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Abstract

In order to improve sensing performance when the noise variance is not known, this paper considers a so-called
blind spectrum sensing technique that is based on eigenvalue models. In this paper, we employed the spiked population
models in order to identify the miss detection probability. At first, we try to estimate the unknown noise variance
based on the blind measurements at a secondary location. We then investigate the performance of detection, in terms
of both theoretical and empirical aspects, after applying this estimated noise variance result. In addition, we study the
effects of the number of SUs and the number of samples on the spectrum sensing performance.
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I . Introduction

Much recent work has focused on eigenvalue-based
spectrum sensing methods for cognitive radio networks
(CRNs) [1], [2], where researchers have applied inno-
vations from random matrix theory to calculate the pro-
bability of a false alarm as a function of a threshold.
This work has also employed many kinds of test sta-
tistics, such as the ratio of the largest and the smallest
eigenvalues or the ratio of the average and the smallest
eigenvalues of the sample covariance matrix. Yonghong
and Ying-chang’s model in [2] requires a number of
samples, N, and a number of secondary users (SUs), K,
approaching infinity. A significant gap exists between
the simulations and analytical results.

Kortun et al. [1] improved the model by finding an
exact threshold and an approximate closed-form per-
formance that agreed well with the empirical results.
Independently, Penna et al. [7] derived work similar to
[1] and then further analyzed the probability of a miss
in [10]. However, the method used in [10] still requires
knowledge of noise level and the parameters of primary
user (PU) signals and channels, which is impractical in
CRN scenarios. To our knowledge, not much research
has been carried out regarding the relationship between
the threshold and the probability of a miss when using
blind spectrum sensing techniques.

This paper considers a novel blind spectrum sensing
technique for CRNs, where we analyze a threshold with
a constraint on the probability of a miss. CRNs are com-
posed of a specific bandwidth, including multiple PUs
and the number of SUs. Based on a variety of research
related to the distribution of eigenvalues [3], [4], we ap-
ply the results of random matrix theory to the spectrum
sensing model. In fact, the practical model is related to
a finite number of samples and SUs, while these para-
meters are infinite in random matrix theory. Therefore,
we exploit the limit distribution for approximate results
in our applied spectrum sensing model. Furthermore, the
observations referred to in this spectrum sensing model
undergo interference with by complex Gaussian noise and
are affected by fading channels. Performance still de-
pends on the channel parameters, noise powers, and the
PU signal powers. However, these parameters are un-
known in practice. Therefore, noise estimation schemes
must be combined with analytical approaches. This work
also focuses on improving the performance of the noise
estimation scheme in order to provide an efficient sol-
ution to the problem with unknown information.

The rest of this paper is organized as follows. Section
2 presents the sensing model. The analysis of the proba-
bility of a miss as a function of threshold is considered
in Section 3. Section 4 demonstrates simulation results
and discussions. Finally, concluding remarks are given
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in Section 5.

II. System Model

The system model can be presented with some assum-
ptions. At the PU side, there are P sub-bands of interest
transmitted by P entities. Cognitive radio networks have
K SUs, which can share their information through high
speed transmissions. The high speed requirement for ex-
change of data is the problem of interest in the model
design. Fortunately, these cognitive radio nodes can be
linked by wired networks, which help to significantly
improve the speed.

The observable signals at the SUs can be expressed
as

Y=HX+V, (1)

where the KxN matrix Y is the measurement at the SUs.
The KxP matrix H represents the channels between the
PUs and SUs. The PxN matrix X denotes the trans-
mitted signals from the PUs. In fact, the transmitted sig-
nals can be expressed as X=[x(n)]T, n=1, ---, N, where
each x(n) is the Px1 vector whose elements are obtained
from samples of PU signals. Therefore, the covarian-
ce matrix of these independent PUs can be written as
E{XXH} =C, = diag(olz,...,of,)’ where o}, ie[l,P] is
the variance of the i-th PU signal. The KXN matrix V
is the complex Gaussian noise with zero mean and var-
ianceo .
The hypotheses can be expressed as

Hy Y=V, (2)

H Y|, =HX+V, (3)

III. Performance Analysis
3-1 Probability of Miss Analysis

In the case of H,, the measurements at the SUs are
rewritten as

. ~1/2
V= [ka] [‘X/] _ [%HCI/ZXIK] [UC’ v X] = JR,

where the covariance matrix of the PU signals are C,

= E{xx”} - diag(cf,...,clz,), J :{iHCL/ZIK} R :{GCXVWX}

The test statistic can be found by calculating the ei-

1
genvalues 1" =?HCXHH +I; as follows:
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4)

det (0" — 1,4 ) =0,

= det(i2 HC H" +1, —th“>) =0,
o

& det(HC H" -0 (1 ~1)1, ) =0,

H a2
e det(HC H" -11,)=0,%, =0 (1 - ), (5)

