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MOVING FRAMES ON GENERALIZED FINSLER
STRUCTURES
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In memory of Professor Cornel Urs

ABSTRACT. We study the relation between an R-Cartan structure o and
an (I, J, K')-generalized Finsler structure w on a 3-manifold 3 showing the
difficulty in finding a general transformation that maps a to w. In some
particular cases, the mapping can be uniquely determined by geometrical
conditions. Moreover, we are led in this way to a negative answer to our
conjecture in [12].

1. Introduction

Let us start by recalling that a Finsler norm on a real smooth, n-dimensional
manifold M is a function F' : TM — [0,00) that is positive and smooth on
T™ = TM\{0}, has the homogeneity property F(x,\v) = AF(z,v), for all
A > 0 and all v € T, M, having also the strong convezity property that the
Hessian matrix

1 0%F?

C20yi0yd
is positive definite at any point u = (2%, y%) € TM.

The fundamental function F of a Finsler structure (M, F') determines and it
is determined by the (tangent) indicatriz, or the total space of the unit tangent
bundle of F

Gij

Yp:={ueTM:F(u) =1},
which is a smooth hypersurface of TM such that at each x € M the indicatrix
at x
Y ={vel,M| Flz,v) =1} =SpNT,M

is a smooth, closed, strictly convex hypersurface in T, M.
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A Finsler structure (M, F') can be therefore regarded as a smooth hypersur-
face ¥ C T'M for which the canonical projection 7 : ¥ — M is a surjective sub-
mersion and having the property that for each € M, the m-fiber ¥, = 77 1(x)
is strictly convex including the origin O, € T, M.

A generalization of this notion is the generalized Finsler structure introduced
by R. Bryant (see [4], [5]). We will consider in the following only the low
dimensional case where an (I, J, K)-generalized Finsler structure is a coframing
w = (wh,w? w?) on a three dimensional manifold 3 that satisfies the structure
equations

dw! = —Tw' Awd + w? AW,
(1) dw? = —w' AP,
dw? = Kw' Aw? — Jw! Awd.

Here I, J, K are smooth functions on ¥, called the invariants (in the sense
of equivalence problem) of the generalized Finsler structure (¥,w). In order
to put in evidence the invariants, we will use the naming (I, J, K)-generalized
Finsler structure.

The exterior differentials of these equations give the Bianchi type equations

(2> J = w2y Kw3+KI+Jw2:05

where the subscripts denote the directional derivatives with respect to the
coframing w, i.e., df = fuiw! + foow? + fusw?3, for any smooth function f on
3.

By extension, one can study the generalized Finsler structure (X, w) defined
in this way ignoring even the existence of an underlying surface M.

Let us recall that, for an (I,.J, K)-generalized Finsler structure (3, w?, w?,
w?), we can always consider

1. P: {w! = 0,w® = 0} the “geodesic” foliation of ¥, i.e., the leaves are
curves on % tangent to és;
2. Q:{w! =0,w? =0} the “indicatriz” foliation of 3, i.e., the leaves are
curves on X tangent to és,
where {1, é2,é3} is the dual frame of {w!, w?,w3}.

Any of the codimension two foliations above is called amenable if the leaf
space A of the foliation is a smooth surface such that the natural projection
m: X — A is a smooth submersion.

By extension, an (I, J, K)-generalized Finsler structure (X, w) whose “indica-
trix” foliation Q, “geodesic” foliation P, and “normal” foliation R is amenable,
is called amenable, geodesically amenable and normally amenable, respectively.
Remark that in the case of a Riemannian surface, the foliations P and R co-
incide up to the orientation of the Riemannian volume form, so the notions of
geodesically amenable and normally amenable also coincide. Of course this is
not true anymore in the case Finslerian case ([12] for details).
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The difference between a classical Finsler structure and a generalized one is
global in nature, in the sense that every generalized Finsler surface structure
is locally diffeomorphic to a classical Finsler surface structure (see [4]).

The following fundamental result gives the necessary and sufficient condi-
tions for a generalized Finsler structure to become a classical one.

Theorem 1.1 ([4]). The necessary and sufficient conditions for an (I,J, K)-
generalized Finsler structure (X, w) to be realizable as a classical Finsler struc-
ture on a smooth surface M are

1. the leaves of the indicatriz foliation {w' =0, w? = 0} are compact;

2. it is amenable;

3. the canonical immersion v : 3 — T M, given by t(u) = Ty (é2), is one-
to-one on each m-fiber X, where M is the leaf space of the indicatrix
foliation.

In order to study the differential geometry of a classical Finsler structure
(M, F), it is customary to construct the pull-back bundle (7*TM,w,¥) with
the m-fibers 7= (u) diffeomorphic to T, M, where u = (x,v) € ¥ (see [1]). In
general this is not a principal bundle.

By defining an orthonormal moving coframing on 7*T'M with respect to the
Riemannian metric on ¥ induced by the Finslerian metric F', the moving equa-
tions on this frame lead to the so-called Chern connection. This is an almost
metric compatible, torsion free connection of the vector bundle (7*TM,w, X).

Let us remark that the condition I = 0 imposes J = 0 from Bianchi iden-
tities and therefore the simplest generalized Finsler structure is a (0,0, K)-
generalized Finsler structure with structure equations

dw! = w? A w?,
(3) dw?® = —w' Awd,
dw® = Kw' A w?,

This kind of structure is called a K-Cartan structure on the 3-manifold X
(see [7]).

We can conclude that the necessary and sufficient condition for an (I, J, K)-
generalized Finsler structure to be a K-Cartan structure is I = 0.

A K-Cartan structure that satisfies the conditions in Theorem 1.1 gives a
Riemannian structure on the surface M.

A generalization of the geodesic foliation of a K-Cartan structure is also
known (see [4], [5]). Let us suppose that on the 3-manifold ¥ endowed with an
amenable K-Cartan structure «, we have a basic one-form £ for the fibration
¥ — A, where A is the leaf space of the foliation {a! = 0,a? = 0}. Then,
Ps : {w! = 0,w® = B} is called the “B-geodesic” foliation of ¥. Obviously, in
the case 8 = 0 we get the usual geodesic foliation. The definition can be easily
extended to the non-amenable case as well.
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The geometrical meaning of 5 geodesics can be thought as follows. Let
us assume that the smooth surface A is endowed with a Riemannian structure
whose orthonormal frame bundle is ¥, and whose tautological one-forms o', a?
together with the Levi-Civita connection form o? give a coframe on 3. Then,
a smooth curve v : [a,b] — A is called a S-geodesic if and only if k, = B(%),
where kg is the geodesic curvature of v and ¥ is the tangent vector along .

