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Abstract—A new efficient analytical eye-diagram 

determination technique for coupled interconnect 

lines is presented. Two coupled lines are decoupled 

into isolated eigen modes; bit blocks for coupled lines, 

which are defined as a block of consecutive bits, are 

then represented with decoupled modes. The crosstalk 

effects within the bit blocks are taken into account. 

Thereby, the crucial input bit patterns for the worst 

case eye-diagram determination are modeled 

mathematically, including inter-symbol interference 

(ISI). The proposed technique shows excellent 

agreement with the SPICE-based simulation. 

Furthermore, it is very computation-time-efficient in 

the order of magnitude, compared with the SPICE 

simulation, which requires numerous pseudo-random 

bit sequence (PRBS) input signals.   

 

Index Terms—Eye-diagram, jitter, transmission line, 

inter-symbol interference (ISI), signal integrity   

I. INTRODUCTION 

In high-speed digital systems, signal integrity 

exacerbation due to interconnect lines significantly limits 

circuit performance [1-9]. Thus, the signal integrity 

verification of interconnect lines has become an integral 

part of the system design. 

An eye-diagram is a helpful metric for intuitively and 

quickly assessing the performance quality of digital 

signals [10, 11]. The performance of interconnect lines 

can be easily estimated based on jitter and eye opening 

that can be readily determined from the eye-diagram. 

Since accurate eye-diagram determination requires a 

huge amount of computation time, many efficient eye-

pattern determination techniques have been developed 

[12-27].  

Among them, the peak distortion analysis (PDA) 

method [12] can determine the eye-diagram efficiently 

and accurately for symmetrically switching linear circuits. 

For asymmetrically switching linear circuits, the double 

edge rate (DER) method [14] can determine the eye-

diagram accurately. However it is noteworthy that both 

PDA and DER method are not accurate enough to be 

employed for non-linear driver circuit model. In addition, 

unlike in isolated transmission lines, electromagnetic 

coupling between lines has a considerable effect on the 

signal integrity deterioration in coupled lines. In practice, 

each line has virtually random bit streams. Thus, the 

accurate eye-diagram determination of coupled lines 

requires much more computation time than that of single 

isolated lines since many PRBS signals have to be 

applied to both lines. 

This paper presents an efficient signal integrity 

verification method for two coupled lines using 

analytical eye-diagram determination. For the sake of the 

analytical eye-diagram determination, coupled lines are 

first decoupled into eigen modes using the modal 

decoupling technique, thus allowing the coupled lines to 

be treated as isolated lines. However, for coupled lines, 

other effects due to crosstalk and switching within bit 
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blocks have to be taken into account. The overview of 

the coupled line analysis for eye-diagram determination 

is shown schematically in Fig. 1. The computation time 

of the proposed technique is comparable with the PDA 

technique [12]. 

In this study, we first determine essential basic modes 

by decoupling the two coupled lines. Necessary input test 

patterns for coupled line eye-diagram determination are 

then formulated mathematically. Next, further 

considerations for model accuracy improvement are 

discussed, and the accuracy and efficiency of the 

proposed technique are verified. Finally, the paper is 

summarized and concluded. 

II. COUPLED LINE ANALYSIS USING MODAL 

DECOUPLING 

In a single isolated line, the simplest input signal 

model for the determination of ISIs can be formulated 

mathematically with only three constituents. Unlike the 

single isolated line, however, additional effects have to 

be taken into account for coupled lines. In practice, since 

coupling effects are too complicated to be treated directly, 

coupled signals are usually decoupled for analytical 

modeling of the signal transients. The two coupled lines 

shown in Fig. 2 have two eigen modes (even and odd 

mode for two identical lines). The signal transients of 

each line can be represented as a linear combination of 

each eigen mode, allowing them to be treated as a single 

isolated line [28]. 

An arbitrary n -bit stream ( X ) can be represented by 

a sequence of bits: 

 

 1 2 1 1 1i i i n n
X x x x x x x x− + −= ⋯ ⋯     (1) 

 

where { }0,  1
i
x ∈ . Defining a part of this consecutive bit 

set as a bit block, the bit stream X  can be represented 

with bit blocks as shown below 

 

 ( )( )( )1 2 3 4 1 1 1 1 2 3i i i n n
X x x x x x x x x x B B B− + −= =⋯ ⋯    

  (2) 

 

where the three bit blocks are 1 1 2 3
,B x x x=  

2 4 1i i
B x x x−= ⋯ , 3 1 1i n n

B x x x+ −= ⋯  respectively. For the 

bit blocks, the coupled lines can then be decoupled into 

three basic bit pattern combinations, as summarized in 

Table 1. Regarding a bit block as a lumped signal, like a 

single bit, the bit blocks have three types of switching 

patterns: i) a quiet state in which all the bits are in a quiet 

state, ii) a switching state in which at least one bit within 

a bit block is switching, and iii) the same switching 

pattern as ii) but with exactly reversed bit polarities that 

are common in differential signaling. Respective bit 

patterns for the bit blocks are represented with an arrow 

symbol; ( )0,  ,  ↑ ↓ =(quiet, positive switching pattern, 

negative switching pattern). Since all of the bit blocks 

can be represented with the three basic modes (i.e., 

, , 0↑↑ ↑↓ ↑ ), the modal decoupling technique can be 

exploited. However, since coupling due to the presence 

of different switching bits between lines within a bit 

block cannot be adequately treated only with the modal 

decoupling technique, additional coupling mechanisms 

have to be considered. 

