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A CLASS OF INFINITE SERIES FROM GENERALIZED
EISENSTEIN SERIES

SUNG-GEUN LM

Abstract. B. C. Berndt has found a transformation formula for a
large class of functions, which comes from a transformation formula
for a more general class of Eisenstein series. In this paper, using his
formula which is ‘twisted’ by change of variables, we find a class of
infinite series identities.

1. Introduction

B. C. Berndt [3] found a transformation formula(Theorem 1.1) for a
large class of functions which originally comes from generalized Eisen-
stein series. In this paper, using his fromula, we derive identities about
infinite series. Some of the results are found in the Notebooks of Ra-
manujan [7] or have been proved by Berndt([2, 3]). Specially, we obtain
elegant symmetric identities(Corollary 2.4-Corollary 2.6) and find re-
lations with sums of Bernoulli’s polynomials(Corollary 2.11, Corollary
2.12).

We shall use the following notation. Let r = (r1,72) and h = (hq, h2)
denote real vectors. For a complex number w, the branch of the ar-
gument is given by —m < arg w < m. Let e(w) = €™ and let
H = {r € C | Im(7) > 0}, the upper half-plane. For 7 € H and an
arbitrary complex number s, define

AN(Tv s, h) =

DS e (Nmhy + (Nm +71)7 + 12)(n — ho))

_ 1—s
Nm—+r1>0 n—ha>0 (n = h2)

where N is a positive integer. Let
s
Hy(1,s;7,h) == An(T,8;7,h) + € <§> An(1,s;—r,—h).
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The characteristic function of the integers modulo NV is denoted by Ay,
ie.,
1, ifm=0 (mod N),
A (m) = . ( )
0, otherwise.

For real x, y and Re s > 1, let

n+y>0 (TL + y)s

For a real number z, let {x} = = — [z], where [z] denotes the greatest
integer less than or equal to z. Let V7 = V(1) = Z:jr'g denote a modular
transformation with ¢ > 0 and ¢ = 0 (mod N) for every 7 € H. The

vectors R and H are defined by
R = (R, R2) = (ary + cro, bry + drs)

and
H = (Hl,HQ) = (dhl — bhg, —Chl + ahg).
We now state a twist version of which theorem in Berndt’s paper [3].
Theorem 1.1. ([3]). Let Q@ = {7 € H | Re(r) > —d/c}, on =
c{Ry} — Nd{R,/N} and ¢ = ¢ N. Then for r € Q and all s,
(et +d) *Hn(VT,857,h) = Hy(7,8; R, H)

—An(r1)e(=rihy)(em +d)"°T(s)(—2mi)~° (w(hz, r2,s) +e (g) P(—hg, —r2, S))
n (Ry)e(— Ry Hy)T(s)(—2mi)~* (w<H2, Ra,s) +e (75) W(—Ha, —Ra, s)
+(27i) " Ly (7, s; R, H),

where

Ly(7,s;R, H) = ie(*Hl(Nj + N[R1/N] = ¢) — Ha([R2] + 1 + [(Njd + en)/c] — d))
j=1

e (eTHD(NG=N{R1/NDu/e {(Njdten)/chu
/C Y e errdu e(cHy + dHs) e* —e(—H>) du,
where C' is a loop beginning at +00, proceeding in the upper half-plane,
encircling the origin in the positive direction so that v = 0 is the only
zero of
(e~ DU _e(cHy + dHa))(e* — e(—Hy))

lying “inside” the loop, and then returning to +oo in the lower half
plane. Here, we choose the branch of u® with 0 < arg u < 27.