Using the generalized matrix determinant lemma, we
have

det(qﬂ)det(—sz)det(c*f—%

,_%HH ) =0,

HIH) =0
-1

&det(C,)(— )X Pdet(C

=0 P+l<i<K

e det(c’l'—iHHH): 0,1<i<P
13 (6)
Hence,
‘
) =— 41,
too’ (7

It is easily observed from Eqgs. (5) and (6) that the
power of each PU and the channel information, repre-

sented by C, and H, respectively, must be known. We

first consider the case of known channel state infor-
mation and unknown PU signal powers. The noise vari-
ances must be estimated, and then we can separate into
two groups of noises or signals with variances equal to
or larger than the estimated one. This technique will be
presented and analyzed in Subsection 3.1. Furthermore,
SUs do not know channel state information in practice;

hence, we approximate #” for a fully blind spectrum sen-

sing model in the Simulation section.

3-2 Methods for Noise Estimation

In Subsection 3.2, the final expression of miss proba-
bility requires knowledge of the sampled covariance ma-
trix of PU signals, the channel matrix, and the noise
level. In order to obtain these values, we must estimate
the number of PUs and the noise power. Based on pre-
vious research [8], we present and analyze the perfor-
mance of noise estimation, as follows.

The distribution of the largest eigenvalue 4 is

lim Pr{M < x} =k, (x),

o(N, p) (8)
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AKNJUZ%K¢N—U2+Jp—U2Y,

O'(Np)——(x/N 1/2+4p-1/2 )[ ! ] s

JN-1/2 Jp—uz

and £y, (X) is the Tracy-Widom distribution with order
2 (") [9].

In order to determine the total number of active Pus,
p, we apply a series of tests. In other words, we will
estimate the noise level of the communication environ-
ment at the p-th eigenvalue, and then test the likelihood
of this p-th eigenvalue, 4,, to determine whether it has
arisen from PU signals or noises. In each test, there are
two hypotheses, ™ and
at least p eigenvalues satisfying (9). The latter repre-
sents, at most, (p —1) eigenvalues not satisfying the con-
dition in (9), due to the fact that the p-th eigenvalue is
used as the edges of the two hypotheses, the eigenvalues

H,, where the former represents

4, i€[p+1K] are assumed to be arisen from noises.
H, has at least p eigenvalues satisfying (9).
H, has at most (p-1) eigenvalues not satisfying (9).
The condition used for testing is

2, >0 (p)(#(N.K = p)+x(b)o (N, K - p)), (9)

where b=F, (x)is the confidence level, and x(b)= £,

() is the value determined from inverting the second-
order Tracy Widom distribution. In our work, b is va-
ried from 0.1 % to 0.5 %.

The operation can be implemented as described be-
low. If the measurements satisfy hypothesis H,, we in-
crease p and perform the test again. Otherwise, when
the hypothesis H is satisfied, we stop testing and record
the final result p = p—1. Based on the above operation,

p can be defined as the solution to the following opti-
mization problem

: 2, <oy (p)x
P=argmin{ ? o -1

v |(u(N.K-p)+x(b)o (N.K - p)) (10)

For Eq. (10), the noise level must be known. There-

fore, we next present the method to estimatedyy .

3-2-1 A Simple Method for Noise Estimation

Equation (1) can be rewritten as

,
y=2hx;+0t,
j=1 (11)

The covariance matrix can be modified to a diagonal
matrix as

All

vlc u=
Y A22

+oI.,
7K (12)

where U is now an unknown KxK matrix whose col-

umns are the eigenvectors of C,, 4,=| . |, and

A, =0(K—P). 1t is clear that, with a very large num-

ber of samples (N — ), the first P eigenvalues of the
, P, and the re-
The eigenvalues are

covariance matrix are A, +o’, i=1,
maining (K— P) eigenvalues are o”.
separated into two groups, the group of signals with es-

timated eigenvalues larger than _: and the group of

noises with the remaining eigenvalues. Unfortunately,
the noise eigenvalues are widely spread in the case of
a finite number of samples. In this setting, we define the
covariance matrix for a finite number of samples and
observe that

=i (13)

In practice, the sampled covariance matrix can be
written as

u'c,U= +
X Tx X 0 (14)

where 7, = —E y;u;)?. Tt is easily seen that the diagonal

elements from (P+1) to K are due to noise. By avera-
ging these elements, we derive the noise variance as

e e %)

ZA+Zu—mj
i=P+1 i=1 (15)