 

 

  Coupled Line Analysis

 Basic Modes  X Talk Effects−within Bit Blocks
Switching Effects Accuracy Improve

3 Test Patterns

Yes

6 Test Patterns

3 Test Patterns

2 Test Patterns

'  don t care

 Modal Decoupling

3 Test Patterns

8 Test Patterns
  for overdriven line

2 Test Patterns
  for underdriven line

3 Test Patterns
  for overdriven line

Reduction No Reduction

Reduction 

Reduction 

5Required 1  Essential Test Patterns

over
 driven ?

No Yes

over
 driven ?

No M
a
n
d
a
to
ry

3 Test Patterns
 

Fig. 1. Overview of coupled line analysis. 

 

 

Fig. 2. Coupled lines. 
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III. INPUT TEST PATTERNS IN A SINGLE LINE 

In a single transmission line, if following two 

inequalities are satisfied, 

 

 O S
Z Z>  and 

( )

( )

S L O S DC

L

O L O S DC

Z Z Z Z R

Z Z Z Z R

− +
Γ >

+ +
    (3) 

 

a line is defined as an over-driven line since its output 

signal transient may have a multi-tonic wave-shape. 

Otherwise, the line is defined as an under-driven line 

[27]. The parameters O
Z , S

Z , L
Z , L

Γ , and DC
R  are 

line characteristic impedance, source impedance, load 

impedance, reflection coefficient at the load, and dc 

resistance, respectively. Note that if a pulsed signal is 

transmitted through a transmission line, its original pulse 

shape is deformed due to various undesirable effects such 

as loss, dispersion, and reflection, etc. Typically, its pulse 

width is lengthened and its tail is dragged with sporadic 

ripple signals as shown in Fig. 3. Eye-diagrams can be 

readily determined with a few specific scenarios that may 

build-up eye-diagram boundaries. Thus, the simplest 

input signal model is characterized with three variables 

(i.e., A
t , B

t , and C
t , where A

t , B
t , and C

t  are the 

previous signal pulse width, the time interval between the 

previous and present signal, and the present signal pulse 

width, respectively). For an input signal with a pulse 

width ( W
t ), the output signal can be mathematically 

formulated with two signal components (i.e., output 

signal without tail and output signal tail) as 

 

 ( ) ( ) ( )
o
v t f t g t= +     (4) 

 

where 

 

 ( ) ( ) ( )( )( )
o f f w

f t v t u t t u t t t ≡ − − − +
      (5) 

 ( ) ( )( )( )
o f w

g t v t u t t t≡ ⋅ − +     (6) 

 

where ( )g t  can be considered a tail signal (see the right 

side of Fig. 3) and f
t  is the time of flight. Regarding an 

input signal wave-shape as a simple square pulse, the 

previous signal can be formulated as 

 

 ( ) ( )( ) ( )in A DD Av t V u t u t t = − −      (7) 

 ( ) ( )( ) ( ) ( )
( )

o A o A o A
v t f t g t= +     (8) 

 

where 

 

 
( ) ( ) ( )( )
( ) ( )( )

( ) ( )

( ) ( )

( )

( )                   

o A o A f f A

o A o A f A

f t v t u t t u t t t

g t v t u t t t

  ≡ − − − +  

 ≡ ⋅ − +


  (9) 

 

and the subscript “ A ” indicates the previous signal. 

Similarly, the present signal can be formulated as 

Table 1. Combinations of bit blocks of two lines. Gray colored 

rows (3 rows) in X are basic modes, and Y is an additional 

mode. “ վ ” indicates that the switching is arbitrary. The angle 

brackets “ ⋅ ” indicate a bit block 

bit blocks 
(<line1>,<line2>) 

line of 
interest 

Description 
of status 

Fundamental 
modes? 

effectively 
single ? 

( )0 ,   0  nothing trivial (no) (yes) 

( )0 ,  ↑  line_1,2 
line_1 
victim 

(yes) (yes) 

( )0 ,  ↓  nothing ( )0 ,  ↑

 

(no) (yes) 

( ),   0↑  nothing ( )0 ,  ↑

 

(no) (yes) 

( ),  ↑ ↑  line_1 even mode (yes) (yes) 

( ),  ↑ ↓  both lines odd mode (yes) (yes) 

( ),   0↓  nothing ( )0 ,  ↓

 

(no) (yes) 

( ),  ↓ ↑  nothing ( ),  ↑ ↓

 

(no) (yes) 

X 

( ),  ↓ ↓  nothing ( ),  ↑ ↑

 

(no) (yes) 

Y ( ),  ↑ վ  
coupling within a bit 

block 
(yes) 

Need 
waveform 

approx. 

 

 

 

Fig. 3. Transmitted signal deformation. 
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 ( )( ) ( )( )( )
( )

in C DD A B A B C
v t V u t t t u t t t t = − + − − + +   

  (10) 

 ( ) ( )( ) ( ) ( )
( )

o C o C o C
v t f t g t= +    (11) 

 

where 

 

 

( ) ( )( )
( )( )

( ) ( )( )

( ) ( )

( ) ( )

( )

( )

o C o C f A B

f A B C

o C o C f A B C

f t v t u t t t t

u t t t t t

g t v t u t t t t t

 ≡ − + +
 
 − − + + + 
 ≡ ⋅ − + + +


 

                    (12) 

 

and the subscripts “ B ” and “ C ” indicate the time 

interval between signals and the present signal, 

respectively. Now that ISI between two neighboring 

signals can be paraphrased as the overlap between 

( )( )o A
g t  and ( )( )o C

f t , the most crucial input signal 

modeling is to determine the three variables (i.e., A
t , B

t , 

and C
t ). The parameter determination methods can be 

summarized in [27]. 