Another particular class of special Finsler structures is the one of positive
constant flag curvature K = 1. This leads to the notion of generalized Finsler
structure with K = 1, or, an (I, J, 1)-generalized Finsler structure on the 3-
manifold 3. The structure equations of a such structure are obtained imme-
diately by simply substituting the curvature condition K = 1 in (1) and (2),
respectively. Many examples of classical Finsler metrics of constant flag cur-
vature are nowadays known, see for example [2] for a complete classification of
constant flag curvature Randers structures, or [13] for other examples.

However, the existence of generalized and classical Finsler structures of con-
stant positive flag curvature K = 1 on surfaces was proved for the first time
by R. Bryant in [4] using a path geometry approach.

We will point out another interesting class of Finsler structures. In order
to do this, let us first recall that, in the case of a classical Finsler structure
(M, F'), the canonical parallel transport ®; : T, M \ 0 — T, M \ 0, defined by
the Chern connection along a curve o on M, is a diffeomorphism that preserves
the Finslerian length of vectors. Unlike the parallel transport on a Riemannian
manifold, ®; is not a linear isometry in general.

This unexpected fact leads to some classes of special Finsler metrics. A
Finsler metric whose parallel transport is a linear isometry is called a Berwald
structure, and one whose parallel transport is only a Riemannian isometry is
called a Landsberg structure.

Equivalently, a Berwald metric is a Finsler metric whose Chern connection
coincides with the Levi Civita connection of a certain Riemannian metric on
M, in other words it is “Riemannian-metrizable”. These are the closest Fins-
lerian metric to the Riemannian ones. The connection is Riemannian, while
the metric is not. However, in the two dimensional case, any Berwald struc-
ture is Riemannian or flat locally Minkowski, i.e., there are no geometrically
interesting Berwald surfaces.

Landsberg structures have the property that the Riemannian volume of the
Finslerian unit ball is a constant. This remarkable property leads to a proof of
Gauss-Bonnet theorem on surfaces [1] and other interesting results.

Obviously, any Berwald structure is a Landsberg one. However, there are no
examples of global Landsberg structures that are not Berwald. The existence
of Landsberg structures that are not Berwald is one of the main open problems
in modern Finsler geometry.

These notions can be easily generalized as follows. A generalized Landsberg
structure on X, or an (I,0, K)-generalized Finsler structure is a generalized
Finsler structure (X,w) such that J = 0, or equivalently, I, = 0. Such a
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generalized structure is characterized by the structure equations
dw' = —Tw' ANw® +w? AW,

(4) dw? = —wh Aw?,
dw® = Kw' A w?,

and Bianchi identities

dI = I, w' + I,sw?,
(5)

dK = K iw! + K ow? — KIw?,

where I and K are smooth functions defined on X.
A generalized Berwald structure is a generalized Finsler structure character-
ized by the structure equations (4), and

dl =0 mod w?,

or, equivalently,
I =1,= 0, I3 7é 0.

By means of Cartan-Kéhler theory we have shown in [12] that there exists
non-trivial generalized Landsberg structures on a 3-manifold 3. Moreover, us-
ing a path geometry approach we have constructed locally a generalized Lands-
berg structure by means of a Riemannian structure on a surface.

The problems we consider in the present paper are:

1. Clarify the relation between Cartan structures and generalized Finsler
structures;

2. For given Cartan and generalized Finsler structures o and w, respectively,
how many types of reqular matrices A exist such that w = Aa?

3. Give a final answer to the conjecture in [12] on the existence of genuine
Landsberg structures on surfaces via a certain construction.

The essence of the method is to start with an R-Cartan structure « on the
3-manifold ¥ and to construct by a coframe changing an (I, J, K )-generalized
Finsler structure {w!, w?, w®} by means of a matrix 4 = (a;;), namely w = Aa.
By taking the exterior derivative of this formula and imposing conditions such
that the structure equations of the R-Cartan structure and (I, J, K)-generalized
Finsler structure are satisfied, respectively, we obtain a set of differential con-
ditions for the functions a;; in terms of its directional derivatives with respect
to the coframe w. The functions satisfying these conditions can be regarded as
the integral manifolds of a linear Pfaffian system.

Using now Cartan-Kahler theory we can study the existence of the integral
manifolds of this linear Pfaffian system. In the most general case, of course
this problem is quite difficult, but in the some particular cases, for example
an (I, J,1)-generalized Finsler structure, or, an (I,0, K)-generalized Finsler
structure (see [4] and [12]) one can construct explicitly the matrix A.

We will show in the following the difficulty of constructing such a matrix A
in the general case (§2), and the simplifications appearing when one imposes
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conditions on the invariants I, J, K and on the indicatrix foliation (§3, §4).
Our conclusion is that subject to some geometrical conditions there are very
many possibilities for the matrix A in the cases K = 1 and J = 0, respectively.

Moreover, a Cartan-Kéhler analysis shows that foliation conditions imposed
in §4 determine the form of the Riemannian structure on the manifold A (see §4,
§5 for notations). Namely, we ended up with a surface of revolution (A, g) whose
unit sphere bundle admits an (7,0, K)-generalized Finsler structure. This is
the same structure as the one constructed by us in [12]. The present study (§6,
§7) shows that the manifold of geodesics of the Riemannian structure (A, g) is
not a smooth manifold, therefore a classical Landsberg structure on a smooth
surface cannot be obtained by this construction, giving in this way a negative
answer to our previous conjecture in [12].

Our findings do not rule out the existence of classical Landsberg structures
on smooth surfaces, but only suggest that a different approach should be chosen.

2. The most general case

Let us assume that we have an R-Cartan structure {a!,a? o®} on a 3-

manifold ¥ and an (I, J, K)-structure {w!, w?,w3} on a 3-manifold >'. We are
concerned with the problem of the existence of the linear transformation

A:T*Y — T

given by w = Aa. Without loss of generality we can assume that there is a
diffeomorphism ¢ : ¥’ — ¥ and that A is the matrix of the cotangent map *.
Therefore, formally, we identify the manifolds ¥’ and X.

In components, we have

1 1
w ail a2 ais «
2 2
(6) w* | = a2 a2 a3 a” |,
3 3
w azr asz2 asg &

where the elements a;; of the matrix A are smooth functions on the 3-manifold
Y. Recall that an R-Cartan structure has the structure equations (3) with the
structure function R.

One can easily see that w! A w? Aw? = det(4) ol Aa? Aad.

By taking the exterior derivative of (6), it follows

w! at al
(7) d{w?| =dAn[a® ]| +Ad | a?
w3 a? al

Using now the structure equations of the (I, J, K)-structure w and relation
(6), we can express the left hand side of (7), with respect to the coframe «, as
follows

(8) dw' = (—IA23 + A13)a1 Aa? + (—IA22 + Alg)al Aad
+ (7]1421 4+ All)OZQ A 043,
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dw? = — Assal Aa? — Agsal Aa® — Aga® Ao,
dw? (KA33 - JAgg)al A o? + (KA?,Q — JAQQ)Oél Aa®
+ (KAgl - JAQl)OéQ A 043,

where A;; is the minor of the element a;; in the matrix A4, for all 4,5 = 1,2, 3,
namely Ay = agpas3 — agsasz, A2 = aziass — azzaz, etc.