If s is an integer, then we can evaluate the integration in Theo-
rem 1.1 by using the residue theorem. Note that after evaluation of
Ly(7,s; R, H) for an integer s, the transformation formula in Theorem
1.1 will be valid for all 7 € H by analytic continuation.
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We shall use the generating function

ZB \t\ < 2m)

for the Bernoulli polynomials By, (z), n > 0. The n-th Bernoulli number
By, n > 0, is defined by B, = B,(0). Put B,(x) = B,({z}), n > 0.
Recall that Bs,11 = 0, n > 1, and that By,4+1(1/2) =0, n > 0. The
following formulas are useful [1];

By(1 —z) = (—1)"By(2),

c—1

> B, <‘i + x) = "B, (cx),

=0

1
B, <2> =—(1-2""B,, n>0.

2. A class of infinite series

In this section, we find a class of infinite series from Theorem 1.1
under a modular transformation. Let N be a positive integer, and let
r1 and ro be arbitrary real numbers. Put

(. T2 _ _N-1 1 _ 1 11
7“—<7“1,N>,h—(0,0>,7'— I —|—NZ,VT—

for Re(z) > 0. Here, V is a modular transformation corresponding to

the matrix
1 —1
N —-N+1/°

Then we see that (Ry,Re) = (r1 +1r2,—r1 — 72 +172/N). Employing
above r, h, 7, we obtain the following results. Let n be an arbitrary
integer. For N {7y,

2, cosh(mik(2(ry + o) /N + (1 — 2{r1/N})/2))
(2.1) Hy(Vr—20i7,0) = k2n+1 sinh(mik/2) ,

k=1

and
(2.2)

oo

= sinh(mik(2(r1 +12)/N + (1 = 2{ri/N})/2))

H —2n —1;
N (VT =20 = 1;7,0) k27+2 sinh(nwik/ 2)

k=1



394 Sung-Geun Lim

For NJle =1y + 7o,

(2.3) Hy(r,—2n;R,0) = Z Cosh(m'k(—2;12{L]X12i(jé((i1ﬂ:-k22))/]\7} - 1)2))7
k=1

and

(2.4)

i sinh(7ik(—2r1 /N + (2{(r1 +12)/N} — 1)2)) .

Hy(t,—2n—1;R,0) = k2n+2 sinh(—mikz)

k=1

Next, we have, by the residue theorem,

I RO i e—z(l—{Rl/N})u e{gN/N}ud
N(Tv_na ) )_/Cvu e_Zu—]_ eu_l U
- VY
- _21/ w " ZBz(l —{(r + T2)/N})( Zu)
¢ =0
D Bul{1= N+ on/NY) o du
m=0 :
nt2 5
_ Bil(r + 12)/N) Busa_i(on/N) s
29 B %”g% Kl(n+2— k) =

Now we let N {r; and N 1 (r1 + r2). By Theorem 1.1, we see that
(2.6) 2"Hn(Vr1,—n;r,0) = Hy(1,—n; R,0) 4+ (2m8)" Ly (7, —n; R, 0).
Putting (2.1), (2.2), (2.3), (2.4) and (2.5) into (2.6), we find that, for
any integer n,

20 i cosh(mik(2(ry +r2)/N + (1 —2{r1/N})/z))

k2n+1 sinh(mwik/z)
i cosh(mik(—2r1 /N + (2{(r1 + r2)/N} — 1)z))
=1

k27 +1 sinh(—mikz)

2n—+2 —
Bi((r1 4 12)/N)Banyo—i(on/N) 4
2. 9 2n+1 k 1 k—1
2.7) ~(2mi) §: Kl(2n +2 — k)! =

201 i sinh(7wik(2(ry +12)/N + (1 — 2{r1/N})/2))
prt k2n+2 sinh(wik/2)

i sinh(mwik(=2r1/N + (2{(r1 + r2)/N} — 1)2))
k2n+2 sinh(—mikz)

k=1
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2n+3 >
(2.8) —@miy 2 ¥ B ((r1 +7'2)/N)B2n+3fk(QN/N)Zk—1'
k=0

Kl(2n + 3 — k)!