IV. INPUT TEST PATTERNS IN COUPLED LINES 

Input signal may be deteriorated during the 

propagation due to energy loss, reflection, and coupling, 

etc. Thus, the propagated signal at the receiving end is 

dispersed with a long tail signal. Particularly, the long tail 

signal may continue to interact with subsequent signals 

(symbols). The interaction that is called ISI has a 

considerable effect on the eye-closing. In order to take 

the ISI effect into account, as in a single line, the test 

input signals for the coupled lines are formulated with six 

model parameters (i.e., 
_line i

A
t , 

_line i

B
t , and 

_line i

C
t , where 

_line i

A
t , 

_line i

B
t , and 

_line i

C
t  are the previous signal pulse 

width, the time interval between the previous and present 

signal, and the present signal pulse width of the i-th line, 

respectively). Such generic formulation, however, 

requires many test input signals. Comparing the 

magnitude of the previous tail signals and the present 

signals that has no tail signal depending on switching 

condition, the number of the necessary test input signals 

can be reduced. This will be discussed in the ensuing 

subsections. 

 

 

1. Possible Switching Modes 

 

Since the ISI analyses for the over-driven line are 

different from those of the under-driven line, whether a 

line is over-driven or under-driven needs to be 

distinguished. Moreover, signal transients in coupled 

lines are strongly correlated with the characteristic 

impedances, which depend upon the input switching 

patterns.  

Assuming 1 2S S
Z Z=  and 1 2L L

Z Z= , either of the 

two categories can be readily discriminated as in a 

single isolated line. In the i-th line, if Li
Γ <  

[ ] [ ]( ) ( )
Si Li Oi Si DCi Oi Li Oi Si DCi
Z Z Z Z R Z Z Z Z R− + + + , the 

line is an under-driven line. Otherwise, the line is an 

over-driven line. Once the lines are decoupled, they can 

be considered two isolated lines. According to Theorem 

2 in [27], the worst case input signal model parameters 

for under-driven lines can then be determined as ( 0
A
t = , 

0
B
t = , and C bit

t t= ). Note that bit
t  indicates a single 

bit duration. In contrast, according to Theorem 3 in [27], 

the worst case input signal model parameters for over-

driven lines can be determined as ( 2
A f
t t= , 

2
B f C
t t t= − , and C bit

t t= ). Since the previous signals in 

under-driven lines have no effect on the present signal, 

ISI can be determined using only the three possible input 

switching patterns described in Table 2. In contrast, since 

the previous signal tails in over-driven lines may have a 

significant effect on the present signal, there are nine 

possible input switching patterns, as summarized in 

Table 3. Therefore, if coupling effects are not considered, 

total 12 independent input test patterns are required. 

The input signals can be formulated mathematically in 

a simple form using a unit step function. First, in the 

under-driven lines, the present signals can be represented 

using the unit step function. 

 

 

( )
( )

_1 _1 _1

( )

_1 _1 _1

_1 _1 _1

( ) ( )

( )

( 0, 0, )

line line line

in C DD A B

line line line

A B C

line line line

A B C bit

v t V u t t t

u t t t t

t t t t

= − +

− − + + 

∀ = = =

   (13) 

 

( )
( )

_ 2 _ 2 _ 2

( )

_ 2 _ 2 _ 2

_ 2 _ 2 _ 2

( ) ( )

( )

( 0, 0, )

line line line

in C DD A B

line line line

A B C

line line line

A B C bit

v t V u t t t

u t t t t

t t t t

= − +

− − + + 

∀ = = =

  (14) 

 

In over-driven lines, the previous signals (positive 

pulse signals) can be represented as 
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( ) ( )_1 _1 _1

( )
( ) ,  2

line line line

in A DD A A f
v t V u t u t t t t = − − ∀ =   

   (15) 

( ) ( )_ 2 _ 2 _ 2

( )
( ) ,  2

line line line

in A DD A A f
v t V u t u t t t t = − − ∀ =   

  (16) 

 

Assuming that the time duration of line_1 between the 

previous signal and present signal is 
_1line

B
t , the present 

signal can be represented as 

 

 

( )
( )

_1 _1 _1

( )

_1 _1 _1

_1 _1 _1

( ) ( )

( )

( 2 , )

line line line

in C DD A B

line line line

A B C

line line line

B f C C bit

v t V u t t t

u t t t t

t t t t t

= − +

− − + + 

∀ = − =

   (17) 

 

Similarly, the present signal in line_2 can be 

represented as 

 

 

( )
( )

_ 2 _ 2 _ 2

( )

_ 2 _ 2 _ 2

_ 2 _ 2 _ 2

( ) ( )

( )

( 2 , )

line line line

in C DD A B

line line line

A B C

line line line

B f C C bit

v t V u t t t

u t t t t

t t t t t

= − +

− − + + 

∀ = − =

  (18) 

 

2. Reduction of Input Test Patterns 

 

In coupled lines, without considering coupling effects, 

the minimum number of input test patterns for ISI 

determination is 12, as summarized in Tables 2 and 3. In 

reality, if signal transient modulations due to crosstalk 

and switching are taken into account, six additional input 

test patterns are required. Therefore, total 18 input test 

patterns are typically necessary for the eye-diagram 

determination of coupled lines. However, if the line 

characteristics and signal transient variations are 

scrutinized, the number of necessary input test patterns is 

reduced from 18 to 15. The input test pattern reduction 

theory can be summarized as in Theorems 1 and 2. 

