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Improvement of the Modified James-Stein Estimator with Shrinkage
Point and Constraints on the Norm

Jae Hyun Kim'" and Hoh Yoo Baek’

Abstract

For the mean vector of a p-variate normal distribution (p >4), the optimal estimation within the class of modified
James-Stein type decision rules under the quadratic loss is given when the underlying distribution is that of a variance mixture of

normals and when the norm [|§— 61| it known.
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1. Introduction

The problem considered that of estimating with
quadratic loss function the mean vector of a compound
multinormal distribution when the norm [|6— 61| is
known. The class of estimation rules will consist of
modified James-Stein type estimators only. Such a class
was introduced by James-Stein(1961) and Lindley(1962)
in order to prove that some of members dominate the
sample mean in the multinormal case.

Strawderman(1974) also derived a similar result for
the more general case considered in this paper of a
compound multinormal distribution.

The problem of estimation of a mean vector under
constraint has an old origin and recently focussed again
in the context of curved model in the works of
Efron(1978), Hinckley(1977), Amari(1982), Kariya(1989),
Perron and Giri(1989), Marchand and Giri(1993), Park
and Baek(2011) among others. A study of compound
multinormal distributions and the estimation of their
location vectors was carried out by Berger(1976) and
Kubokawa(1991).

In section 2, the general setting of this problem and
necessary notations are presented. In section 3, the best
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modified James-Stein type estimator of a mean vector in
the viewpoint of Branchick's method in derived when it's
norm is known and an example is given. Concluding
remarks are presented in section 4.

2. Notation and Preliminaries

Let 2= (z,,---,z,)", p = 4, be an observation from a
compound multinormal distribution with unknown
location parameter #(p>1) and mixture parameter
H( - ), where H( - ) represents a known c.d.f. defined
on the interval (0,00).

In other words, it is assumed that the random variable

X generating the observation « admits the
representation,
£ (X|Z=2)=N,0,21),Yz>0 2.1

Z being the positive random variable with c.d.f.
H(-).
Then we consider the problem of estimating 6 by
5(X) relative to the quadratic loss function
L(0,6(z)) = (6,(z) —0)* +-+(5,(z) —0)*
=(6(x)—0) (6(x) —0)= | 6(x) 0| *
with 60, ={6=R” | [6—61=X, 0< A <co},

— D
where 0= %Zeg =(1,--,1)" and the decision rule
i=1
&, 68°( - ) : R RP, is of the form
&’(X):F(1+(1—% (X-X1), cER
| X—x1]°
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Let another decision rule 6°, is of the truncated form

(X
}1+(17%)(X7}1), if |x-x1l <,
_{ | = x|
F(X)

otherwise ,

where ¢, and r are positive constants. For a fixed r, it
will be found that ¢, =c¢,(r) in the sense of which
constructed an improved estimator for a normal variance.
Restated in terms of the family of probability functions
of X, the distributional assumption given by expression
(2.1) and the restriction on the location parameter 6
indicate that the p.d.f. of X is

po(m) =/0m(27rz)”/Qexp(%)dH(z) 2.2)

zER? and €6,. It will be also assumed that
E(Z) < oo which will guarantee the existence of the

=FE(Z)1I, and the
mean vector £(X) =6. The performance of the
estimator ¢, will be measured by its risk function

covariance matrix ¥ ,= Cov(X)

R(0.6") = E,[L(6, 5" (X)] =

B (X —0) ("(X)—0)], o6,

3. Optimal Estimation with Truncated Type
When the Norm [|#— 61| is Known.

In this section, the best estimation is derived within
o, = {5: RP—>R?16(X) = 6"(X) }, where

5(X)
B )71+(1—“%L)(X X1), if | X-X1] %<7,
= I x—x1]°*

5 (X), otherwise

where ¢ and ¢, are in /2 and the parameter space is of the

form
6, ={6, =0=R"|l9—01l=7}, A= 0.
If ¢, =c, the class &7, is coincided with the type of

Back(2000) and Baek and Lee(2005) as a special case.
The following lemmas will prove useful in the

J. Chosun Natural Sci., Vol. 6, No. 4, 2013

evaluation of the risk function of the decision rule 4%,
o ER.