If we denote the directional derivatives with respect to the coframe a by
subscripts, namely df = fia! + faa? + fza?, for any smooth function f on X,
and da;; = a;j10 + a;j.00% + a;5.303 for matrices, then from (7) and (8), we
obtain the relations

ajre = a2 + a3+ Az — Az,
az1.2 = az2.1 + a23R + Ass,
az12 = agza + azsR — K Asz + J Ao,

a13.1 = a11.3 + a1z — LA + Ao,
9) a23.1 = A21.3 + Az — Aa,
azz.1 = az1.3 + azz + KAz — J Az,
a12.3 = a13.2 + a1 + 1A — Aqq,
a22.3 = a23.2 + az1 + Aai,
az2.3 = azz.2 +az — KAz + J A
Next, we will express the system of directional PDEs (9), with respect to the

coframe «, using exterior differential systems (see for example [11] for details).
Let us formally construct the following one forms:

2 3

ai1) — aii- 104 - ((112 1+ B112)Oé — ai1.3a7,
2 3

021 = d(az1) — az1. 104 - ((122 1+ 3212)04 — a21.307,

2 3
031 = d(as1) — az1. 104 - ((132 1+ B312)Oé — as1.3a7,

2 3
032 = d(as2) — aso. 104 — as2.20" — (a33 2+ 3323) )

=d(
(
(
b2 = d((112 — a0t —ar0® — (1113 2+ 3123) 3,
=d(
(
=d( (a11.3 + Bis1)o! — ai3.20% — ayz.30°,
=d(

)
)
)
)
az2) — azoaat — ag.00® — (azz.s + Bag)a®,
)
) —
) —
) —

2 3
(a21.3 + Bag1)a! — agg.00? — asg.3a3,

_ 2 3
035 = d(ass) — (as1.3 + Bss1)a! — asz2a? — asz.za®,
where we use the notations

Biig := a13R+1TAz3—Ay3, Baio := asR+Ags, B3z := azzR— K Azz+ JAss,
Biasg := a11 + I A2 — A11, Boos := ao1 + A21, Bsaz :=as1 — KAz + JAq,
Bia1 :=a12 — T A + A2, Ba3i := az2 — Azz, Bs31 = azz + K Azs — JAg.
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We can now formulate our setting as follows. Consider the jet space
(2,9, 3 Qiji Qi )i g kef1,23 € J'(3,9) = B2 x R? x R*7,
where (z,y,p) are some local coordinates on ¥. Next, we consider the codi-

mension 9 submanifold $3° of J%(3,9) defined by the equations (9), then we
can take the local coordinates

(Y, 3 @i @ik )i j ke 1,28y € 220 = £% x R? x RS,
where @;;.5, means all a;;.5 for 4, j, k € {1,2,3} less the terms in the left hand
side of (9).
Let us consider the Pfaffian system
(11) T :={0i}ijkeqr2sy CJ = {000, 0%} jreqr23) C *%

with independence condition o' A a? A a® # 0, where the one forms 6;; are
given in (10).

The integral manifolds of the linear Pfaffian system (Z, J) are the elements
of the matrix A.

Therefore, we are going to study the existence of integral manifolds of the
linear Pfaffian system (Z, J) defined above.

We start by computing exterior differentials of the one forms 6;;:

dfi11 = —d(a11.1) A al — d(ay2.1) A a? — d(ay1.3) A ao®
— (a11.1 — Bi12.3)a® Aa® — (a12.1 + Bri2)a® Aot
— (a113R+ Biiaa1)a! Ao’
It follows
(12) df1y =111 Aot + o1 Aa® + T3 A @®,
where
11 := —d(a11.1) — (a12.1 + Bi12)a® 4 (a11.3R + Biiaa)a?,
(13) 21 == — d(a12.1),
My13 := — d(a11.3) — (a11.1 — Bi12.3)a”.
In the same way, we obtain
(14) dfo1 = Ha11 Aot + Taoy A a® + Tla13 A &P,
where
o1y := — d(a21.1) — (as2.1 + Ba12)a® 4 (a21.3R + Bajag)a?,
(15) o1 := — d(a22.1),
y13 == — d(az1.3) — (a21.1 — Bai2.3)a?,
and

(16) dfs; =311 Aot + T35 A a? + 1313 A P,
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where

511 := — d(az1.1) — (as21 + Bsi2)a® + (az1.3R + Bai2.1)a?,
(17) 321 := — d(as2.1),

313 := — d(as1.3) — (az1.1 — Bsi2.3)a’.

Therefore, we conclude

d911 = H111 AN Oél + H121 AN a2 + H113 AN 043,
(18) dfay =Tlg11 Aot + Ilogq A @ 4 Tlg13 A 0,
df31 = Il311 A ot + II391 A a2 + II313 A as.

We move now to the second group of #’s and by similar computations we
conclude
df12 = 121 Aot +1liop A e + Tlig0 A a?,
(19) dfas = o1 Aot + Tlgoo A @ + Tlaga A 03,
dfsy = g1 Aot + T30 A @ + T332 A @,

where Il191, Il991, II391 are given above, and

Moo := —d(ai2.2) + (a12.1 + Biaz.2)a® — (a13.2 + Biaz) Ral,
i35 := —d(a13.2) + (a12.2 — Biag1)a',

(20) Mogo := —d(ag2.2) + (aga.1 + Baga.2)a® — (azz.9 + Bass) Ral,
ass == —d(ags.2) + (az2.2 — Baag1)a',
320 := —d(az2.2) + (az2.1 + Bsag.2)a® — (azz.g + Baaz)Ral,
I3 := —d(ass.2) + (as2.2 — Bas.1)a'.

Finally, we consider the third group of #’s and obtain:
dbr3 = 1130t + [y32a? + 13302 + Tizal A a?,
(21) dfaz = Ta13al + [azaa? + Tazza® + Tazal A a?,
dfss = 3130 + Il33002 + II3330° + Thzat A o,

where Hug, H132, H213, Hggg, Hglg, H332 are given above, and

33 := —d(a13.3) — (a11.3 + Biz1)a? + (a13.2 + Bizi.3)a’,

Iys3 := —d(asgs.3) — (a21.3 + Bas1)o® + (azs.2 + Basi.z)a’,

333 := —d(ass.3) — (as1.3 + Bss1)a® + (ass.2 + Bssi.s)a',

Ti3 := —(a11.1 — B112.3) — (a12.2 — B123.1) — (a13.3R — B131.2),

To3 := —(ag1.1 — Bo12.3) — (a22.2 — Bags.1) — (a23.3R — Baz1.2),
—(

T33 := —(as1.1 — B312.3) — (a32.2 — B323.1) — (a33.3R — B3z1.2).
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Putting all these together, we get the 8’s structure equations