Theorem 1: In two coupled over-driven lines, if the 

previous signal duration of line_1 is “
_1

2
line

A f
t t= ” and 

0
DC
R ≈ , the magnitude of the tail signal is reduced to its 

minimum value. The magnitudes for the three possible 

switching patterns are ordered as 

 

 

_1 _1 0

( ) ( )

_1 0

( )

min [ ( )] min [ ( )]

min [ ( )] ,

line line

o A o A

line

o A S L O O

g t g t

g t Z Z Z Z

↑↑ ↑

↑↓ ↑↑ ↑

   <   

 < ∀ > 

 (19) 

 

_1 _1 0

( ) ( )

_1 0

( )

min [ ( )] min [ ( )]

min [ ( )] ,

line line

o A o A

line

o A S L O O

g t g t

g t Z Z Z Z

↑↑ ↑

↑↓ ↑ ↑↓

   >   

 > ∀ < 

  (20) 

 

Proof: Without coupling, according to Theorem 3 in 

[27], when the previous signal duration in line_1 (which 

is assumed to be a lossless line) is 
_1

2
line

A f
t t= , the 

resulting value is 
_1

( )
min[ ( )]

line

o A
g t  in the time interval of 

(3 5 )
f f
t t t< < , which is 

 

_1

( )
( ) (1 ) , (3 5 )

line

o A int L L G f f
g t V PQ t t t= + Γ Γ Γ = ∀ < <  

  (21) 

 

where (1 )
int L

P V≡ +Γ  and L G
Q ≡ Γ Γ . 

Since “ 0

O O O
Z Z Z↑↑ ↑ ↑↓> > ”, the respective magnitudes 

of P  depending on switching condition have the 

relationship as below 

 

 0 0,
S L O O

P P Z Z Z Z↑↑ ↑ ↑↑ ↑> ∀ >    (22) 

 0 0,
S L O O

P P Z Z Z Z↑ ↑↓ ↑ ↑↓> ∀ >    (23) 

 0 0,
S L O O

P P Z Z Z Z↑↑ ↑ ↑↑ ↑< ∀ <    (24) 

 0 0,
S L O O

P P Z Z Z Z↑ ↑↓ ↑ ↑↓< ∀ <    (25) 

 

Further, since “ 0 0

O O O O
Z Z Z Z↑↑ ↑ ↑ ↑↓> ” (22)-(25) can be 

rearranged by 

 

 0 0,
S L O O

P P P Z Z Z Z↑↑ ↑ ↑↓ ↑↑ ↑> > ∀ >    (26) 

 0 0,
S L O O

P P P Z Z Z Z↑↑ ↑ ↑↓ ↑ ↑↓< < ∀ <    (27) 

Table 2. Input signals for under-driven lines 

Switching time 

Previous Present 
Case Input 

↑↑  U1 

 

0↑  U2 

 

No 
previous 

signal 

↑↓  U3 
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In an over-driven line, according to Theorem 3 in [27], 

0Q < . In this case, the magnitudes of Q  with 

switching conditions are 

 

 
0 0,

S L O O
Q Q Z Z Z Z↑↑ ↑ ↑↑ ↑> ∀ >    (28) 

 
0 0,

S L O O
Q Q Z Z Z Z↑ ↑↓ ↑ ↑↓> ∀ >    (29) 

 
0 0,

S L O O
Q Q Z Z Z Z↑↑ ↑ ↑↑ ↑< ∀ <    (30) 

 
0 0,

S L O O
Q Q Z Z Z Z↑ ↑↓ ↑ ↑↓< ∀ <    (31) 

 

As before, since “ 0 0

O O O O
Z Z Z Z↑↑ ↑ ↑ ↑↓> ”, (28)-(31) can be 

rearranged by 

 

 
0 0,

S L O O
Q Q Q Z Z Z Z↑↑ ↑ ↑↓ ↑↑ ↑> > ∀ >    (32) 

 
0 0,

S L O O
Q Q Q Z Z Z Z↑↑ ↑ ↑↓ ↑ ↑↓< < ∀ <    (33) 

Table 3. Input signals for over-driven lines 

Switching time 

Previous Present 
Case Input 

↑↑  O1 

 

0↑  O2 

 

↑↑  

↑↓  O3 

 

↑↑  O4 

 

0↑  O5 

 

0↑  

↑↓  O6 

 

↑↑  O7 

 

0↑  O8 

 

↑↓  

↑↓  O9 
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Thus,  

 

 [ ] [ ] [ ]0 0
, S L O OPQ PQ PQ Z Z Z Z

↑↑ ↑ ↑↓ ↑↑ ↑> > ∀ >   

  (34) 

 [ ] [ ] [ ]0 0
, S L O OPQ PQ PQ Z Z Z Z

↑↑ ↑ ↑↓ ↑ ↑↓< < ∀ <   

  (35) 

 

Therefore (19) and (20) are valid.               ■ 

 

Theorem 2: In two coupled lines, if the present signal 

duration of line_1 is “
_1line

C bit
t t= ” at a given bit rate, the 

magnitude of the present signal becomes the minimum 

peak value. The magnitudes of the three possible 

switching patterns are ordered as 

 

 

_1 _1 0

( ) ( )

_1 0

( )

max [ ( )] max [ ( )]

max [ ( )] ,

line line

o C o C

line

o C S L O O

f t f t

f t Z Z Z Z

↑↑ ↑

↑↓ ↑↑ ↑

   >   

 > ∀ > 

  (36) 