However, the matrix U is unknown. Hence, we must
estimate 7. In the simple form, we set 7, =4, and get

o slmple ( Z j’ j

i=P+1

(16)
3-2-2 Improvement in Noise Estimation

In order to improve the estimated noise variance, we

now diagonalize the upper left submatrix U; C\U,, as
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in [8]
ur gomin {Bn Blzj,
le Bzz (17)
¢ 0 Tpa 0
where , B,=Bl,=Z and B, =
0 o 0 Tk

The eigenvalues of UITC},NU1 are
K 25

Z
A=P .+ — . jE€|L P,
/ / 71:2}311@_7'77—71 J [ ] (18)

1
where z; ~ E{z;} =F¢jaz . Therefore, Eq. (18) can be

derived as

K-P , ¢
N ¢, -0 (19)

where j€[LP]. To this end, we iterate Eqs. (15) and

(19) to estimate the noise variance

[Zz £Y0, ¢>j

i=P+1 i=1

12 ?, [k +61m(1—uD+l Glm—O
N

& >

(20)

. .. ) 2 2 P
with the initial value o (=0 ../ [1 _Wj for better per-

formance [5]. )

After estimating 2 , which is used for missed prob-

ability analysis with known channel state information
and PU signal powers, we also use A;i € [LF] to calcu-

)

late the eigenvalue £’ as in Section 4 for the case of

blind spectrum sensing models.

3-3 The Probability of Miss

Based on the estimated result of noise variance, éfm,
we perform the calculation of Pm. Note that the follow-

ing expressions use o’instead of &2  From [6], we
m

have the following theorem with

1) o f(/) 1+ ,
u(e”)= [ 1 - J 1)

o(1") =" 1l-——,
et (47 -1) (22)

where ¢=K/N.
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3-3-1 Theorem 1

Ref. [3] Consider the sequence of a complex Wishart
matrix with Cx. Let 1<m < P, we have the case of iden-
tifiable signals; i.e., the spiked eigenvalues are above the

critical limit 1+¢"2. If t)= . =tV >1+c%  Let

. :W)(il_u(t;n)j,

o(t” (23)

then
Jim Pr(e <7)=G, (). (24)

where G,(r) is the finite Gaussian unitary ensemble
(GUE) distribution given as

Feug, () (H X
/ / H £ 5 2H eXp ) . d§m
—ool <4 <J<IVI| | 252 (25)
Based on Eq. (24), the distribution of the largest ei-

:fgm(m).

In order to determine the distribution of the smallest

lim fe (z)
N,P—co

genvalue is

eigenvalues, which are the remaining (K-P) eigenvalues,
we adhere to Theorem 2 [4]. Let

- K-P
N (26)

#((}) =c’ (;: ”2—1)2 ,
(27)
G(;jzdz(cm lj( -1/2 lj ,
(28)

3-3-2 Theorem 2

Consider the sequence of a complex Wishart matrix
C. with size (K — P)x(K — P) (Note that C,is the

lower right submatrix of C,). A¢ is the smallest ei-

genvalue of CNX . The variable “*~ :E;) (ik_ﬂ(;)j will be

satisfied

lim_ Pr(e
N(K-P)™ o (8¢

<P =F, (7). 29)

Based on Eq. (29), the distribution of the smallest ei-
lim fe&,(x)= sz (x) .

genvalue is '}

Now we can establish the ratio test as follows,
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A

b N, (67)+ u”)
Ak N’2/35K6(2)+y(2)
(30)

Following [7], the joint distribution of the largest and
smallest eigenvalues is

T=

S ()= [f, (e0) £, (),
0 (31)

where the distributions of the largest and smallest ei-
genvalues are derived from f (X) and f, (X), respecti-

vely, and are given as

2

£ (x)=;6/;¢,, C:E;j(x—y(;jj .

c

(33)

Therefore, the probability of a miss can be calculated
as

Pm:Pr(T<7|H1):FT\H,(7) (34)
and the threshold is the inversion of Eq. (34)

7(Ba)=Fr, (P)- (35)
It is easily observed that the threshold derived from
Eq. (35) depends on the channel matrix and the PU sig-
nal powers. This is due to the fact that 7 (¥), which

includes H and Cx. Information on the PU signal powers
is included in Subsection 3.1, and the model considered
here is a CSI case. In the next section, we approximate

tl('/) in order to obtain the results in the case of the fully

blind spectrum sensing model.