df1y =111 Aot + 1o Aa? + 11113 A a?,
d912 = H121 A Oél + H122 AN a2 + H132 AN 043,
d913 = H113 A Oél + H132 A Oé2 + H133 A Oé3 + T13041 AN a2,

dfa1 =1lo11 Aot 4+ Tlao1 A @ + Iags A a?,
(23) dbfss = Ilao; A ol + II595 A a? + IIs32 A Ozg,
dfa3 = Ila13 A ot + Ils39 A a2 + Ils33 A o’ + T23041 N a2,

dfs1 =311 A o' + 301 A a? + 1313 A a?,
df3o = 301 A @ + T390 A @ + T332 A o3,
dfs3 =313 A at + 330 A @? + 333 A o3, + T30l A a?.
The torsion terms are
Ti3 = — (A1z3+ A11.1 — A12.2) + [(A2s.s + Aa1p — Azza)
+ (I1A21 — s Agg + I3As3),
(24)  To3 = Aszz + A211 — Azzoo,
T35 = — K(Ass.3 + As11 — Asz.2) + J(A2z.3 + Ag1.1 — Agag)
— (K1A31 — KoAsy + K3A33) + (J1A21 — JaAoo + J3A23),
where we have used that Rz = 0.
Remark 2.1. Indeed, since {a!, a?, a®} is an R-Cartan structure, from the last
structure equation da® = Ra' A a?, we get d?a® = Rza! Aa? Aa® = 0. Since
the volume form o' A o2 A o® does not vanish it follows Rs = 0.

We can therefore conclude:

Theorem 2.1. For a given R-Cartan structure (X, a) and an (I, J, K)-struc-
ture (3,w), let A : T*S — T*X be the linear transformation whose matriz
elements (a;;) are solutions of the PDE (9). Let (Z,J) = (07,a') be the

corresponding Pfaffian system on the 30 dimensional manifold X. Then, (Z,J)
has non absorbable torsion, namely T3, Tas, Tss given by (24).

We remark here that
(25) T13=0, To3=0, T33=0

is the necessary condition for the Pfaffian system (Z, J) to have solution. Fol-
lowing Cartan-Kéhler algorithm (see for example [11]), we should restrict the
Pfaffian system to the submanifold

== {u S i | T13(u) = 0, T23(u) = 0, T33(u) = 0} C i

and compute again the torsion. However, the (25) is a very complicated nonlin-
ear directional PDE, and even after restriction to =, new non-vanishing torsions
are expected to appear, so the problem is not tractable in this general case.
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Therefore, we will consider in the following some particular cases when by
putting some geometrical conditions we can actually decide the existence of
such a linear transformation between cotangent spaces.

3. The case K =1

We consider now the similar problem of an a-priori given R-Cartan struc-
ture o and an (I, J, 1)-structure w on the same 3-manifold ¥. We are again
concerned with the problem of the existence of the linear transformation A :
T*%Y — T*Y such that w = Aa. Recall that in this case (I, J,1)-generalized
Finsler structure has the structure equations

dw! = —Tw' Aw? + w? A w?,
(26) dw? = —w! Aw?,

dw? = w' A w? — Jw! Aw?,
and the Bianchi identities
(27) J = 19, I+ J,2=0,

where the covariant derivatives are with respect to the (I, J, 1)-structure (X, w).
Let us remark that the most important feature of the case K = 1 is the
invariance of the two forms w! A w® and (w!)? + (w?)? under the flow of és.
Indeed, a straightforward computation shows that
[’é2[(w1)2 + (w3)2] =0, ﬁéz (wl A w3) =0,
Lo, (Iw' + Jw?) =0, Lo, (I +J%) =0.
The geometrical meaning of these relations is quite clear.
If U C ¥ is an open set where the geodesic foliation {w! = 0,w® = 0}
is amenable (this is always possible locally), i.e., Ay := Ujqui—gws—o} is a
differential manifold and Iy : U — Ay is a smooth submersion, then there exist
(1) a quadratic form do? on Ay such that If;(do?) = (w')? + (w?)?;
(2) a two form © on Ay such that [j;(Q) = w! Aw?;
(3) a one form 8 on Ay such that I};(3) = Tw! + Jw?.
The indicatrix foliation of this Riemannian structure coincides with the ge-
odesic foliation of the (I, J, 1)-structure.
In particular, if the (I, J,1)-structure (X, w) is geodesically amenable, i.e.,
A = ¥ u—ows=oy is a differential manifold and [ : ¥ — A is a smooth
submersion, then on A there exist a canonical Riemannian metric g, with area
form Q and a one form 8 whose norm with respect to the Riemannian metric

(28)

gis I? + J2.
On the other hand, we have given an R-Cartan structure (3,«) on the
same manifold ¥ whose indicatrix foliation is {a! = 0,a® = 0}. Locally,

if V is a small neighborhood on ¥, where this foliation is amenable, then
Av = Vjia1—0,a2=0} is a differential manifold and Iy : V' — Ay is a smooth
submersion. Moreover, Ay is naturally endowed with
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(1) a quadratic form da? , such that [}, (do?) = (a!)? + (a?)%;
(2) a two form Q, such that I},(Q) = a® A a?.

In the case when the Cartan structure (X, ) is amenable, A := ¥/ {al=0,a2=0}
is a differential manifold and [ : ¥ — A is a smooth submersion and on A there
exists a canonical Riemannian metric g, with area form Q.

Due to all these it is natural to impose the following:

Foliation Condition: The (I,J,1)-structure’s geodesic foliation {w! = 0,
w? = 0} coincides to the indicatriz foliation of the given R-Cartan structure
{a! =0,a% = 0}.

This condition has the following natural:

Corollary 3.1. The (I,J,1)-structure (X,w) is geodesically amenable if and
only if the R-Cartan structure (X, a) is amenable.

Hereafter we consider the case of an R-Cartan structure (3,w) and an
(I, J,1)-structure (X, @) under the above foliation condition. In terms of the
transformation A : T*Y — T*X, this implies a;3 = 0, agz = 0, therefore we
have
1

w ailr ai2 0 [0
2 2

(29) w = | a21 a2 ass (e}
w3 aszp as2 0 043

Another useful geometrical remark is that, in the case when (3, w) is geodesi-
cally amenable, or, equivalently, (X,«) is amenable, on the 2-manifold A =
Y fwr=0,w3=0} = X/{al=0,a2=0} We have actually two different quadratic forms
do? and d&? such that [*(do?) = (w!)? + (w?)? and 1*(d5?) = (a!)? + (a?)?,
respectively. In the case of amenability, they induce two different Riemannian
metrics on the 2-manifold A.

A natural choice is given by the following choice:

Identification Condition: The Cartan structure {w',w3} coincides with the
Cartan structure {at, a®}, namely,

(30) wl =al w? = a?.