 

_1 _1 0

( ) ( )

_1 0

( )

max [ ( )] max [ ( )]

max [ ( )] ,

line line

o C o C

line

o C S L O O

f t f t

f t Z Z Z Z

↑↑ ↑

↑↓ ↑ ↑↓

   <   

 < ∀ < 

  (37) 

 

Proof: Assuming a signal that switches toward a 

logical high state from a logical low state, since the 

signal requires a finite transient time, a short pulse 

duration may not reach a steady state value. Thus, the 

worst case bit duration occurs for a single bit at a given 

bit rate. Without coupling, when the present signal 

duration in line_1 (which is assumed to be a lossless line) 

is 
_1line

C bit
t t= , the resulting value is the minimum peak 

value: 

 

 
_1

( )
max[ ( )] (1 )

line

o C int L
f t V P= + Γ =    (38) 

 

According to Theorem 1, the magnitude of this value 

under switching conditions is 

 

 0 0,
S L O O

P P P Z Z Z Z↑↑ ↑ ↑↓ ↑↑ ↑> > ∀ >    (39) 

 0 0,
S L O O

P P P Z Z Z Z↑↑ ↑ ↑↓ ↑ ↑↓< < ∀ <    (40) 

 

Therefore (36) and (37) are valid.               ■ 

 

In under-driven lines, the minimum eye-heights 

become 

 
_1 0

1 ( )
max [ ( )] ,upper line

U o C S L O O
V f t Z Z Z Z↑↑ ↑ ↑↓ = ∀ <   (41) 

 
_1 0

3 ( )
max [ ( )] ,upper line

U o C S L O O
V f t Z Z Z Z↑↓ ↑↑ ↑ = ∀ >   (42) 

 

where the superscript “upper” implies the upper bound of 

the eye-height and the subscript Ui indicates the case-i of 

the under-driven lines (see Table 2). 

In over-driven lines, the eye-height is strongly 

correlated with the previous input signal switching 

patterns. When the previous input switching patterns are 

“↑↑ ”, the eye-height boundaries are 

 

 

_1 _1

1 ( ) ( )

0

min [ ( )] max [ ( )]upper line line

O o A o C

S L O O

V g t f t

Z Z Z Z

↑↑ ↑↑

↑ ↑↓

   = +   

∀ <
  

  (43) 

 

2 3

_1 _1 0

( ) ( )

0

min [ ( )] max [ ( )]

upper upper

O O

line line

o A o C

S L O O

V V

g t f t

Z Z Z Z

↑↑ ↑

↑↑ ↑

=

   = +   

∀ >

  

   (44) 

 

where the subscript Oi indicates the case-i of the over-

driven lines (see Table 3). In contrast, when the previous 

input switching pattern is in the “ 0↑ ” switching mode, 

the eye-height boundaries are 

 

 

_1 0 _1

4 ( ) ( )

0

min [ ( )] max [ ( )]upper line line

O o A o C

S L O O

V g t f t

Z Z Z Z

↑ ↑↑

↑ ↑↓

   = +   

∀ <
  

  (45) 

 

_1 0 _1

6 ( ) ( )

0

min [ ( )] max [ ( )]upper line line

O o A o C

S L O O

V g t f t

Z Z Z Z

↑ ↑↓

↑↑ ↑

   = +   

∀ >
  

  (46) 

 

Similarly, when the previous input switching pattern is in 

the “↑↓ ” switching mode, the eye-height boundaries are 

 

 

7 8

_1 _1 0

( ) ( )

0

min [ ( )] max [ ( )]

upper upper

O O

line line

o A o C

S L O O

V V

g t f t

Z Z Z Z

↑↓ ↑

↑ ↑↓

=

   = +   

∀ <

  

  (47) 

 

_1 _1

9 ( ) ( )

0

min [ ( )] max [ ( )]upper line line

O o A o C

S L O O

V g t f t

Z Z Z Z

↑↓ ↑↓

↑↑ ↑

   = +   

∀ >
  

   (48) 
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Note that, according to Theorem 1, 

 

 

_1 _1 0

( ) ( )

0

min [ ( )] min [ ( )]line line

o A o A

S L O O

g t g t

Z Z Z Z

↑↑ ↑

↑ ↑↓

   >   

∀ <
   (49) 

 

_1 _1 0

( ) ( )

0

min [ ( )] min [ ( )]line line

o A o A

S L O O

g t g t

Z Z Z Z

↑↓ ↑

↑↑ ↑

   >   

∀ >
    (50) 

 

Thus, since 

 

 0

1 4
,upper upper

O O S L O O
V V Z Z Z Z↑ ↑↓> ∀ <      (51) 

 0

9 6
,upper upper

O O S L O O
V V Z Z Z Z↑↑ ↑> ∀ >       (52) 

 

the O1 and O9 input patterns can be neglected. 

In summary, the eye-height upper bound for under-

driven lines can be determined using only the response 

wave-shapes of the U1 and U3 input patterns. In contrast, 

it is unknown whether any of the six input test patterns is 

the worst case for over-driven lines. Thus, the eye-height 

upper bound for the over-driven lines can be determined 

using the response wave-shapes of the six input test 

patterns (i.e., 2

upper

O
V , 3

upper

O
V , 4

upper

O
V , 6

upper

O
V , 7

upper

O
V , 

and 8

upper

O
V ). Therefore, if the coupling effects are put 

aside, 8 input test patterns are sufficient to determine the 

eye-diagram of the coupled lines. However, as mentioned 

previously, additional effects that modulate the transient 

signal have to be taken into account. 

