j) + 2y = (p—J)l,p €N,y € C).

To = TO(paja 7) =

Remark 2.3. Putting h(z) = 12112 in Corollary 2.2, we obtain the result obtained

by Altintas and Srivastava [1, Theorem 1].

Putting h(z) = %,A =1,B = —1 and j = 0 in Theorem 2.1, we obtain the
following result.

Corollary 2.4. Let the function f € A(p) and suppose that g € S,(v)(y € C*). If
f(z) is magorized by g(z) in U, then

1@< 1g'(2)] (2] < 7o),

where ro = ro(p;7y) is given by

k—\/k? —4p|2v — p|

2(2y —p

ro =7ro(p;7) =

)
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where (k=2+p+ |2y —p|,p € N,y € C").

Putting h(z) = %714 =1,B=—-1,p=1and j = 0 in Theorem 2.1, we obtain

the following result.

Corollary 2.5([2,6]). Let the function f € A and suppose that g € S(v)(vy € C*).
If f(z) is majorized by g(z) in U, then

@< 19" (12l <o),

where ro = ro(7y) is given by

k— /R — 42y — 1]
ro =ro(y) = 22— 1] :

where (k =3+ |2y — 1],y € C*).
Putting v = 1 in Corollary 2.5, we obtain the following result.

Corollary 2.6([6,7]) Let the function f € A and suppose that g € S*. If f(z) is
majorized by g(z) in U, then

@< 19" ()] (2] <o),

where ro is given by

ro = 2 — \/g
Using Lemma 2.3 it is easy to prove the following lemma.
Lemma 2.7. Let v € C* and f € K] (h;7). Then f € S)(h; 1), that is,
, | i}
(2.13) K (hsy) © Sp(hs 57) (v € ©).

By using Lemma 2.7 and Corollary 2.2, we can prove the following theorem.

Theorem 2.8. Let the function f € A(p) and suppose that (g x h) € Kg(h,'y). If
(f * h)Y)(2) is majorized by (g * h)9)(2) in U, then

(f W) < (g4I )] (2] < 7o),

where ro = ro(p,7,J) is given by

k=2 —4(p—35) Iy — (p—J)
2y —(p—J)l

(214) o = To(py%j) =

)

where (k =2+ (p—j)+|v—(p—J),p € N,j € Ny,veC").
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Proof. In view of the inclusion property (2.13), Theorem 2.8 can be deduced as a
simple consequence of Theorem 2.1 with v — %'y. O

Remark 2.9. Putting h(z) = f_pz in Theorem 2.8, we obtain the result obtained
by Altintas [1, Theorem 2].

Putting h(z) = lzfz and j = 0 in Theorem 2.8, we obtain the following result.

Corollary 2.10. Let the function f € A(p) and suppose that g € K,(v)(y € C*).
If f(2) is majorized by g(z) in U, then

1@< 1g'(2)] (2] < 7o),

where ro = ro(p;7y) is given by

k= k= dply —p|

7"0:7"0(}?;’)/)* 2|’Y—p|

where (k=2+p+|y—pl,peN,yeC).

Putting h(z) = %,p =1 and j = 0 in Theorem 2.8, we obtain the following
result.

Corollary 2.11([1]). Let the function f € A and suppose that g € K (7). If f(2)
is magjorized by g(z) in U, then

1@< 1g' () (2] <o),

where 1o = ro(7y) is given by

k— k2 — 4y —1]

2y —1] ’

ro =710(7) =
where (k=34 |y —1|,7 € C*).

Letting v — 1 in Corollary 2.11, we obtain the following result.

Corollary 2.12([7]). Let the function f € A and suppose that g € K. If f(z) is
magjorized by g(z) in U, then

i@l (ks ;).

Examples
(i) Putting in (1.6) and (1.7) h(z) = 2P + Z Th_p(a1)2", (see [4]), where
k=p+1
(011 k,p...(aq)k, .
Ie—p(ar) = ,q<s+1,q,s € Ny,a; € Ci =1,2,...,q) and
g p( 1) (ﬁl)k—p"- BS)k—p(l)k—p ’ ( )
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ﬁj € (C\Zo_(j = 1a2’ .., 8), then (f x h)(z) = prq,S(al)f( )7Sp(h v) = Spq s(a1;7)
and K (h;v) = K} , s(1;7). Then we obtain the following results.

p.q,s

Let the function f € A(p) and g € SJ_ (ai;7)(2y — 1] < |ai]). If

p,q,s

(Hp’q’s(al)f(z))(j) is majorized by (H, 4.s(01)g(z ))(J) in U, then
(Hpq.s(or + D (2)9] < [(Hpgolor +1)g()P| (2] <),

where 71 = r1(7y, 1) is given by

k— k2 —4]2y — ai] |
212y — ai]

= 7“1(%@1) =

)

where (k =2+ |aaq| + |27 — a1 | ;7,01 € C¥).

Also, let the function f € A(p) and g € Kgqs(al;’y)(h—aﬂ < |agl). If

(Hp.45(a1)f(2))9) is majorized by (H, 4.s(a1)g(2))¥) in U, then
(Hpqoslor + DFEDD| < |(Hpgslor +1g(:)D| (12l <),

where 7o = ro(7, 1) is given by

k—\/k? — 4]y — oq oy
2|y — o

ro = 7"2(%C¥1) =

b

where (k =2+ |aqg| + |y — a1];7,a1 € C*).
By specializing the parameters p,q,s,a;(i = 1,2,...,¢) and 5;(j = 1,2,...,5),
we obtain various results for different operators.

. o A (k=
(ii) Putting in (1.6) and (1.7) h(z) = 22 + Z [IH' ;Jr(e p} 2, (see, [3]),
k=p+1

where £ > 0,X > 0,m € N, then (f *h)(z) = [;"(X\, £) f(2), S}(h;y) = SpI (A, £;9)
and K7 (h;y) = K7 (X, £;7). Also, we obtain the following results.

Let the function f € A(p) and g € Smﬂ()\ 4;) ’27 (pH)’ < (%‘M)) It
(LN O f(z ))¥) is majorized by (LN O)g(z )@ in U, then

I 00 FE)D] < [, 09:)| (el <),
where r3 = r3(p,7, A, £) is given by

_Eoyfe il ()] ()

T3:7’3(p,’}/7)\,£ = 2‘27_ (p—i—ﬁ)‘ 5

where (k =2+ (%) ’27 (%)

,PENyeC*£>0,A>0,m e Np).



Majorization Properties for Subclasses of Analytic p-Valent Functions 623

Also, let the function f € A(p) and g € Kgl*j()\,f;'y)("y - (pTH)‘ < (%)) If
(I (A, 0) f(2))9) is majorized by (I(X,£)g(2))") in U, then

(L O f ()Y

< | 09O (12 <),

where r4 = r4(p,v, A\, £), is given by

e =ih- ()] ()

ra =ra(p, 7, A 0) = 2‘7_ (pH)‘ |

A

where (k = 2 + (PT“) +‘7— (Lj‘ pEN,yEC*L>0,\>0).

By specializing the parameters p, A, £ and m we obtain various results for dif-
ferent operators.
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