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HOLOMORPHIC MEAN LIPSCHITZ FUNCTIONS
ON THE UNIT BALL OF C"

ErRN GuN KwoN, HONG RAE CHO, AND HYUNGWOON KOO

ABSTRACT. On the unit ball of C", the space of those holomorphic func-
tions satisfying the mean Lipschitz condition

! dt
2
/0 wp(t, f) TFoq < 00

is characterized by integral growth conditions of the tangential derivatives
as well as the radial derivatives, where wp(t, f) denotes the LP modulus
of continuity defined in terms of the unitary transformations of C™.

1. Introduction

Let B = B,, be the open unit ball of C" and S be the boundary of B. Let
v be the Lebesgue volume measure on C* = R?" and o be the surface area
measure on S normalized to be o(S) = 1. We denote by H?(B), 1 < p < oo,
the Hardy space on B. We use the customary notation

1/p
1fliny = sup My(r,f) and My(r,g) = ( [ lseor do<<>>
0<r<1 S

respectively for holomorphic f and measurable g on B. We will denote B; by
D.

Concerning the boundary smoothness of H?(D) functions, it is known that
the growth rate of

1/p

anltef) = (sw [ ) — () pdo

|h|<t
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is closely related to that of Mpy(r, f'). To be more precise, for f € H?(D) and
1<g<00,0<a<1,the mean Lipschitz condition

L1 ! , dt
() . wp(t,f) m<00

is equivalent to the Besov condition

1
(1.2) /O My (r, ) (1 — )= < 0.

Hardy and Littlewood ([6], see also Chapter 5 of [4]) initiated this equivalence
by considering the limiting case ¢ = oo, then followed several generalizations.
We refer to [5] for general exponents and also refer to [12] for the corresponding
results on the upper half space Riﬂ in the context of harmonic functions.
The goal of this paper is to establish the n-variable version of the equivalence
(1.1) <= (1.2). We adapt the LP-modulus of continuity w,(¢, f) of f as

1/p
wp(t,f)Sup{</5|f(UC)f(O|de(C)> U el, ||U1||St},

where U denotes the group of all unitary transformations on C", I denotes the
identity of U, and ||U — I := sup,¢g |U¢ — ¢|. We consider the space AL?(B)
which is defined to be the set of f € HP(B) satisfying (1.1). Holomorphic Besov
spaces satisfying growth condition of types (1.2) for several variables have been
studied extensively in the literature, specially when p = ¢ ([2], [3], [8]). On the
other hand, AP9(B) have not been studied adequately in their full nature as
far as we are aware of.
We denote R f the radial derivative of f in B defined by

- 0
j=1 J

For 1 <i,j < n, we define the tangential derivatives, 7;; and 7‘1-]-, by

To— s 0 _ 0 T 0 0
ij — R - T Ria ij = Riao— T Rjoa— -
J sz J (’)zl ’ aZj J 62:1
Given a multi-index v = (v4,...,v,), we use the notation 7" to mean
i, TVn
Tiljl Tin]n
for some choice of i1,...,4, and ji,...,jn, where Tj; is either T;; or T;;. We

have the following characterization of A2?(B) as our main result.

Theorem 1.1. Let 0 < a < 1 and 1 < p,q < co. Then, for f € HP(B) the
following are equivalent.

1
d
Q) /0 oty )15 < o0,
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1
(ii) / My(r,Rf)? (1 —r)1=99 g < 0.
0

1
(i) Y / My(r, TV )7 (1 — )19 g < oo,
ly|=2"0

Moreover, if 0 < a < %, then these are equivalent to

1
(iv) Z/ My(r, TV f)? (1 —r)1/2=) g < o0,
| 0

v|=1
Furthermore, all the left side quantities are equivalent up to addition by

110y

We also prove a higher order derivative version of Theorem 1.1. For the
precise statements and their generalizations, see Theorem 2.1 and Theorem
4.1. Note that our theorem not only proves the equivalences of the holomor-
phic mean Lipschitz spaces with the appropriate holomorphic Besov spaces but
also reveals the usual phenomenon that the tangential derivatives behave twice
better than the radial derivative.

We start with proving the equivalences between Besov spaces defined in
terms of the tangential derivatives and those defined in terms of the radial
derivatives, in Section 2. We then prove Theorem 1.1 in Section 4 after prepar-
ing a priori estimates in Section 3.

Throughout this paper, the exponents p and ¢ range over 1 < p,g <
and k,[ denote positive integers. Functions denoted by f is assumed to be
holomorphic in B. For nonnegative quantities X and Y, we write X < Y if
there exists an absolute constant C' > 0 such that X < CY. Also, we write
X=Yif X <Y < X.