Lemma 3.1. Let X be a random multinormal vector
N,(0,1), p=4 and =R" and I( - ) denote the
indicator function. Then

1

. __ 2 r
(1)1;;,[—()(_}1),()(_}1) Ilx—x1P < )]

1

L . . b
where L is Poisson random variable with mean - and

-

L(a)= / g,(x)dx for a central chi square density
0

g, (x) with degrees of freedom .

Proof. Using the similar calculation by Bock(1975)
and Kim et al.(1995), this lemma can be proved.

Lemma 3.2. Let X be a compound multinormal vector
with location parameter 6, p >4 and = R”, and
known mixture parameter H( - ) with p.d.f. of the form
given in (2.2). Then with [9— 61/ = A

@) Ea[ 1(1x-X1P < r)}

1
(X— x1)' (X~ X1)

_/0 [p+2L 3]’ (p+2L_3)] dIi(Z)

X-0) (X- X1) =
(i) £ [ml(\\X X1l Sr)}
=, b

I (p+2L 3)]dH(z)

where L is Poisson random variable with mean \%/2z
and [ / g,(z)dx for a central chi square

densrfy g,,(x) with degrees of freedom « .
Proof. (1) Using both the representation given in
(2.1) and part (i) of Lemma 3.1, the following
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expression can be obtained,;

1

Eglml(\w— X1 < r)j

:EZ{ZﬂE”W (x- )71)'Z(X— X1) (HX ZXIHZ* 7)”

dH(z)

® 1
— L —
/U E [p+2L—3]§(p+2L 3)}

(i1) Again, combining the representation given in
(2.1) and part (ii) of Lemma 3.2, the following
expression can be obtained,

(X—6) (Xx— X1)

E,{(X_ S0 (X XD I(lx— x1I? < r)j

(%)(X )71) llx— XlH2
Syt

Elea
S

I, (p—1+2L)—

— Xz
= B4 E&

_ 2 Xz _ <L)
EXE|1 =7

](HX X1

:/WEL
0

2L

Assume that the function
f,(+ 5+ ):[0,00)—(0,00) is defined by the relation
f,(\2)

Mo\l
*g( )\Z) . pr2-3 v

:f} ! /z — 2+21—3dv
Zilp+2-3)J, '(M)Q%
2

Then the main result of this section now follows.

Theorem 3.3. Let = be a single observation from a
p-dimensional location parameter with p.d.f. of the form
given by (2.2). Under the assumptions §<6,, p > 4
and E[Z] < oo, the unique best estimator within the class

<, is given by 6" where

f f,(\z2)dH(z)
/ fy )
) /;EL(W@)d,,(Z>

) G.1)

/mf,,(m) dH (=
0

Proof. It can be shown that for a fixed r, the risk
function of d, (X) is minimized at

E[% Hx-T1P <)
o LX) (- x1)
C =6 = 1 _
E| — — (| xX—x1? <r
[(Xle),( SHx = )}
By Lemma 3.2
cl* =

meEL [1. (p—

T
z

S 1
L
/0 E [7p+2L 31,( p+2L—3)

2L
1+20)———+—=1, (p+2L— H
=gl 29| a)

} dH(z)

Since I(a+2)=—
can be proved.

29,49(r) + 1 (), this theorem

Example 3.1. For X~ N(6,0°L), p=4,
(ie. H(z)= 1(02’00)(2) with 1,(-) being the
indicator function of the set A4); it can be deduced from
Theorem 3.1 that

N PWEIY
S [j(Ag gl
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we can show that and the best estimator
2 — 2 —
e (xj—(l—L?’)“Q)(X—Xl) within &
[x— X1l

(See Merchand and Giri(1993)) is improved by &," (X)
in &7, which is shown in Kubokawa(1991).

4. Conclusions

The main result of this paper can be extended to the
case where the mean 6 in restricted to a known interval
[A; A,] case;

o) ={9=r! l6-011 €A, 7\],0< ) <\, < oo},

Also, It can be considered another estimator

5/ (ep,r’sr)
- (31(7',) ) - — .
X1+(1- ————|(x-X1), ifllx_T%1l2%<,
I x-x1l° AL =
“NVxefio—a Ny SUE
X1+|(1 TSk X=XV, < lx-x1l" <
5 s otherwise

We can show that 4,"(c,,7’,r) dominate & by
Kubokawa(1991) and Park and Baek(2011). Futhermore,
it is possible to be derived the convergent form, which is
left a further research.
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