In this case, we obtain the coframe changing

w! 1 0 0 at

2| _ 2
w = | a21 a22 aG23 «@ )
w? 0 1 0 o?

and from the linear independence condition of the one forms a and w, namely,
W AW AW = —ag3 ' Ao AP #0

it follows ao3 # 0.
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The first structure equation of (26) implies now
a3 = —1, asy = 1.
The third structure equation of (26) implies further
az = J,

so we obtain the coframe changing

w! 1 0 0 at
(31) Wl =1 J -1 a?
w3 0 1 O a?

Similarly, the second structure equation in (26) leads us to the condition

(32) R=—-L+J +1,

where the subscripts denote directional derivative with respect to the coframe
a, or, equivalently,

R=—(J?+1,3)+Jo —I*+1.
Hence, we can conclude:

Proposition 3.2. Let a and w be an R-Cartan and an (I,J,1)-generalized
Finsler structure on the 3-manifold ¥, respectively. Then, there is a unique
linear transformation A : T*Y — T*Y, such that w = A«, subject to the
foliation and identification conditions above. The matriz of A in the coframes
w and « is given in (31). In this case, the R-Cartan structure must obey the
condition (32).

Remark. Since we are in two dimensions and amenability assumed, these Rie-
mannian metrics must be conformal, and therefore their tautological forms
{a!,a?} and {w!,w3} must be conformal as well, respectively. Here we regard
the one forms {w!,w?} and {at, a2} as the tautological one forms of the corre-
sponding Riemannian structures on the same 3-manifold ¥, respectively, up to
a local diffeomorphism. Indeed, the orthogonal frame bundles of the Riemann-
ian structures (A, g) and (A, g) are different, but it is always possible to define
local diffeomorphisms between ¥ and the total spaces of these orthonormal
frame bundles (see [12] for details).

Therefore, without loss of generality, we can always assume the following:

Conformal Equivalence:

. () =m (%)

where m is a positive function defined on . From the structure equations of
the R-Cartan structure it follows immediately that mgz = 0.

Let us point out this conformal equivalence holds in the non-amenable case
as well. Indeed, it can be seen from the structure equations of the (I, J,1)-
structure that {w!, w3} is a Cartan structure as well (pay attention to the fact
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that the third one form of this Cartan structure is different from w?). In this
case, under the foliation condition, the induced quadratic forms live on the
2-orbifold A defined similarly as in the amenable case. In this case relation
(33) simply says that the two Cartan structures {w!,w®} and {a!,a?} belong
to the same conformal class of Cartan structures (see [7] for details).

Remark. One can also easily see that for a smooth function v : ¥ — R, if
{at,a?, a3} is an R-Cartan structure ¥, and v a nowhere zero function, then

2

{vat,va?, a3} is an R-Cartan structure, where

(34) > = a® — xd(logw), R = R — A4 (logv),

provided vs = 0. Here *x and A, are the Hodge operator and the Laplacian of

the Cartan structure (a!, a?), namely

v v 1
(35) *d(logv) = 772041 + ?1042, A, (logv) = = [(vu + vgo)v — (v 4+ v3)|.

The conformal class of an R-Cartan structure {a!, a2, a?} is the collection

of all coframes {val,va? a®}, where v is a smooth positive function on X
provided vz = 0.

Therefore, we obtain

wl m 0 0 ol
2 2
(36> w = | a21 a2 a23 o )
w? 0 m 0 o?
and hence
WA AW = fm2a23 at Ao Aad.

The first structure equation of the (I, J, 1)-structure gives
mg =0,
(37) azz = —1,
az = (—ma + Im?)/m.

Remark that first relation was also obtained from geometrical considerations
above as well. In this case, we obtain

wl m 0 0 ot
W] = -2 +1Im axp -1 a?
w? 0 m 0 o?

The third structure equation of w implies
(38) agy = Jm + 2L

and therefore we obtain

wl m 0 0 ot
(39) w? | = f%JrIm %+Jm -1 o?
w? 0 m 0 o?
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Remark that we can also write formally

w? = ¢+ xdlogm — o,

where we put ¢ := m(la! + Ja?). The Hodge operator has the usual form

— _ma,l a2
xdlogm = —2a” + Lo’

The second structure equation (26) leads us to the following structure equa-
tion
(40) dp = (R —m?*)a* A a® — d(xdlogm).

We can conclude:

Theorem 3.3. Let a and w be an R-Cartan and an (I, J,1)-generalized Finsler

structure on the 3-manifold X, respectively, such that the contact one-forms

wh, w? belong to the conformal class of Cartan structure . Then, the linear

transformation A : T*Y — T*X, such that w = Aa«, subject to the Foliation
condition, is given by (39), where m is the conformal factor.
Moreover, the structure function R has to satisfy

o Na® = +ma” A a” + d(xalogm
41 Ra' A o? = dp +m?al A a? 4 d(xdlog
for the one form ¢ = m(Iat + Ja?).

Let us remark that the indicatrix foliation of the (I, .J, 1)-structure (2, w)

coincides with the (¢ + xdlogm)-geodesic foliation of the Cartan structure
(3, a).
We can ask:

Projective Condition: The indicatriz foliation of the (I, J, 1)-structure (X, w)
coincides with the geodesic foliation of the Cartan structure (X, ).

This implies that we must have
p =—xdlogm,

i.e., the invariants of the (I, J, 1)-structure (3,w) are uniquely determined by
the conformal factor m, namely,
meo miq
=I5
With this extra condition, the structure equation (40) reads
do = —m*a' A a® 4 da® — d x dlogm,

or, equivalently
do?® = m?at A o?,
in other words, we must have m? = R.
Therefore we have:
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Proposition 3.4. Let o be an R-Cartan structure, R > 0 on the 3-manifold X.
Then there is only one (I, J,1)-generalized Finsler structure on ¥ that satisfies
the Foliation and the Projective conditions above, namely the one given in
(39), where m = ++v/R is the conformal factor. Its invariants are uniquely
determined only by the structure function R, namely

71R2 ]-Rl

T 2R3/ T 2R¥

Let us recall that a Riemannian metric g on a smooth manifold A is called
a Zoll metric if all its geodesics are simple closed curves of equal length. See
[3] for basics of Zoll metrics as well as [10] for the abundance of Zoll metrics
on S2.

One is led in this way to the following construction method of classical
Finsler structures with K = 1 in S? found in [5].

(42) I

Proposition 3.5. Let (S2,g) be a Zoll metric of positive curvature R and let
al, a? be the tautological one-forms, o the Levi-Civita connection one-form
on the orthonormal sphere bundle ¥ of this Riemannian metric. Then the
(I, J,1)-generalized Finsler structure given in Proposition 3.4 above gives rise

to a classical Finsler structure on the manifold of geodesics of g.

Proof. The proof is straightforward by construction. O

4. The case J =0

We are concerned in this section with the problem of the existence of the
linear transformation A : T*Y — T*3 such that w = Aa, where « and w are
an R-Cartan structure and an (7,0, K)-generalized Finsler structure on the
same 3-manifold ¥, respectively. Recall that structure equations and Bianchi
identities for w were already given in Introduction by (4) and (5), respectively.

