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Abstract: The distribution of a response usually depends on the distribution of the variables. When a variable shows a
distribution with two different modes, the response also shows a distribution with two different modes. In this case,
recently developed methods for reliability analysis assume that the distribution functions are continuous with a mode.
In actual problems, however, because information is often provided in a discrete form with two or more modes, it is
important to estimate the distributions for such information. In this study, we employ the finite mixture model to
estimate the response distribution with two different modes, and we select the best candidate distribution through AIC.
Mathematical examples are illustrated to verify the proposed method.
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Table 1 Candidate distributions for AIC

Probability Probability density function Parameters
model
Mixed Two M{ { a) ]}
Normal "Vzﬁﬁl zﬂl w0, B, B
Distribution p[ t—a,) J
(MTND) xﬁZl[ﬂz zﬂz
Mixed Two H{ ! ex{_(lnxal)z]}
Log-normal w2p? 26 wa. i o
Distﬁbution lnx a2 ]
(MTLD ) xwl 27rﬂ2 zﬂz
Mixed e
Normal y=W{ : zex{* —4 ]}
. x/ 24
Exponential 2 w.,2, 5
Distribution | +(1- w){ai exp[— aiD
(MNED) ’ ’
[24 X At X A
sl (L)
Weibull o,
GEV [ 1 ]ex{—[l*—h (xﬂaz)J ] w.0, 0.5 o 12
Distribution | +(1-w) 1?
~1-1/y
(MWGD) ,,,[[1% (x—az)jj
Mixed
Exponential y=M{ieXF{fij]
o o
Gamma 1 w.a1,0,
I - oo -
Distribution | *( { 5T er{ ﬁzj]
(MEGD)
THRdS doe = vk 1 5 d5e gEd
Eeeol REES Table 19 UERARITE o] 2
A FHEFLDL oprtol A RAE Sk A
2ge)ae] FuaEREe ST
FHEERE FolN SRS /by % HAD ¥
FE opFPolAARHEE o]&ato] AAsHY] Wi
o FHIETES FTHE U Bol AHosH Y
4ag A e FAT 5 ok
FAEFRDLS o] §F FULEY PP F=
ZREE o]E9 9o M(mixed)S FAldta &
7Y REER AEFE APNE Tawo)E EA
. R AZ 02 PEE AFEE 45
A the % bde] REe) obtE EASA vt
A abo] D(distribution)E 3£ A $FCF

2.3 HIO|=ZE Olﬂ“Eoﬂ

-

CHet of7tolH E 2

1607

I§
il
N
e

b 3] o] & A] 2~ Bl (Pearseon

2] AAAE Al A

2

3

2

tlo

>

oo F

l-l U
o

ah g 3
E7h N olgel RES A W RA AHS
Fogye @A Aok md 2xe A gl
N o] A5 FEYE WA Tl
MEggelt B AN Ass fRERR
Gg o B opFFOlAGRAE SN AL
AHE ol AR EYE Poll AxY Sy B
A% HAe] F Ao REE A Wl $HS
g Ui 228 345 A9 faEd
RUg FUEER ALY bl AR ARE o
glv 249 Pus Fal AN 79
.

olFt ) AR B HEE 1973 I Akaike™ol] <&
NERNe™ ool AR EA E= &E, A, A,
4, &8 T oy EoklA H_Hd. &= ‘3—1
&7 okl A= 1980 ddff o] & ﬂﬂ‘o}ﬂ

Y=L glom F2 olglo| A B A = -%
Foly A Ty BT By E %Xé—‘o‘}% ATE
o] WHHAEY A AL vlFsHs MFEo
Be # FoblAE 1990 W) o] F=2 AF7E 1
g on opFlo] AR A =S o]&ate] /] A
Z5L 2= A7 23

B>

o]

Hopol A= 1980 ) o] F, 717 2o} Hofol
2000 Ath o] % W] Q%%E—‘% @z%—s}: e
Q1o 1:«11%]—5—],

= TS99 ar —
ot AR RAEE AARS AR FRIER
X599 HU59Hd(maximum log likelihood

function)®} E9] 745 o]l&3ste] HelHE 7}
B 245 FELIT A4 Aol 4

a-=

()3 2ol AoHrh®

0=-2fr 1 jee) 3)