 

3. Wave-Shape Distortion due to Coupling 

 

In coupled lines, electromagnetic coupling between the 

lines (i.e., crosstalk) considerably distorts the signal 

transient wave-shapes. Note that the eye-height upper 

bound may be formed when the crosstalk signal due to 

the previous input switching is added to the present input 

signal. Thus, the coupling effects also have to be taken 

into account for accurate eye-diagram determination. As 

shown in Fig. 4, regardless of the line characteristics 

(under-driven or over-driven), if a negative input step 

pulse is applied to line_2, the absolute magnitude of the 

far-end crosstalk (FEXT) signal becomes a maximum in 

the time interval 3
f f
t t t< <  [29]. Since the crosstalk 

signal is generally a monotonically decreasing wave-

shape in the time interval, it is assumed that 
_1min[ ( )]line

o
v t  occurs at 3

f
t
−
. The eye-height upper 

bound occurs when the present input signal is aggravated 

by the maximum crosstalk signal due to the previous 

input switching patterns. Furthermore, since the present 

signal always has the minimum value when its bit 

duration is 1 bit at a given bit rate, the input signal model 

parameters of line_1 for the eye-height upper bound due 

to the crosstalk are 
_1 0line

A
t = , 

_1 02line

B f bit
t t t↑= − , and 

_1line

C bit
t t= . 

There are three possible present input signal switching 
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Fig. 4. Far-end coupling due to negative step input (FEXT). 

Lossless line, 
1LZ =

2LZ =∞ , and line length=5 cm. 

 

Table 4. Additional input signal due to crosstalk 

Switching Time 

Previous Present 
Case Input 

↑↑  
A1 

 

0↑  
A2 

 

Negative step  

input of  

line_2 

↑↓  
A3 
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patterns. The input signals for respective switching 

patterns are summarized in Table 4. Note that either the 

case A2 or the case A3 may produce the eye-height 

boundary. The wave-shape can be formulated as 

 

 
2 3

_1 _1 0

( )min[ ( )] max [ ( )]

upper upper

A A

line line

o o C

V V

v t f t
↑

=

 = +  
   (53) 

 

In summary, two additional input test patterns are 

necessary in order to account for the crosstalk effects. 

V. ACCURACY IMPROVEMENT IN THE MODEL 

1. Accuracy Improvement for Eye-Height and Jitter 

 

In the over-driven lines, the eye-height upper bound 

and jitter are modulated due to crosstalk. An example is 

shown in Fig. 5(a). Thus, for more accurate eye-diagram 

determination, this modulation effect has to be taken into 

account. The eye-diagram considering the signal 

transient modulation effect can be determined with the 

following input switching patterns: 

 

 

_1

_ 2

( ) ( ) ( 4 )

( ) ( ) ( 2 )

line

in DD f

line

in DD f

v t V u t u t t

v t V u t u t t

↑↑

↑↑

  = − −  


 = − −  

    (54) 

 

_1

_ 2

( ) ( ) ( 4 )

( ) ( ) ( 2 ) ( 4 )

line

in DD f

line

in DD f f

v t V u t u t t

v t V u t u t t u t t

↑↑

↑↑ ↑↑

  = − −  


 = − − + −  

   

  (55) 

 

Furthermore, as shown in Fig. 6(a), if 

0

S L O O
Z Z Z Z↑↑ ↑> , the edge rate of the even mode 

switching is greater than that of the odd mode switching. 

The fastest rising edge signal that arrives at th
v  is either 

the even mode switching or the odd mode switching, 

whereas the fastest falling edge signal that arrives at th
v  

is the odd mode switching signal. In over-driven lines, if 

0

S L O O
Z Z Z Z↑↑ ↑> , the output signal magnitude for a bit 

input signal is greater in even mode switching than in 

odd mode switching. In this case, according to Theorem 

1, the maximum tail signal occurs with even mode 

switching. Thus, for more accurate jitter estimation, 

additional input test signals in which the previous signal 

is in even mode and the present signal is in even or odd 

mode have to be taken into account. A switching pattern 

in which the previous and present signals are in even 

mode switching is described in the case O1 of Table 3. 

Switching in which the previous signal is in even mode 

and the present signal is in odd mode is described in the 

case O3 of Table 3. 
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(b) 

Fig. 5. Additional bit stream for over-driven lines. The worst 

eye-height occurs near oblique lines. 
1S

Z =
2S

Z = 50Ω , 

1L
C =

2L
C = 0.5 pF , and line length=1 cm (a) Coupling effects 

due to line_2, (b) Signal transient. 
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(b) 

Fig. 6. Switching-mode-dependent output signal magnitudes for 

a bit input signal. 
1SZ =

2SZ = 50Ω  and line length=5 cm 

(a)
S L
Z Z > 0

O O
Z Z↑↑ ↑  and 

1LZ =
2LZ = ∞ , (b)

S L
Z Z < 0

O O
Z Z↑ ↑↓  

and 
1LZ =

2LZ = 20Ω . 
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Thus, either of the two lines has a spurious bit signal 

between the previous signal and present signal. If this is 

not the case, the odd mode present signal cannot be 

generated. In other words, there exists an additional 10 

(or 01) switching pattern between the previous even 

mode switching and the present odd mode switching. 

Thus, in this switching case, before the present signal 

switches to the odd mode, signal coupling due to the 

additional 10 (or 01) switching pattern between the 

previous and present switching patterns has an effect on 

the present signal switching. Moreover, as shown in Fig. 