Acknowledgements. The authors would like to express thanks to Professors
M. Pavlovié¢ and K. Zhu for helpful comments.

2. Equivalence between derivatives

In this section, we establish parts of Theorem 1.1 by showing equivalences be-
tween mixed norms of the radial derivatives and those of the tangential deriva-
tives.

For the notational convenience, we denote L;?(g), 8 > 0, by

(2.1) Ly%(g) = (/01 My(r,9)? (1 — r)ﬂq_ldr) 1/'1.

Theorem 2.1. Let 0 < a < oo. Then for f € HP(B) the following are
equivalent.

(i) LY? (R*f) < oo for some k > a.

(ii) LYY (REf) < oo for all k > a.

(i) D=k Li’/qQ_a(T”f) < oo for some k > 2a.
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(i) 2=k Li’/q27a(T”f) < oo for all k > 2a.

Moreover, if 0 < a < %, then these are equivalent to
(v) e Lo (TVf) < 00.

Furthermore, all the left side quantities are equivalent up to addition by
[ zv(B)-

Before proving Theorem 2.1, we describe some prerequisites on comparing
integral means, which might have been known to experts. For the conveniences
of the readers, we include proofs for which we could not find references.

Recall the definition of the non-isotropic weight of a differential operator.

We assign weight 1 to R, while weight 1/2 is given to 7;; and 7-7;]‘ each. We
will consider differential operators X appearing as composition

(2.2) X=X Xp,

where each X; is R or one of 7;; or T'ij. For such an operator, its weight is
defined to be the sum of each weights of Xj.

For z € B and § > 0, let P(z,d) be the non-isotropic polydisc defined as
follows. If z =7(,0<r < 1,{ € S, pick n2,...,m, so that {{,n2,...,n,} is
an orthonormal basis of C™. Then

P(z,0)=qw=z+X+ Y Nmj: [N <8N\ <6V%ji=2..n

j=2
For(e€ Sand 0 < § <1, let
Q.0 ={nes:[1-m?<s}

Then, it is not hard to see that there is a constant ¢ > 0 such that for all
1/2<r<landdéd=1-r

(2.3) P(rg“,eé)c{tn:r—g<t<r+g, neQ(C,\/g)}.

The following is a weak version of Lemma 2.5 of [1].
Lemma 2.2 ([1]). Let X and Y be the differential operators of the form (2.2)
with the weight of X being m. Then we have
1
(24) XYSCY S ety [, VS dw)

for P(z,9) C B.
Corollary 2.3. Let 1/2 < r < 1. Let X and Y be the differential operators of
the form (2.2) with the weight of X being m. Then we have

M,(7, Y f)

MP(T’XYf)S (1*7’)m ’
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Proof. Let § = 1 —r. Choose ¢ > 0 sufficiently small to have (2.3). Since
a(Q(n,v/d)) < 6™, by (2.4) and Fubini’s theorem, we have

1
M XY ) S = /< . / ey Y FIP (O

r+46/4
S - [Y'f (tn)|Pdo(n)dtdo(C)
gpmtntl /(ES/T 5/4 /neQ(c V3)

r+5/4
s @AY s Pact
nes

5/4
1 T+6/4
S [ MY
gpm+1 r—6/4 p
Since the radial or the tangential differentiation preserves the harmonicity of
f, the increasing property of My (¢,Y f) in ¢t completes the proof. O

Let R = 2721 Z; aiz;' Then a straightforward calculation shows that RR =
RR and

RTij =TiyR—Tij,  RTy=TyR+Tij,
ﬁ'ﬁj = 'Ejﬁ + 723‘, ﬁ?u = T—ljﬁ - T-U

This implies
(2.5) (R+R)X = X(R+TR)
for the differential operator X of the form (2.2).

Lemma 2.4. Let X be the differential operators of the form (2.2). Then, for
1/2 <r <1 we have

(2.6) My(r,Xf) < sup |f(z)|+/0 (r —t)F 1M, (t, X R f)dt,

|z|<1/2

and

@7) MT'HS sw [fE@+ Y / B2 (1, T f)de
|z|<1/2

lul=lv]+k

Proof. By the fundamental theorem of calculus together with (2.5),

1/p
My(r Xf) < sup IXf(z)|+( / |Xf<r<>—Xf<</4>|pdo<<>)

|z|<1/3

S s 1X7()|+ { /S ( / R ﬁ)xmcndt) do—<<>}

. P 1/p
=zs353|Xf<z>|+{ /S ( /1/4 IXRf(tOIdt) do—<<>} |

1/p
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Applying Minkowski’s integral inequality to the last term,
(2.8) Myl XSS s XSE)+ / M, (t, XRf)dt
|z|<1/3