O

S‘#

o
4
=
o,
5
O
Q.
=
g
Q
o
2
rlr
i)
]
M
kel
o
fot
]

b
;
|
_1
ui
_{

7t = 3939 (maximum likelihood function)
o of SEFEE P F FAIT L ﬁ A
Aolds 98l Tl des A

-3l (log likelihood function)E —ri o]
&3} gEREE ¥ E9 Vg BE



E

o =

-

o]
1

1608

s ¥
- T o M
X ~ <
) w%ﬂ%x T E e o
A = e Hd&%%mﬂﬂ@_
OEJ. I o ojil
i W wrr _mw MO olo wf. ﬂuuuL = Mm quo” T Mo E oW R T
Ul Z e Fe Y= 2 = A W E
¥ Mﬂeaﬂe} Sﬂ%ﬂWEWQE mﬂézaﬂﬂo%ﬁ. kS
n mH¢L% (%%zMﬂﬂﬁi 4%&2#%5 4 o 1
F g s Pl < ol g11%%a e c g = kS
= % ﬂ/ﬂm@7o =% =% }HTé%%ﬂ = A
= o LT ® oy = EDﬂém« 7aar.ﬂ% T 2 5 iele
=1 N N _@@%_go% Eﬂﬂn%@M.%er Lwﬂﬂfiﬂoﬂmu 5 |2 308w
Z 7 Vmﬁ?zﬂ% R e g g il g mgpmsﬁw
I N Ry %ﬂ%?%%%%% %vz%@%% g |5 223 8
— sy | o o . — on T~
) To S i@rﬂEﬁE 24%@%%% O#H%mﬂ_ﬁlf 5 5 < 88% 8 o
e Eat = z,__%_wfﬂﬁ ,dnmﬂm1ﬂoloe§ﬁvzooadl. WV%]_@JLEWMM - 9%2% 212
X LE af_zfmnim@%ad_zfurz %o SmAYoEooonA 257 N © % | 2
= = U %@s?ETw 7% EC%%E@% ° = wwwmo | N
mVA%MZﬂméﬁgwwgﬁt%Mﬂzﬁmm%ng 28 212/E
g o o = aaqui@r T QOEOM o &
. %@ﬂ%%;mgE%;;DMM%%Lﬂ@w_ﬂﬂg 2| 2 24823
W R T ol K Lo v EW(\LCoﬁo m e Cm %%@m -
%0 T | o= T = g~ — W = = 5 & = )| <
O#EEEATﬂ)anrﬂ = M= g&.%nnxoﬁ]rmwﬂ 28| & &R = |
o B S o B o = = gaﬁﬂ@%_/w ~ |23 |8 2|8
.E_Sfammmﬁwu%é B o ® o Bl o 2 e B = 3 3|&
o o X I LT ai e~ = < S E =
= oy A 4T A = B SR T T = ~ Mm m £l g
T T X ’ = o = ¥ & T B E T = &
%%wa@}%% mg%w1gm% AN = 2"
zlqo7aﬁ§ﬁ S T o IR ﬂ@ﬂ%ﬁ@ ol R =
a = M A ééﬂ%@ﬁ%@ = ARl NN R R
1%4%@ L Rl Fe T = o w2 G X R
= " 0 mt@ﬁﬂr omﬂ%%a%frw ﬂEW%urmmio ov%zﬂqﬁ1£%oﬁﬁ
TH P bl - M ® — g X0 T=x 2 el e i P -
B R B " o) ]J@aoLu\ g ziﬁEuu x S
,H__:?Ewim &N W mm?igwﬁiqgwJ@wﬁgEi s
_ o o —_ = ~ . ~ . -
mﬂwagm@a%ATza%ﬁEgﬁﬂzwwdywﬁwmﬁ@@mawa%gm i
E%?%%a%ﬂﬂAjM%oHEw@wffﬁ%%aQH@ﬁ@%%%M%%%%& 0
Xe = = = u; -0 ! sy 19 o !
WW@%%M#&M myﬂﬂwoEiﬂwwz%m%%gﬁ%%%EWQw@t% =
ﬂxe%n_/nﬂ_ol oﬁe%ﬁ% Jlm.gWﬂawrﬁoﬁr.zTn_/nutxﬂx B0 oEEAﬂoAa_ﬂ]ATﬂ@AT M&.
e o o T O < = ® N B G o X do g o T o o HsE T wp F
H%ﬂA% S SN mak%%ﬂésl%ﬂ@ Gy &1;%&5
tleozsiTs B0 LHETE yPgEINT frafiiur ot )
@@Eéﬂ@ﬂw—m %Wuou:%ooo_.wmﬂﬂaﬂﬂﬂﬁékmﬂmmﬂéum_@oowﬂoLomnﬁ. ™
zmqﬂﬂ%o %wﬂ%gﬂﬁﬁomﬁfWﬂmﬂwmﬁcW_WAM%%%QOMﬁHW%E U T
= = = T e T R . do E
&eruﬂdHﬂ%ﬁmﬂﬂﬁu%HﬁpiﬁLﬂwﬂwﬂmowwmﬂﬂa@ﬁﬁﬂuowrm __m__.“o_o
7%M?m§ui%%sb Mo T fm ) T a IEERLT it
I e gadu%ﬂﬂﬂngowﬂﬁmeiﬁmmm% R E oz
é?%%%?@ﬂ%;ﬂﬁ%ﬂrﬂ%% N 0
_ 2 R = T
ol Eoﬂ‘urﬂ m ﬂ._ b W ol X
7ﬂwﬂﬂiﬁ —
m on