6(a), the falling edge jitter is affected by the odd mode 

switching that arrives at th
v  earlier. In this case, the 

falling edge jitter can be determined more accurately 

using the following input signals: 

 

 

_1

_ 2

( ) ( ) ( 2 ) ( 4 )

( 4 )

( ) ( ) ( 2 ) ( 4 )

line

in DD f f bit

f

line

in DD f f

v t V u t u t t u t t t

u t t

v t V u t u t t u t t

↑↑ ↑↑

↑↑

↑↑ ↑↑

 = − − + − −
 − − 


  = − − + − 

 

  (56) 

 

In the over-driven line, if 0

S L O O
Z Z Z Z↑ ↑↓< , the output 

signal magnitude for a bit input signal is larger in odd 

mode switching than in even mode switching, as shown 

in Fig. 6(b). In this case, according to Theorem 1, the 

maximum tail signal occurs with odd mode switching. 

Thus, for more accurate jitter estimation, additional input 

test signals in which the previous signal is odd mode and 

the present signal is even or odd mode have to be taken 

into account. The case O7 describes a switching pattern 

in which the previous signal is in odd mode and the 

present signal is in even mode. The case O9 describes a 

switching pattern in which both the present and previous 

signals are in odd mode. These two cases also have to be 

taken into account. 

In summary, not only the new switching patterns 

defined in (54), (55), and (56) but also the cases O1 and 

O9 have to be taken into account for more accurate jitter 

determination. 

 

2. Bit Conversion 

 

Now that the input test patterns are formulated in 

terms of flight time (analog information), they need to be 

adjusted to be a practical input signals. Input switching 

patterns for eye-diagram determination are formulated 

using the time of flight (i.e., f
t ). Since f

t  is a function 

of the input switching pattern, the values for each pattern 

are represented as follows: 

 

 
11 12 11

11 12 11

( )

( )( )

f

L

t L L C

L L C C

↑↑ = +

≈ + +
   (57) 

 
11 12 11 12

11 12 11 12

( )( 2 )

( )( 2 )

f

L

t L L C C

L L C C C

↑↓ = − +

≈ − + +
   (58) 

 

0

11 11 12

11 11 12

( )

( )

f

L

t L C C

L C C C

↑ ≈ +

≈ + +
   (59) 

 

where 11
L , 12

L , 11
C , 12

C , and L
C  are self inductance, 

mutual inductance, self capacitance, mutual capacitance, 

and load capacitance, respectively. Now that f
t  has to 

be represented in terms of the number of bit, it is 

converted according to the following rule: 

_[ ] 1, , {1,2}line i j

x
I t i j≥ ∀ ∈ . 

The 
_line i

x
t  indicates the one of the 3 time duration of 

the i-th line (i.e., 
_line i

A
t , 

_line i

B
t , and 

_line i

C
t ). The 

superscript indicates “upper bound (j=1) or lower bound 

(j=2)”. 

 

3. General Input Signal Model with Multiple 

Interferences 

 

Up to now, only one previous signal has been 

considered in the simplest input signal model for ISI. 

However, for more general input signal model for ISI, 

multiple bit patterns have to be taken into account. In 

order to simplify the problem, since it is the same 

technique as that used for the single isolated line [27], we 

consider a scenario in which two previous signals have 

an effect on the present signal. The input signal with two 

previous signals can be schematically described as shown 

in Fig. 7. Nomenclatures for the input signal model 

parameters are defined as follows. 

A
t  : Time duration for previous signal#1 

B
t  : Time interval between two previous signals 

C
t  : Time duration for previous signal#2 

D
t  : Time interval between previous signal#2 and 
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present signal 

E
t  : Time duration for present signal. 

Note, Theorem 3 in [27] can be applied to the 

interaction between the present bit and the previous 

signal#2. Thus, the model parameters except for A
t  and 

B
t  can be determined as 

 

 ( )2 , 2 ,C f D f E E bitt t t t t t t= = − =    (60) 

 

Since the maximum tail signal occurs after 2 f
t , 

2
A f
t t= . Thus the input signal for the first previous 

signal and its output signal are 

 

 ( ) ( )( ) ( ) , 2in A DD A A fv t V u t u t t t t = − − ∀ =     (61) 

 ( ) ( )
( ) ( )* ( )

o A in A
v t h t v t=           (62) 

 

In order for ( )
( )

o A
v t  to be ( )

min[ ( )]
o A
v t , B

t  has to 

be determined. With only one previous signal, the 

minimum value of the tail signal of the previous signal#1 

exists in the time interval of 3 5
f f
t t t< < . However, in 

the input signal with two previous signals, since the 

previous signal#2 (which has the bit duration 2
C f
t t= ) 

follows the previous signal#1 after B
t , the present signal 

exists in the time interval 7 9
f f
t t t< < . Thus, B

t  has to 

be 2
f
t  (i.e., 2

B f
t t= ). In summary, the model 

parameters for the input signal model with two previous 

signals are ( 2
A f
t t= , 2

B f
t t= , 2

C f
t t= , 2

D f E
t t t= − , 

and E bit
t t= ). 

Note, the input signal model with the two previous 

signals can be readily generalized with minor 

modification for the n-input signal model of coupled 

lines. In this work, we employed 2-previous signal model 

which is considered accurate enough in most cases. 

VI. VERIFICATION OF THE PROPOSED 

TECHNIQUE 

In order to verify the efficiency and accuracy of the 

proposed technique, a test transmission line circuit as 

shown in Fig. 2 is evaluated using both PRBS-based 

SPICE simulation and the proposed technique [30, 31]. 