By the harmonicity of X Rf and by the Cauchy estimate of the harmonic func-
tions, we have sup|,| <15 | X f(2)] < supj.j<1/2 [f(2)]. If we apply the inequality
(2.8) to the right side integrand with X R f instead of X f, we have

T t
My(r,Xf) < sup |f(2:)|—|—/O /0 M,(s, XR?f)dsdt

|z|<1/2
= sup |f(z)|+/ (T*S)Mp(S,XRQf)dS.
|z|<1/2 0

Repeating this k times we get (2.6).
Next, apply (2.6) with X =T" to get

My(r, TV f) S sup |f(2)] +/ (r —8)F 1M, (s, T"R" f)ds.
|z|<1/2 0
Noting the identity
(2.9) - Z7ijﬁjf(z) =2(n—1)Rf(2)
i#]
valid for all holomorphic f on B, it follows that

My Tf) S sup [fG)+ S0 / (r — )" My(s, T" f)ds

Fl<t/z =2k
= e Y [ oo
I=l<1/2 |al=lv|+2k

where f.(z) = f(rz). Applying Corollary 2.3 to the last integrand, we obtain

My T S sup [fG)+ 3w / M2 M F, T f, )t

‘Z‘<1/2 lul=lv]+k
Now the change of the variables £ =t + (1 — t)/4 — s/r proves (2.7). O

Corollary 2.5. Let X be the differential operators of the form (2.2) with weight
m. If k > m, then for 1/2 <r <1 we have

My(r, X f) < sup |f(z)|+Mp(r,ka).
|z|<1/2

Proof. Let f.(z) = f(rz). By (2.6) and Corollary 2.3 with the increasing
property of My(t, Rf,), we have

M,(r,Xf) < sup |f(z)|+/T(r—t)k_1Mp(t,Xka)dt
|z|<1/2 0
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= sup |f(z)|+rk/01(1—t)k1Mp(t,XkaT)dt

|z|<1/2
1
< sup |f()] + / (1— )= M, ({, RE £,)dt
|z|<1/2 0
< sup |£(2)] + My(r.REF).
|z]<1/2 O

Lemma 2.6 (Hardy’s inequalities [12]). Let h be a non-negative function and
r>0. Then

(i) {/01 </Oz h(y)dy>p:c”dw}1/p < g </01( h(y))py”dy)l/p;
(i) {/01 (/: h(y)dy>pw’”1dz}l/p < 2;7 (/Ol(yh(y))py’”ldy>1/p.

Corollary 2.7. Let a,b > 0. Then for non-negative increasing function F

/01(1 — )t (/OT(T — t)b—lp(t)dt)p i < /01(1 et ()P

Proof. By a change of variables,

/01(1 — )t (/Or(r — t)“F(t)dt)p dr
(2.10) = /01 21 (/OHQ —x— t)b—lF(t)dt)pdx

= /01 2271 </:(y —x) P - y)dy)p dz.

For the inner integral on the right side of (2.10), by setting 6(z) = min{2z, 1}
and by using the increasing property of F', we have

/ (y— )" ' F(1 - y)dy

o(x)
= / (y—a)'FQ *y)dy+/ (y— )" "F(1 - y)dy
(2.11) v o)

IN

1 1
gach(l —x)+ 2/ Yy TIFE(1 - y)dy
6(x)

1 1
< gsz(l —z)+ 2/ LR — 5)dy,

where we used (y — 2)® < y® and (y — )~! < 2/y in the first inequality.
Therefore, joining (2.10) and (2.11) we have

/01(1 — 7)ot (/OT(T — t)”—lF(t)dt)p dr
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1 1 1 P
< / z TP (1 — 2)Pda + / ot (/ YR (1 - y)dy) dx.
0 0 x

An application of Lemma 2.6 and a change of variables complete the proof. [

We now are ready to prove Theorem 2.1.

Proof of Theorem 2.1. We prove (i) < (ii), (iii) < (iv), (ii) = (iii) &
(v), (iv) = (i) and (v) = (i).

(i) <= (ii): It suffices to show (i) = (ii) since (ii) = (i) is trivial.
Let k > a be fixed. We show LI"? (RUf) < || f|lue + L2 (R¥ f) for all integer
I > a. The case | = k is obvious. If | < k, then by (2.6) of Lemma 2.4 and
Corollary 2.7

LM (R'S)

1 1/q
(/ (1 — 7)==t Ag(r, R f) dr)
0

S
<

1 r q 1/q
< sup |f(z)|+{/ (1 —r)l-la-t </ (r— t)kllMp(t,ka)dt) dr}
|z]<1/2 0 0
1 1/q
< s G+ ([ 000t a o RA 1 ar)
|z|<1/2 0

S W llme + L2 (REF).

