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ABSTRACT. A general theorem for absolute summability using quasi f—power increasing
sequence is obtained. This result generalized and improved the result of Bor and Ozarslan
[2].

1. Introduction

Let > a, be an infinitive series with the sequence of partial sums (s,). By
(C, ) we mean the Cesaro matrix of order «, and o2 denotes the n-th term of the
(C, a)—transform of (s,), that is

(03 1 - oa—
(11) o, = EZAH_S}SU

n =0
A series ) ay, is said to be summable |C, af, , k > 1, if

oo
(1.2) an_l low — 02‘71|’C < 00,
n=1

and it is said to be summable ¢ — |C, o, , k > 1, a > —1 if (see Bala [1])

(1.3) Z ‘(pn (a;j - 0‘271)‘k < o0,
n=1

or equivalently

(1.4) > 7 pats]* < oo,

n=1

where

1.5 t& = L A" lva,.

( ) n Ao Z n—uv

n =0
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In the special case when ¢, = nt=V/* pd+1=V/k (n € N k > 1), p—|C, a|, —summability
reduces to |C, a|, —summability, |C, «, 6|, —summability respectively. Let (p,) be
a sequence of positive real numbers such that

(1.6) P,=po+pi+...+pn 2>00asn—o0, P.y=p_1=0.

A series ) a,, is said to be summable |N,py|, , k > 1, if

(1.7) Z 0P g, — g |” < o0,
n=1
where
19 Ly
. Un = 55~ n—vSv-
Pn n:lp

For k = 1, |N, p,|, —summability reduces to | N, p,| —summability, and for p,, = A%,
|N, pp|, —summability reduces to |C, o], —summability. By M we denote the set of
sequences p = (p,,) satisfying

(1.9) Prtl o P2 4 S0, n=0,1,....
Pn Pn+1

It is known that (see Das [4]) for p € M, k =1, (1.7) holds if and only if

oo 1 n
(1.10) Py ¥y | < 0.
nz::l npP, ;

For p € M, the series ) a,, is summable |N,p,|, , k > 1, if (see Sulaiman [7])

(1.11) Z oy an,vvav < 00.
n=1 noy=1

Here we give the following definition: For p € M, the series Y a, is summable

o0
(1.12) > 07 0@t < o0,

n=1

where

1 n
(1.13) D, = Fn;pn,vvav.
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A positive sequence a = (a,) is said to be quasi f—power increasing sequence if
there exists a constant K = K (f,a) > 1 such that (see Leindler [5])

KnPa, >mPa,, (n>m>1, n,meN).

A positive sequence (ay,) is said to be quasi f—power increasing sequence if there
exists a constant K = K (f,a) > 1 such that (see Sulaiman [8])

K fnan > fmam (n>m>1, n,meN).

where f = (f,), f =nP (logn)?, 0 < 8 < 1, v > 0. Recently, Bor and Ozarslan [2]
presented the following theorem

Theorem 1.1. Let (X,) be a quasi-B—power increasing sequence for some
B(0< B <1). Suppose also that there exist sequences (B,) and (\,) € BVy such
that

(1.14) [AXL| < Bas

(1.15) Bn — 00, (n—00),

(1.16) > n|AB X, < o0,
n=1

and

(1.17) IAnl X, = O(1).  (n— o0)

If there exists an € > 0 such that the sequence (n“k |<pn\k) is non-increasing and

if the sequence (W) is defined by
N [t a=1
(1.18) Wn =93 max {|t%},0<a<1
1<v<n

satisfying the following condition:

m

(1.19) > 07 (Jenlwi)’ = 0(Xm),  (m— 0),

n=1

then the series Y apAy is summable ¢ — |C o, , k>1,0<a <1, ka+e> 1.

2. Lemmas

In this section, the following lemmas are needed for our aim.
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Lemma 2.1. If 0 < m < n, pp—y/Dm—v is decreasing with respect to v, then

m Iz
(2.1) anfvsv < onax Zp,hvsv .
v=0 v=0
Proof. The proof is similar to that given in [3]. O

Lemma 2.2. Condition (1.14) — (1.16) implies

(2.2) nBnXn = O(1), n — oo,
(o)
(2.3) > BuXn < oo
n=1
Proof. The proof is similar to that given in [8]. O
3. Results

The following is our main result.

Theorem 3.1. Let (X,,) be a quasi-f—power increasing sequence, f = (fn), fn =
nP(logn)?,0 < B < 1, v > 0, such that the sequences (X,) and (\,) satisfying
conditions (1.14) — (1.17) , and

m 1 N
(3.1) Z — i1 (enlwn)” = O(Xim), (m —o0),
n=1n Xn

= el Pk
(32) Z nkpk 0 vk—1 pk

n=v+1 n v
where

_ D, v=n

(3.3) Wn = { max {®,}, 1 <v<n.

Then the series Y apAp is summable ¢ — [N, pyl, , k > 1.
Proof. Let T,, be n-th (N, p,) —mean of the sequence (na,\,). Then, we have

1%/::}1;ggvavpnvAv

n
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We have, via Abel’s transformation

n
E VyPr—v Ay
v=1

1

|Tn| = Fn

3

n—1 v n
5 (z p> NV ST
v=1 \r=1 v=1

n—1
1

B 2 Polin] 1A + [Aa] o
v=0

IN

= T +Tho.

Since |Th1 + Tng\k < 2ok (|Tn1|k + |Tn2|k> , then in order to complete the proof, it

is sufficient to show that
o0
_ k .
Zn k|ganTnj| <oo, j=12.

Applying Holder’s inequality,

n—1 k

va lwol | AN, |

m—+1 m—+1 k

Z n_k “PnTn1| Z ‘inpk
n=2

m+1 | k n—1 k—1
< Z i’;ﬁ ZP’“I%\ Bu X" (ZX m)

m—+1 k n—1

o)y |i7}5zp"| HLES el

n=2

m m+1

03 Pl axit 3 L

n=v+1

m

v=1

1)) BuXy +0(1) Y v|AB| Xy + O(1)mBm X
v=1

v=1



m

Z

Z
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|90n k k—1
ka 1 |Anl lwn]” (|An] Xn)

m

nka i [An

n=1 \v=1

m

1)) AN Xy + O(1) M| X,

n=1

1Y BuXn +O(1) M| X

n=1

0(1).

al” o *

Z(Z |sokX|:Jv1| )AM 1+ o) MZ‘W

erli_l

Remark 1. (1) It may be mentioned that an improvement to Theorem 1.1 follows

from Theorem 3.1 by putting p, = A%~!, provided from some € > 0, (nf_k |<pn|k)

is non-increasing, and ko + € > 1.
(2) One advantage of condition (3.1) is that we have no loss of power of |\,,| through
estimation such as by having [A,|" ! = O(1).

Remark 2. Condition (3.1) does not imply condition (1.19).
Proof.

m

— k
> o enlwn)
n=1

U 1

m 1 .
= —_— wo‘
3 (i) X

k—1
n

= O(XE™h Z hxk1 (|nl Wff)k

n=1

= O(Xk)

m

# O(Xp,), for k> 1.
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