The circuit model parameters are 1 2
100

S S
Z Z= = Ω  for 

under driven lines and 1 2
50

S S
Z Z= = Ω  for over driven 

lines. The SPICE W-element model parameters of the 

transmission line are 

 

0.23148 0.015964

0.015964 0.23148
DCR

cm

  Ω
=  

 
  

36.564 5.4927

5.4927 36.564
SR

cm Hz

µ  Ω
=  

 
  

3.7595 1.227

1.227 3.7595

nH
L

cm

 
=  

 
  

1.1941 0.36109

0.36109 1.1941

pF
C

cm

− 
=  − 

  

 

Two distinct PRBS input signals are generated with a 

16-stage linear feedback shift register (LFSR) composed 

of [16, 13, 9, 6] and [16, 10, 7, 4] feedback taps. 

The eye-height and jitter for under-driven (see Fig. 8) 

and over-driven lines (see Fig. 9) using the proposed 

technique are compared with those of the PRBS-based 

SPICE simulation. As shown in Fig. 8, the eye-height 

and jitter for the under-driven lines have good agreement 

with each other since the SPICE simulation using the 

PRBS-based input signals includes the eye-boundaries in 

which the proposed technique generates. However, the 

jitter for the over-driven lines using SPICE simulation 

shows a discrepancy with that using the proposed 

technique because PRBS-based input signals still do not 

cover all of the possible input patterns of the proposed 

method, although large numbers of PRBS signals are 

employed.  

The simulation results for the linear coupled lines of 

Fig. 2 are summarized in Table 5. The circuit model 

parameters are 1S
Z = 2S

Z = 50Ω , 1L
C = 2L

C = 0.5 pF , 

rise
t = fall

t = 50 ps , and the bit rate of input signals is 5 

Gb/s. The length of the transmission line is assumed as 5 

cm long line and W-element model is employed for the 

 

Fig. 7. Input signal model with two previous signals for a single 

line. 
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circuit simulation. As shown in Table 5, if the number of 

the random vectors increases, SPICE simulation shows 

much better agreement with the proposed technique. As 

shown in Table 5, the proposed technique shows the 

similar accuracy as the PDA in the linear circuits. 

However, in the non-linear circuit (see Fig. 10), as shown 

in Table 6, the eye-height using PDA is too pessimistic 

while the jitter is too optimistic. In contrast, both the eye-

height and jitter using the proposed technique show good 

agreement with SPICE simulation using PRBS input 

signals. Note that the circuit model parameters except for 

the input drivers are the same as in the linear circuit. 

The proposed technique was implemented with 

MATLAB 9.0 in a PC that uses a 2.4 GHz Intel Core2 

Quad CPU Q6600 with 4 GByte DDR2 RAM. In order to 

achieve reasonable accuracy using the PRBS-based 

SPICE simulation, 5×104 PRBSs were applied to both 

lines. Note that, in general, since the PRBS-based SPICE 

simulation requires excessive computation time even in a 

single line, it is considered impractical for coupled lines. 

However, the biggest problem of the PRBS-based SPICE 

simulation for coupled lines is that the worst case bit 

stream cannot be guaranteed even if the number of 

PRBSs is increased. Therefore, the proposed technique is 

considered useful for practical applications. 

VII. CONCLUSIONS 

In high-speed integrated circuits and systems, the 

inter-symbol interference noise due to interconnect lines 

between the circuit sub-blocks is one of the significant 

circuit failure mechanisms. This paper presents a new 

efficient and accurate eye pattern determination 

technique for coupled lines and verifies its accuracy. To 

achieve this, a few fundamental bit stream patterns that 

may induce the worst case ISI are mathematically 

formulated. Since this method determines the eye-

diagram using only a few bit patterns, it is highly 

efficient with respect to computation time compared with 

the PRBS-based SPICE simulation, which inefficiently 

employs numerous PRBS input signals. The technique 

can be used for signal integrity verification or design of 

high-speed integrated systems. 

 

Fig. 8. Eye-height and jitter in coupled under-driven lines with 

variable line lengths. 
1SZ =

2SZ =100Ω , 
1LC =

2LC = 0.5 pF , 

riset = fallt = 50 ps , and bit rate=5 Gb/s. 

 

 

Fig. 9. Eye-height and jitter in coupled over-driven lines with 

variable line lengths. 
1SZ =

2SZ = 50Ω , 
1LC =

2LC = 0.5 pF , 

riset = fallt = 50 ps , and bit rate=5 Gb/s. 

 

Table 5. Eye-height and jitter of linear circuits 

SPICE 

 1×104 

Bits 

3×104 

Bits 

5×104 

Bits 

Proposed 
Casper 

[12] 

Height 

[mV] 
499.3 482.7 479.6 464.0 459.5 

Jitter [ps] 50.7 51.9 51.9 55.5 56.1 

Time [s] 146 863 2110 3 2.23 

 

 

VS1
ZL1

ZL2VS2

 

Fig. 10. Non-linear coupled lines. 

 

Table 6. Eye-height and jitter of non-linear circuits 

SPICE 

 1×104 

Bits 

3×104 

Bits 

5×104 

Bits 

Proposed 
Casper 

[12] 

Height 

[mV] 
379.6 357.2 356.0 335.0 224.7 

Jitter [ps] 78.2 78.4 79.0 79.9 105.8 

Time [s] 298 1306 2865 134 2.23 
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