Theorem 2.1. Let o, 3 > 0 with a3 = 2. Suppose v and ' are
real numbers such that v and ~ + «/ are not integers. Then, for any
integer n,

o0

e cosh(2(y +A)wik + (1 — 2{v})ak
N Zl 2(v+7) (1 —2{~})ak)

k2n+1 sinh(ak)

k=
. cosh(—2mivk — (2 " —1)Bk

k=1
2n+2
B(v +7)B (on/N)
2n+1 k(Y +7")Banyo-r(on E n— k+1
(2.9) —2 Z Hn t2 ) (mi)*a
and
o—n—1/2 Z sinh(2(y ++)mik + (1 — 2{y})ak)
k27 +2 sinh(ak)
_ “n-1/2 Z sinh(=2mivk — (2{v + '} — 1)8k)
k27+2 ginh(Bk)
2n+3
(2.10) _o2n+2 Z Bk 7 +7")Bantz—k(on/N) (i) Fan k32,

kKl(2n + 3 — k)!

Proof. Let z = m/a in (2.7) and (2.8). Put r;/N =~ and ro/N =
v O
Now, we investigate a few special cases of Theorem 2.1. Let v be a real
number with 0 <y < 1 and 7/ = 0. We see that

(2.11) (B ={-Nn+Ny =} =1-n.

Theorem 2.2. Let o, 3> 0 with a3 = 7. Let v be a real number
with 0 < v < 1. Then, for any integer n,

= (—1)*+ cosh((1 — 2y)ak) cos((1 — 2v) k)
“ kzl K27+ sinh(ak)

n —1)5+ cosh((1 — 27)Bk) cos((1 — 2wk
—(—B) Z (-1) (k(:%ﬂ Zi)nh()ﬂk) (1 = 2y)7k)

n+1
Bo(7)Bant2—2k(Y) ni k
2.12 92ntl n n-ktl_
(2.12) * Z 2n+2—2k)0‘ (=B)",
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and
o172 Z Fsinh((1 — 2v)ak) cos((1 — 27)7k)
k2”+2 sinh(ak)
_ nIB n—1/2 Z COSh 1 — QV)Bk) ((1 — 2’7)7‘-]{:)
k2”+2 sinh (k)
n+1
(2.13) L o2n+? Z B2k )Bant3—2k(7) anfk+3/2(_5)k.

)(2n + 3 — 2k)!

Proof. Let 0 <y < 1 and ' = 0 in Theorem 2.1 and equate the real
parts. O

For v = 1/2, (2.12) reduces to Theorem 3.1. in [3], p. 335.

Theorem 2.3. Let a, 3> 0 with a3 = n%. Let v be a real number
with 0 < v < 1. Then, for any integer n,

- Fsinh((1 — 2y)ak)sin((1 — 2v)7k)
231 k2”+1 sinh(ak)
_ “nx~ (21)Fsinh((1 — 2y)Bk) sin((1 — 2y)7k)
=—(=h) ; k2n+1 sinh(Sk)
(2.14) o2ty > (f ;’“fl()”!zf;’flf’“%!a”‘k(—ﬁ)’“.

Proof. Let 0 < v < 1 and 4/ = 0 in Theorem 2.1 and equate the
imaginary parts. O

We find the following symmetric identities with respect to o and .

Corollary 2.4. Let a, 8 > 0 with a8 = w2. For any positive integer
M,

o2M Z ¥ cosh((1 — 2v)ak) cos((1 — 27)7k)
k2”+1 sinh(ak)

_ g2m k¥ cosh((1 — 27)Bk) cos((1 — 27)7k)
N Z k2”+1 sinh(Bk)

Proof. Put n = —2M in (2.12). O
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Corollary 2.5. Let a, 8 > 0 with a8 = w2. For any positive integer
M,

Q2M-1 Z Fsinh((1 — 27y)ak) sin((1 — 27y)7k)
k AM+3 sinh(ak)
_ vt Z Fsinh((1 — 27)Bk) sin((1 — 27)7k)
k AM+3 ginh(Bk)
Proof. Put n = —2M + 1 in (2.14). O
Corollary 2.6. Let ., > 0 with a3 = 72. Then
2. (=1)* cosh((1 — 2y)ak) cos((1 — 2v) k) 9 1
; k sinh(ak) ol =+ 6)
- k cosh((1 — 2v)Bk) cos((1 — 2v)mk) 9 1
; k sinh(Bk) AT =+ 5)-
Proof. Let n =0 in (2.12) and use Bz(z) = 2% — 2 + 1/6. O

The following corollaries show exact values for some infinite series con-
taining hyperbolic functions.