If I > k, then by Corollary 2.3 with X = R!~* together with the change of
variables 7 — t, it is easy to see that

L (RU) = L (RFREF) < | fllme + LR, (REF).

(iii) <= (iv): The proof is analogous to the preceding one.
(i) = (iii)) & (v): Let |v| = k > 2a and [ be another positive integer
greater than . Then by (2.6) of Lemma 2.4

1 1/q
(/ (1 —r)R/2me)a=L ppa(y, T”f)dr)
0

S osup [f(2)]
|z|<1/2

1 r q 1/a
+ {/0 (1 — r)tk/2medat </0 (rt)llMp(t,T”le)dt> dr} :

By Corollary 2.7, the last integral is bounded by

1/4q

1
</ (1 — pytk/2H=eda=t pra(p, T"le)dr>
0
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Thus, by Corollary 2.3 with X = T" together with the change of variables
7 — t, we have

1 1/q
(/O (1 — r)k/2=e)a=1 M(r, T”f)dr)

1 1/q
< 171l + ( [a=ntont g, le)dr) .
0

(iv) = (i): Let k > « and let | > 2a. Applying (2.7) of Lemma 2.4
together with (2.9)

M,(r,R¥f) < + ' — 2 (t, THR fdt
RS s 15(0) Z_ / (r—t) ( 5

< sup |f(2)|+ Z /T(r_t)l/Q_lMp(t,T”f)dt.

|z|<1/2 v|=
Then, as in the previous cases, using Corollary 2.7 we have
LR (R S e+ D LR o (T ) & [ fllam+ Y L2 (T ).
lv|=1+2k lv|=1
(v) = (i): Take k =1 =1 in the proof of (iv) = (i). O

3. A priori estimates

In this section, we prepare connections between the LP-modulus of continuity
and the mean values of the radial derivatives (see [9] and [10] for the one variable
case). Recall

1/p
witf)= s ([ 15w -sorao)

Theorem 3.1. Let 0 <r <1 and f € HP(B). Then, we have

T wp(t, f)
< W)
M,(r,Rf) N/o i _re_itht.

Proof. For a fixed z € B, let f.(\) = f(\z) where A € D. Since f, € H'(D)
every z € B, it follows by one variable Cauchy integral representation that

Rf(r2)| < 1£(r)] < / "1fU2) — f)

. dt
T

where U, is the unitary transformation defined by U;z = ez = (ei'z1, ez, . . .,
e"z,). Using the representation z = s¢ with ( € S, 0 < s < 1, we then have

M,y (rs,Rf) < < [5 < /O T ﬁtfi)e_it‘gso' dt)pda(§)> Up,
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Since [¢|f o Uy(s¢) — f(s¢)[” do(¢) is an increasing function of s for each fixed
t, by Minkowski’s inequality we have

27
1
My(rs RIS [ o Ui = Flussyit.
o |1—re
On the other hand,

[foUi— fllLesy < sup  [[foU — fllLr(s)y = wp(t, f)
lU-1||<t

because ||U; — I = sup¢g |Ui( — (| < t. Therefore, by taking s — 1, we have
the desired inequality. (I
Theorem 3.2. Let 0 <t < 1/2 and f € HP(B). Then, we have

wp(ta flft) S t sup |f(Z)| + tMP(l - taRf)
|z|<1/2

Proof. Let r = 1—t and let U be a unitary operator of C" such that |[U—1|| < t.
Then, there is another unitary operator V of C" such that V"'UV = D, where
D is the diagonal matrix consisting of eigenvalues of U. Since D is a unitary
diagonal matrix, there exist real numbers hq, ..., h, whose modulus does not
exceed m, such that D( = (ei’“gl,ei’w@, . .,e"h”(n). Also, by the unitary
invariance of do, we have

Il froU — fTHLP(S) =||froUoV —f.o V”LP(S) =|[froVoD~—f.o VHLP(S)-
For notational convenience, let F'= f oV, D¢ = (e (y,e2(s, ... ehn(,) =
e¢ and |h| = (X7 |hj|2)1/2. Then we have

|E- 0 D(C) = E+(Q) = |F(re™¢) — F(r¢)]

= ‘/01 % (F(re™¢)) dt’