One can see that it is impossible to extract any two one forms from the
coframe w to obtain a Cartan structure as we did in the previous case.

Since all forms in the coframe w are contact forms in this case, the best thing
to do is to choose an equivalent contact form from the same contact forms class.
Namely, we can choose any of the following pairs of contact forms

() ()

where m is some smooth nowhere vanishing function on ¥. More conditions
will come up later.

Any of these work, but here we choose the first one.

One can easily see that with a supplementary condition on m, the quadratic
form (mw?)? + (w?)? is invariant under the flow of é;. Indeed,

Lo, (mw?)? + (w?)?) = 2 [mmwl(w2)2 +(m? - K)w%?’]

Therefore, we get:
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Lemma 4.1. Let m be a smooth non-vanishing function on ¥ satisfying
(44) me1 =0 m?=K.
Then Lg, ((mw?)? + (w?)?) = 0.

Moreover, we have:

Lemma 4.2. Under the conditions (44) the pair of contact one forms

1 2 2 3 3 1 2
N = mw, N i=w", n° = mw + mysw

is an R-Cartan structure on ¥ with the structure function R =1 — s,

Let us return to our initial setting and denote again the coframe changing
by

1 1
w a11 a2 ais «
2 2
(45) mw = | a1 a2 a23 « )
3 3
w az1 az2 ass «

where v and w are arbitrary a prior:i given.
Similar to the case K =1 all these suggest that we can put the following:

Foliation Condition: Finslerian indicatriz foliation {w' = 0, w? = 0} coin-
cides with the geodesic foliation {a* = 0, o® = 0} of the R-Cartan structure
(3, @) (see also [12]).

This foliation condition implies that the matrix A reads now
(46) A = a1 a9 0

We can now consider again:

2

Identification Condition: The Cartan structure {mw?, w3} coincides with

the R-Cartan structure {a',a?}, i.e.,

al = mw?, a? = w?,
provided (44) is satisfied.
In this case, we have
w? a11 a2 a3 ol
(47) W=+ 0 0 ||
w3 0 1 0 o

Writing down the second and third structure equations (4) we are immedi-
ately lead to the supplementary conditions

a2 =0, a1y = —,

1
ail = (—) .
m/2

and
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We therefore obtain the coframe change

D ()0 8 o
(48) Pl="2% 0 o[
w 0 1 0/ \e

This is the same coframe changing as in [12]. The first structure equation
in (4) leads to
m22

(49) 1=-2"2 p=1-12
m m

Let us point out that the Landsberg condition I, = 0 is equivalent to
mig = 0.

We also remark that the indicatrix foliation {w! = 0,w? = 0} of the (1,0, K)-
structure (3,w) coincides with the geodesic foliation {a! = 0,a® = 0} of the
R-Cartan structure (3, &) by construction.

Therefore, we can conclude:

Proposition 4.3. Let a and w be an R-Cartan and an (I,0, K)-generalized
Finsler structure on the 3-manifold ¥, respectively. Then, there is a unique
linear transformation A : T*Y — T*Y, such that w = A«, subject to the
Foliation and Identification conditions above. The matrix of A in the coframes
w and « is given in (48). In this case, the R-Cartan structure must obey the
condition

(50) R=1-122
m
where m is a non-vanishing smooth function on ¥ such that
(51) ms = O, mig = 0.
In this case, the invariants of w are
(52) I=-2"2 K=m?
m

We remark that under the foliation and identification conditions, the struc-
ture functions I, K of (3,w) as well as the structure function R of (X, a) are
uniquely determined by the function m that has to satisfy the PDE (51). In
other words, we may say that for given m solution of (51), the (1 —™22)-Cartan
structure o and (=272, 0, m?)-structure w structures are uniquely determined
by m.

The involutivity of the PDE made of relations in Proposition 4.3 can now
be investigated by means of Cartan-Kéahler Theorem.

Let us point out that our formula mis = 0 shows that the function m; is
invariant under the “geodesic” flow of (3, ). In other words, the function m;
descends on the leaf space /(410 a3-0}-

We remark also that locally we can relax a little the identification condition
by asking the conformal equivalence of these two Cartan structures, namely:
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Conformal Equivalence: There exists a positive smooth function f on X,

satisfying f3 = 0, such that
mw? al
(%))

It follows
wl ailr a2 ais al
(53) =L o0 o0 o?
w3 o f 0 o?

We will investigate now supplementary conditions for the remaining a;; such
that (¥, @) and (X,w) are Cartan and (1,0, K)-structure, respectively.
The structure equation dw? = w3 A w' leads to

fan = (%)2’
(54) faiz = %a

(4),

From here it follows that a;; and a13 can be written in terms of f and m
only, namely

Lo f fam — fma 1
. ALy gmeogm L
(55) u fim/2 fm? M=
The structure equation dw?® = Kw! A w? leads to
(56) aizfm = —fi, f3 =0,

and from here we get a1z in terms of f and m. Also, by combining with (54)
we obtain ms3 = 0. It can be seen that this condition is consistent with m; =0
obtained already.

With all these we obtain the final form of the coframing change

1 1(L _Sh 3 1

w2 f (m)Q fm m a2

(57) w? | = £ e
0 0

w3 " a’
0 f 0

It follows that the Bianchi equation K3+ K1 = 0 implies

g Bes _ om2
K fm

After some long but not complicated computations, we get that 1,0 = 0 is
equivalent to the following Landsberg Condition:

fima + fomy

(58) mo1 = f
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The remaining structure equation dw' = —Iw! A w3 + w? A w3 leads now to
G (o), e qr=a(D), 5
(59) %(%)24_(;_;1)34—(%)2:[%’

1 1
(3, 4G,
m/1  fm f\m/2/3
It can be seen that the second and third relations are identities. However first
relation leads to second order directional PDE for f in terms of the curvature R

that should be considered together with the Landsberg condition (58). Indeed,
by straightforward computation we get the curvature condition:

_ fi1 + fa2 B L+ f3 B fimi — foma Moz

(60) R — f? 7 7 o —.

We can conclude:

Proposition 4.4. Let (X,a) and (X,w) be an R-Cartan structure and an
(1,0, K)-structure on the 3-manifold X3, respectively. Let also m and f be two
smooth functions on X3 such that they are invariant under the flow of €1 and the
conditions (58) and (60) are verified. Then, the matriz A given in (57) gives a
coframing change between the R-Cartan structure o and the (I,0, K)-structure
w.

It can be shown by the means of Cartan-Kéhler theorem that the differential
system (58), (60) it is involutive (see [12] for similar discussions), but the
computations are too complicated to be given here.

5. Cartan-Kéhler Theory for an (I, 0, K)-generalized Finsler
structure

Let us consider here the problem of involutivity of the PDEs (50), (51) for
an unknown function m on the 3-dimensional manifold .