Corollary 2.7. For any positive integer M,

i (—1)FEAMH cosh((1 — 2y)mk) cos((1 — 2v)mk) 0

— sinh(7k)
Proof. Put « = f =7 and n = —2M — 1 in (2.12) O
Corollary 2.8. For any positive integer M,

i (—1)*E*M =1 ginh((1 — 2v)wk) sin((1 — 2v)7k) 0

sinh(7k) o

k=1

Proof. Let a = 8 =m and put n = —2M in (2.14). O

Corollary 2.9.

— (—1)* /sinh((1 —2y)ak) | sinh((1—2v)B8k)\ .
Z ( sinh(ak) + sinh(Sk) > sin((1 — 2y)7k)

Proof. Let n =0 in (2.14). O
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Corollary 2.10.

i (=1)* k cosh((1 — 2y)mk) cos((1 — 2y)mk) 1
sinh(rk)  4rn’
k=1
Proof. Let a = f=m and n = —1 in (2.12). O

We also see that sums of Bernoulli’s polynomials can be expressed by
infinite series.

Corollary 2.11. For any positive integer M,

2. (=1)* cosh((1 — 2v)7k) cos((1 — 2v)7k)

kAM=1 ginh(mk)
k=1

Bow(v)B (7)
4M 1 2k AM—2k\7Y k

= 1

Z WM — k) Y

Proof. Let a = 8 = m and replace n with 2M — 1 in (2.12). O

Corollary 2.12. For any positive integer M,

i (—1)*sinh((1 — 2v)7k) sin((1 — 2v)7k)

EAM+1 sinh(rk)

k=1
2M
_ )M+ Z sz+1 )Banrv1-2k(7) (- 1)k
(2k + 1)!(4M + 1 — 2k)! '
Proof. Let a = f = 7 and replace n with 2M in (2.14). O

For specific values of -+, we obtain many interesting infinite series with
hyperbolic functions. Some of them have already been studied by other
mathematicians, in special, Ramanujan. The case that v = 1/4 in (2.12)
gives Theorem 3.1 in [3]. The identity (2.14) with v = 1/4 is found in
Ramanujan’s Notebooks [7] and was also given by Malurkar [5], Nan-
jundiah [6] and Berndt [2]. Putting v = 1/4 in (2.13), we obtain the
following proposition.

Proposition 2.13. Let o, 8 > 0 with a8 = w. Then, for any
integer n,

o1/ csch 2k+1)a/2) -1 p—n—1/2 sech (BE)
S DB Do) _ (g $ I eh(O0)

" B (1/4)Bapta— 2k(1/4) —k+1/2 k
_92n+3 2k+1 + n—k+1/2/ )
Z 2k + 1)I(2n +2— 2k) (=8)
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Corollary 2.14.

oo o 1
J— k —
Z( 1)¥esch(w(2k +1)/2) Z Yesech(mk) + +3
k=0 k=1
Proof. Let n = —1 and a = § = 7 in Proposition 2.13. O

Corollary 2.15. For any integer M > 0,

(o9} o
D (=1)F(2k + 1)*Mesch(w(2k + 1)/2) = (=) D (—1)"k*M sech(wk).
k=0 k=1

Proof. Let n=—M — 1 and o = 8 = 7 in Proposition 2.13. 0

Let (g) be the Legendre symbol.