IV. Simulation Results and Discussions

After noise estimation, the results are the noise level
o,y and the number of PU signals, Pest, with the proba-
bility of the correct number of PU signals Pr(Pes=P).
The covariance matrix of the measurements at K of the
SUs can then be diagonalized as in Eq. (14) and the
first P eigenvalues /AL.,Z' 6[1, p] represented as P PU sig-

nal powers are approximated as Eq. (19). Substituting
these eigenvalues to Eq. (7) at i=1, we have

g OpN . (36)

Proof: When N is very large, the approximation is as
follows:

C}UV ~ HC:(HH + Cv’ (37)

where Cv is the sampled covariance matrix of noise.
From [11], Weyl’s inequality theorem reads as

t17+}’max (Cv) < ﬂ‘l < t1+}’max (C\,), (38)

where ;Lmax(cv) is the estimated noise eigenvalue, UﬁN,
which is calculated as in Subsection 3.1, t;,t;,...,t; are P

eigenvalues of HC H”, and ,, is the largest eigenvalue
of C,v. Moreover, at very large N, the simulation shows

that the following approximation performs in a manner
that is in good agreement with the empirical results

A

j'1 ~ tl + }\’max (Cv) = tl + GIZJN (39)

Substituting Eq. (39) into Eq. (36), we have the final
result.

We now perform spectrum sensing without using any
information from the channels or the noise level, in this
case. We note that noise estimation relates to the correct
number of PUs Pr(Pes=P), so the final probability of a
miss is P, =Pm x Pr(P, = P).

Now, we analyze the effects of parameters such as K,
N, and P on the noise estimation performance and there-
fore the spectrum sensing performance. In Fig. 1, the
miss probabilities for the unknown model, the ideal
model (known model), and the empirical simulation are
calculated using various numbers of samples and SUs.
As illustrated in this figure, the gap between the ideal
and the unknown schemes is slightly too small. In par-
ticular, when the number of SUs and samples are in-
creased ((V, K)=(2,000, 40), (N, K)=(2,000, 50) and (N,
K)=(800, 40)), the results of both cases are the same. To
confirm a good match between the theoretical analysis
and the empirical experiment, the model uses only N=
2,000 or N=800 samples, which are appropriate for the
practical model.

In order to completely understand the estimation sche-
me, Fig. 2 shows the performance when estimating PU
signal powers. Even though a pair of samples and the
number of SUs (¥, K) are chosen to be (1,000, 50) (i.e.,
a not very large N), the estimated power densities agree
well with the original power densities. A larger number
of samples gives a more exact result for the estimate of
the powers. Hence, if we want to obtain a more precise
estimate in order to reduce the difference between the
theoretical and empirical results, we slightly increase the
number of samples N.
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Fig. 1. Probability of miss vs. the threshold in the case of
P=4 and variable K and N.
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Fig. 2. Density of the ratio of signal eigenvalues to noise ei-
genvalues in the case of P=3, K =50 and N=1,000.

Fig. 3 shows the receiver operating characteristic
(ROC), which describes the sensitivity of the spectrum
sensing model. We also note that, in the case of Ho, the

probability of a false alarm, P, is calculated based on

the results in [7], which include the analysis for 7, as
a function of a decision threshold.

Fig. 4 shows the convergence of our proposed scheme
at P=4 with the constraint ¢=0.1. It is clearly observed
that the increases in both K and N confirm the con-
vergence of the curve represented by the relation be-
tween Pm and the threshold. In the case of N=80 and
K=8, the estimated scheme no longer agrees with the
known scheme due to the fact that noise estimation per-
formance is heavily degraded when N is too low.
Moreover, after the noise estimation stage, the perfor-
mance of the spectrum sensing technique is also affected
by very low K and N. Increases in both N and K with
the constraint N/K=c ensure that the performance of the
analytical unknown case matches well with that of the
empirical known case.

Finally, we did not refer to the energy detection tech-
nique (ED) in our work; our focus was on comparison
of our proposed method with state-of-the-art eigenvalue-
based approaches. Several other studies [1], [2], [7],
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Fig. 3. Probability of miss vs. probability of a false alarm
in the case of P=1, K=50 and N =1,000.
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Fig. 4. Miss probability vs. threshold in the case of P=4 and
variable K and N with the constraint ¢c=K/N=0.1.

[10] have confirmed that the eigenvalue-based methods
outperform the ED.

V. Conclusion

Our work considered a new sensing model for cogni-
tive radio networks, where multiple SUs blindly sense
the band of interest, including multiple PUs. A novel
analysis is presented to determine the threshold based on
the probability of a miss, which is a new method that
utilizes the best knowledge from spectrum sensing. Mo-
reover, the proposed hybrid analytical simulation method
enhances the blind features of spectrum sensing models
since the unknown noise level, and hence the parameters
of PU signals and channels, are estimated with small
errors. We also show the effects of the estimation sche-
me and attempt to improve its performance. As a con-
sequence, the empirical simulation results illustrate small
differences between the performances of the ideal (kno-
wn information) and estimate (blind) models.
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