1 n ) F )
‘/ E ih;ret™hi ¢ or (rett¢)dt
0 = 0z;
Jj=1

A

1
|h|/ IVF(re™"¢)|dt.
0
Applying Minkowski’s inequality, we obtain
|F- oD — Frllprs) S |h| My(r, VF).
On the other hand, from the identity
2PIVF() = [RFE)”+ ) |TyF (=)
i<j

(see [7] for example), it follows that

My(r,|[VF|) S My(r,RF) + Y My (r, T;; F)

1<J
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provided r > 1/2. And Corollary 2.5 gives

My(r,Ti; F) S sup |F(z)| + Mp(r,RF).
|z|<1/2

Gathering up, we thus have

120D = Frllris) I sup F(:)|+ Bl My(r, RE)
z|<

Since $|h;| < |ehi — 1| < |D¢ — (| for each j =1,...,n and
iuplDC*Cl =[D-1I|=[VD-V|[=|UV-V|=[U-1]

we have 5 |h| < ||U —I|. This implies |h| < 2n ¢ since ||U —I|| < t. Therefore,
we have

|FroD — Frllpesy St sup |F(z)|+tMy(1 —t,RF).
|z]<1/2

Since RF(z) = (Rf)(Vz), this completes the proof. O

Theorem 3.3. Let 0 <t < 1/2. Let f € HP(B) and f:(¢) = f(tC). Then, we
have

wp(t,f)Stllsu?/J () +tMp(1 —t,Rf) /M — 8, Rf)ds
z|<

Proof. Let r =1 —t and let U be a unitary transformation of C"*. Then, from
the inequality

[FUQ) = FOI < [f(UQ) = FrUQ+ £ (UQ) = (Ol + [£(r¢) = £ (O]

we obtain, via the unitary invariance of do, that

IfoU — fllLesy S Nf = frlloes) + 1 fr o U = frllLocs)-

wp(t, f) S wplt, fi-t) (/ 1£(¢) = f(rO)|Pda(C ))Up.

Thus, in view of Theorem 3.2, we need an upper bound estimate for

([ 176~ seopastc >>1/p.

bd ! d
16) - 106 = [ Lssoras = [ RFGOT.
by Minkowski’s inequality, we get
D 1/P
do(())

(150~ scrrastc >>1/ps < [

Therefore,

Since

[ mitso




200 ERN GUN KWON, HONG RAE CHO, AND HYUNGWOON KOO

: / </g RF(sQ)I" dcf(o) 7 s

¢
5/ Mp(1—s,Rf)ds.
0

This completes the proof. (I

4. Proof of Theorem 1.1

In this section, we compare the two quantities which define Besov space and
mean Lipschitz space respectively. For 0 < a < 1, we define the mean Lipschitz
semi-norm Q29(f) by

1 1
() = ([ entt P rt)

Recall the definition of L2%(g) in (2.1). Theorem 4.1 stated below together
with Theorem 2.1 proves Theorem 1.1.

Theorem 4.1. Let 0 < a < 1. Then, for f € HP(B) the following are
equivalent.

(i) Qna(f) < oo,
(i) L2 (Rf) < oo.

Furthermore, the left side quantities are equivalent up to addition by || f||g»(5)-

Proof. First suppose (ii). Cauchy estimates gives that supj, ;<2 |f(2)] <
|| fllzr»(By- Thus, by Theorem 3.3 and Theorem 3.2, we have

1oy 1/q
0209) = [ ez nlt 1))
1 t q 1/q
SIIfIIHp(B>+L€fa(Rf)+{/O W(/o Mp(ls,Rf)ds> dt}

Lo a\ e
S+ 2% RO+ [ omga - rn) T )

~ | fllae sy + LY (RS),

where we used Hardy’s inequality for the second inequality.
Conversely, assume (i). By Theorem 3.1,

1 2 q
LYY (Rf) < {/0 (1 — p)(i=ea=1 (/0 m%(ﬁ, f)dt) dr}

Note that for 0 < r,t < 1, we have
211 —re| > [(1 —7) + (1 —cost)] + |rsint| > (1 —r) + [¢].

1/q
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Therefore,
1 1 q 1/q
—a)g— tf)
Lp,q R < » 1— (1—a)q—1 / WP( 3 dt d
1704( f)N||f||H(B)+{/O( T) 0 (17T)2+t2 r
1 T q 1/q
t
SN llae sy + {/ g-ea-t (/ L(Q’f)do d;c}
0 0 x
1 1 q 1/q
n / p1—a)-1 / wpt: f) 1\ g
0 x t2
By Hardy’s inequalities (i) and (ii) of Lemma 2.6, we thus have
LY (RE) SNl wemy + Q29(f)- 0

(1]
2]
3]

[4]
[5]

[6]
7]
(8]
[9]
(10]

(1]
(12]
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