Proposition 2.16. Let o, 8 > 0 with a8 = 7. Then, for any
integer n,

e sinh(ak/3) rNyy sinh(8k/3)
;( > f2nt1 smh(ak) =—(=8) ; () k2n+1 sinh(Bk)

92n+2, BQk-i-l 1/3 Bopq1- 2k(1/3) n—k k
+ /3 Z 2k + 1)!(2n + 1 — 2k)! =B

Proof. Let v =1/3 in (2.14). O

Berndt [2] established Proposition 2.16 using the character analogue of
his transformation formula.

Proposition 2.17. Let «, 3 > 0 with a3 = 72. Then, for any
integer n,
s (kY (=1)Fsinh(2ak/3) —nx= (kY (—=1)*sinh(28k/3)
") (5) P smh(ak) D) > <§> %27+ sinh(Bk)

k=1 k=1

722n+2 Z Bak11(1/6)Banyi1— 2k(1/6)an—k(7ﬁ)k
73 (2k +1)!(2n + 1 — 2k)! '

Proof. Let v =1/6 in (2.14). O

The following corollary is an immediate consequence of Proposition 2.16
and Proposition 2.17.

Corollary 2.18. Let M be any positive integer. Then

k*~'sinh(rk/3) E*M =1 ginh(7k/3)

(2.15) sinh(mk) sinh(mk) ’

k=1 (mod 3) k=2 (mod 3)
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(—1)* k*M~1sinh(27k/3) 3 (—=1)F k*M~Lginh(27k/3)
b=t T 3) sinh(mk) - b2 e 3) sinh(mk) ’
~ (k) sinh(rk/3) 7
(2.16) ; (5) k sinh(mk)  18/3’
— (k\ (=1)"sinh(27k/3) 27
; <§> k sinh(rk)  9v3’
[k sinh(wk/3)
; <§> kAM+1 sinh(rk)
(2.17) (271_)41W+1 Z Bak+1 1/3 Banry1- Qk(l/S)( 1);€’

(2k + D)I(4M + 1 — 2k)!

= (kY (—1)*sinh(27k/3)
;(3) k‘4M+1sinh(7rk)

1

_(2m)tMEg Z Bok+1(1/6)Banr1- 2k(1/6)( 1)k
3 (2k + 1)I(4M + 1 — 2k)!

Berndt [2] also has stated (2.15), (2.16), (2.17). We also have a
generalized form of the identity in Theorem 3.8. in [3], p. 338.

Theorem 2.19. Let 6 = x+y+/u, where x, y and u are integers such
that u > 1, u is square free, and x> — uy?> = ¢ with ¢ £ 1. Let v be a
real number with 0 <~ < 1. For any positive integer M,

92M i 14(:2_1‘/113:1 csc (m0k) cos ((é — 1) (1— 2r)7rk>

=, (—1)F
= Z csc (m0k) cos ((0 — 1)(1 — 2r)7k)
k=1

E2M+1

2822 Br(7)Baarya—i(7)
+(2m)2MH | \Mtk-1gh-1
) Z k' o2y Y

Proof. Put z =60 =z +yy/u in (2.6). Let ro =0 and 0 < r; < N in
(2.6). Replace r1/N by 7. O

Corollary 2.20. Let v be a real number with 0 < v < 1. Then

B3+ 2f) —csc(fﬂk) cos((2 — V2)(1 — 2y)7k)

k=1
oo

=— Z %csc(x/ﬁwk) cos(V2(1 — 2v) k)

k=1
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_(2n)* 1—\574_1—\/5 3+15+7\/§ 2 1,
8 x 24 T 12 360

16 — 15v/2
1 +7f),

Proof. Put @ = 1++/2, ¢ = -1, 7;/N = v and M = 1 in Theorem

2.19. O

If v = 1/2, then Theorem 2.19 delivers Theorem 3.8 in [3]. Corollary
2.20 for v = 1/2 had been posed as a problem, which has been solved
by Berndt [4].

Acknowledgement. The author thanks B. C. Berndt for his sugges-
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