Hpol e o]k Bl il opFtol A B A = Vu A A

Table 3 Reliability results for Y}

Probability | Reliability (Pr(¥; <140))
model AIC MCS
MWED 0.9902
MNED 0.9886
MLWD 0.9847
MTND 0.9883 0.9937
Normal 0.9854
Exp. 0.9080
0.015- T -
i [ Histogram
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Relative frequency density / probability
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Fig. 2 Histogram and estimated candidate distributions
for Y
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Fig. 3 MCS and the best estimated candidate
distributions for ¥
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Table 4 AIC and estimated candidate distributions with
parameters for Y,

Probability AIC Parameters

model w o B a, 5
MNWD 91479 | 080 | 72.31 | 1798 | 26.52 | 4.87
MTND 91589 | 0827275 |18.06 | 2531 | 6.04
MTWD 91624 | 0.79 | 7786 | 449 |25.776 | 4.59
MTLD 92437 | 057 (2421 | 3.16 | 2.86 |15.84
Normal 93293 62.73 | 25.17

EV 935.52 7494 | 22.57
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Table S Reliability results for Y,
Probability | Reliability (Pr(Y; <120))
model AIC MCS
MTLD 0.9968
MGLD 0.9964
MNLD 0.9993
MTLD 0.9891 0.9953
Normal 0.9886
Exp. 0.9994
0.02 T
[ Histogram
0.018 o \ MNWD 1

°
=4
>

Normal

Relative frequency density / probability
o
2

40 60 80 100 120
Y.

2
Fig. 5 Histogram and estimated candidate distributions
for Y,

0.018 T T T T T T T T

I vcs
MNWD

0.016

0.014+

0.0121

°
=

0.008

0.006 -

Relative frequency density / probability

0.004 -

0.002

ol b L .
0 20 40 60 80 100 120 140 160 180 200

Ya

Fig. 6 MCS and the best estimated candidate
distributions for ¥,
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Table 6 AIC and estimated candidate distributions with
parameters for Y3

Probability AIC Parameters
model w o B a, 5

MTND 36922 | 029 | 665 | 083 | 3.71 | 090
MTWD 37047 | 044 | 638 | 480 3.73 | 4.88
MNWD 371.31 028 | 374 | 040 | 548 | 3.09
MGWD 37591 0751197 | 032 | 705 | 8.18
Lognormal | 375.75 794 | 0.58

Gamma 378.07 145 | 037

Table 7 Reliability results for Y3

Probability Reliability (Pr(Y; <8))
model AIC MCS
MTND 0.9851
MTWD 0.9775
MNWD 0.9710
MGWD 0.9836 0.9885
Lognormal 0.9681
Gamma 0.9558
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