In order to keep things simple, our setting is a 3-manifold ¥ endowed with
an R-Cartan structure {a!, a?, a3}. All the subscripts of the scalars are again
with respect to the coframe a.

Let us observe that for any function f on ¥ equipped with an R-Cartan
structure, the following Ricci identities hold:

fi+ fa2 — faz =0,
(61) fo+ fiz—fz1=0,
Rfs+ for — fi2 = 0.
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In particular, from Bianchi identity R = 0 (see Remark 2.1) we have

Ri— Ry3 =0,
(62) Ry + Riz =0,
Ro1 — R12 =0.

We start by considering the following one forms

61 = dm — miat — m2a2,

(63) 0y = dmy — miat +moa?,

03 = dmg — (1 — R)yma® — mya?,

namely, for a given R-Cartan structure {a!,a?, a®} on the 3-manifold ¥, we

consider PDEs (50), (51) and Ricci identities mi3 = —ma, ma; = 0, maz = my.
Next, let us consider the linear Pfaffian (Z, J) with independence condition
T = {91; 927 93};
(64) J ={a',a? a? 01,0,,05},

a'NaP A £0
on the 7-dimensional manifold €2 with the coframing
(65) {a',a?,a®, dm,dmy,dms,dmy; }.

The integral manifolds of (Z, J) are functions m with the desired proprieties
for given R-Cartan structure.
A straightforward computation shows that (Z, J) has non-absorbable torsion
given by
d91 = 0,
(66) dfy = (7dm11 — ngag) A ol + t20&2 A 043, mod 91, 92, 93,
dbs = taa A a® 4+ tial A a2,

where
(67) t1 ;= mRy — my, to := —my1 + m(l — R).
Further, we restrict to the 5-dimensional submanifold Q= {t1 =0, ty =
0} C Q with coframe
(68) {a',a?,a®, dm, dmy}.

Then, by a straightforward computation we have

b2l = d(mRi)—m(l—R)a'+ maa®

R
12 Ya? + (— Ry + %)oﬁ}
mod 91|§,92|§,93|§.

= m{(Ru+R:+R—1)a' + (Ria +
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From 63|g = 0, we obtain the equation
~Ry+ 2 =0 > my=mR,
m
and the following conditions on the given function R:
Ri1+R?4+R—1=0, Ris+ RiRy =0.

From now on, we assume given R satisfies above two equations. We restrict
again to the 4-dimensional submanifold Q= {my = mRy} C Q with coframe
(69) {at, a?, a3, dm}.

It follows

193|§:2 = d(mRy) — (1 — Ryma® — mRyo?
= m(Rye+R3+R-1)a”  mod 01,05, 05]=.

Hence, in order to solve the PDEs (50), (51), the function R must satisfy:
(70) Ros+R5+R—1=0.

From now on, we assume that the R-Cartan structure « satisfies
(71)

dR — Ria! — Rea® =0,

dRy + (R + R —1)a’ + RiRya? + Rea® = 0, «—

dRy + R Ryt + (R2+ R —1)a? — Ria® = 0.

R =1-R- R,
R12 = R21 = _RlRQa
Rys =1— R — R3.

Hence, on the 4-dimensional submanifold Q= {ma = mRy} C Q with the
coframe

(72) {a}, 0?03, dm}
we have 92|s:2 = 93|§:2 =0 and
(73) dt91|§:2 = m(d(logm — R)).

Therefore, the Pfaffian system {6’1|§~~z =0} on Q := {my = mRy} C Qis a
Frobenius system.
From the above computations, we remark that the following relation holds

(74) dm —mdR = 0 < m = CeF,

where C' is arbitrary constant, in other words, m is uniquely determined by the
structure function R of the Cartan structure a.
We conclude:

Proposition 5.1. For a given R-Cartan structure which satisfies (71), we have
one parameter family of solutions of the PDEs (50), (51).

Taking into account (74) we can also formulate:
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Proposition 5.2. Let us consider an R-Cartan structure o on the 3-manifold
Y which satisfies (71). Then, the coframe

1
wl = EefR(oz3 — Ryat),
1
(75) W2 = 567120[17
W3 = a2

gives an (1,0, K) generalized Finsler structure (i.e., a generalized Landsberg
structure) on the 3-manifold ¥ with the invariants

(76) I =—2R,, K = C%e?R.

Remark 5.1. The existence of an R-Cartan structure which satisfies (71) is
guaranteed by the existence of Generalized Landsber structures (see [12]) or
one can prove the existence of the R-Cartan structures by using the same
method (Cartan-Kahler theorem for the frame bundle) as in [12].

6. The geometry of the leaf space A

We will study in the present section the geometry of the quotient space A
that is the leafs space of the codimension two foliation {a! = 0,a* = 0} on
the 3-manifold 3. This section is based on a private communication with R.
Bryant ([6]).

Let us recall from the previous section that we are given an R-Cartan struc-
ture {a!,a?, a®} on ¥ whose structure function R satisfies (71).

Theorem 6.1. The R-Cartan structure (X, «) subject to the conditions (71)
induces on the leaf space A = X 1p1—0 o2—0y a family of smooth rotationally
symmetric Riemannian metrics

(77) 9= n2(r)dr? + ©*(r)do?,

where

(78) " =g P = e
and

(79) O(r) = (Rofg),(Roigiirg)e,%rz}i

Here (r,0) € I x S are the induced local coordinates on A, and Ry > 1 is a
real constant.

Proof. Tt can be seen that from equations (71), one obtains

3\ ain
(80) d((R% + B3+ R—5)elR 1>) —0,
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therefore, it must exists a constant C' such that

(81) (RI+R3+ R - g)eQ(R_l) =C.
Observe that the last formula can be rewritten as
(82) (R + R + f(R) = C,

where
(83) F(R) = (R 2)eD

is a smooth function of one variable. Since (R? + R3)e?(F=1) > 0 it follows that
we must have f(R) < C. A simple computation shows that f(1) = —1 is the
minimum of f.

Therefore, one gets C' > f% with equality in the case R = 1, which is not
good for us and it will be therefore eliminated.

For any fixed C' > —3, if we denote by (f(Ro), Ro) the intersection point of
the graph of f with the straight line f = C, it means that always there exists
a unique constant Ry > 1 such that C' = f(Ro) = (Ro — 2)e*Fo~1 therefore
(81) reads now

(84) (Rf +R2+R— 2)62(1%71) — (Ro _ g)ez(mfl)

for any constant Ry > 1. Obviously we must have R < Ry.
On the other hand, one can see that

85 A S Rl + Baa?)] = d] e (Raal — Rya?)] =0
@) i g (e’ + Ren)| = d| (e’ — aa) | =0
Therefore, if we denote
(Ro—R) (Ro—R)
e e
86 dz' = ———dR dz* = ———dR
(86) TTRYRT Y T RIR
it follows
") (@) + (@) = S (@) + (@]
87 dz" )+ (dz7)" = —¥——= (o )* + (« .
R + RS
Therefore, at least locally, one obtains a metric on A
R} + R3
(85) 9= () + (%) = Fmpy [(d=1)" + (d=)°]

by using now (84) we get the equivalent form

(89)
9= ((Ro - g) —(R- g)eQ(R*R“) [(d=")? + (d=2)?]
o2(R—Ro) ,
= ®=H - @ P+ (- 3~ (R ) ) a=)”
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One could now regard (R, 22) as the local coordinates on A, but it is better
to use the coordinate change (r,6) — (R, 22), where
r2 2 0

(90) R:RO_Z’ z:RO—]_

This puts the metric g in the “polar coordinates” defined on a domain I x S*
(91) g =1 (r)dr® + ¢*(r)d6?,

where [ is an interval in R and

or, equivalently,

(93) n(r) = o(r) =

where we put

3 3 1 213
(94) o(r) = [(Ro—5) = (Ro— 5 — 7)™ ¥ ] .
One can easily see that this is a smooth rotational metric even at the origin

r = 0 and that the curvature R reaches its maximum there. O

Remark 6.1. 1. Conversely, for any Ry > 1, formula (77) defines a metric on
a region of the plane where (Ro — 3) — (Ry — 3 — %r2)e_%T2 > 0 that satisfies
the desired conditions.

2. The value of the parameter Ry > 1 influences the geometry of the Rie-

mannian metric g, indeed
(1) for Ry > %, (r,0) € R x S1, i.e., (r,0) are global coordinates, in other
words (A, g) is a smooth Riemannian manifold;

(a) when Ry > 2, the metric (77) is incomplete (because the r-curves
have finite length), and can not be extended because

lim k = —oc;
t—o0

(b) when Ry = %, the metric gets the form

(95) g=dr? +r?e” 7 db?

which is a complete Riemannian metric;
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(2) for 1 < Ry < 2 the condition (Ro — ) — (Ro— 2 — 1r2)e~3"" > 0 holds
for |r| < T(Rp) for a certain function T'(Ry) > 0.
This metric is not complete at t = +T(Ry), but the length of the
parallels goes to 0 as t — +T(Rp). Thus, the metric “completes” to
a singular 2-sphere, with one singularity at the “minimum curvature
pole”. This will be an actual singularity if the cone angle is not 2,
and this will depend on the value of Ry.

Let us point out that the prime integral my of the geodesic flow of (A,g)
constructed in Section 4 reads now m; = Rjef and therefore it gives a first
coordinate on the geodesic space M = ¥/ (410 a3—0}. Since the space M is the
leaf space of a codimension two foliation, it should have another coordinate,
but to find it explicitly on 3, we need a second prime integral of the geodesic
flow of (A, g), and this is a difficult problem to be studied in the future. Instead
of doing this, we will induce local coordinates on M from the tangent bundle
of A in the next section.

7. The geometry of the surface of revolution (A, g)

Let us consider the complete surface of revolution with the metric (95). We
recall that the geodesic flow of a surface of revolution is completely integrable.
In polar coordinates, we have

2
(96) gin=1 gi2=g1=0, gao=h(r)=r’e"7.
The sectional curvature of this metric is
3 1, 3

== <z
(97) R 51" S5
and non-vanishing Christoffel symbols

r(r? —2) _i, h' 1r2—2

(98) V%QZ—thZTe " 7%2=ﬁ=7§1=—§ "

It follows that a curve v : [a,b] — A, with v(t) = (r(¢),6(¢)) is a geodesic on
A if and only if it satisfies the following geodesic equations:

" T(TQQ* 2)6

2
-2
r 9 = 0.

) =0,
(99)

9// _

r
A straightforward computation shows that

d

(100) = [hQ(r)e’] =0

i.e., the function

2

(101) F =00 =r*e =0
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is constant on the geodesic lines, and thus provides a prime integral of the
geodesic flow of (A, g). This is called the Clairaut integral (see for example
14]).

A natural question to ask is if our prime integral m; is different from the
usual Clairaut integral. With the notations above, we have:

Proposition 7.1. The prime integral Rie®* coincides with the Clairaut integral
F up to multiplication with a negative constant.

Proof. Let us denote by f1, fo the g-orthonormal frame on A, then the relation

with the natural frame %, % can be written as

o1 (a\/Eg_a\/Eg)_. 0, a0
102) S ag2 ar  act ag) " ar T g
10 [ 20
o= \/—(C ¢ ) ST

where E = ((1)? + h2(r)(¢?)? is the energy function of the Riemannian struc-
ture (A, g) and |g| = h? is the determinant of the matrix (g;;). Here we use
(r,0,¢',¢%) € TA to denote the natural coordinates on the tangent space of
(A, g).

Their horizontal lifts to the unit sphere bundle ¥ of (A, g) are

0 ) A ) 1)
103 — — = 12—
(103) h=mgtmis,  h=lg+lg
where 5—‘1, % is the adapted basis of the horizontal subspace of T'A with respect
to the Levi-Civita connection, i.e.,

59 4, .,0 0

= 2 _ 2_:_7_2

qoy OO 852 T e T RS a@’
i_g_ 1C2i_ ¢t _2+hh/2i_h_/ 1i
56 00 125 pet T S Hez T gy act ~ h° oact

With these notations, we have
10R 50R OR
1 — i
(105) Ri=m! 5 +m 50 =™ B
We will compute now m! as follows

(106) m' = L OWE _ 1 a—E:h(r)%

Vigl 96 2/l 0¢2

and taking into account of (97) it follows that on ¥ we have

(107) Ry = —rh(r)¢?.

On the other hand, let us recall that the canonical lift of a geodesic v of
(A, g) to the unit sphere bundle ¥ = F(A, g) gives the geodesic flow of (A, g)
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on Y. Its tangent vector is

. . 0 4] 0
1 — T — Al _ = ! 7 /=
(108) fo=T(0) =4 (05 =1 5+ 0
and therefore, along the lines of the geodesic flow we have 8’ = df(fy) = 12 = (2
on X.

Finally, observing that

31 h
(109) e — 31" — 30
r
it follows
(110) Rief = —e2h22,
i.e., on the geodesic flow of (A, g) we have Rjelf = —e%F, and the proposition
is proved. (I

Finally, let us remark that we can regard the space M as a submanifold of
the tangent space TA. On T'A we have already two functionally independent
prime integrals of the geodesic flow of (A,g), namely, the Clairaut integral
F = —e 3 Rief, regarded now as function on T'A, and the energy function E
of the Riemannian structure (A, g).

Therefore, we obtain in this way induced local coordinates (F, E) on M from
TA,ie., my : TA — M, (r,0,(1,¢?) = (F, E). Pay attention to the fact that
M is not a smooth manifold because (A, g) cannot have all geodesics closed
and of same length.
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