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THE LATTICE OF INTERVAL-VALUED FUZZY IDEALS
OF A RING

Keon CHANG LEg, KurL HUR AND PyunG Ki Lim*

Abstract. We investigate the lattice structure of various sublat-
tices of the lattice of interval-valued fuzzy subrings of a given ring.
We prove that a special class of interval-valued fuzzy ideals of a ring.
Finally, we show that the lattice of interval-valued fuzzy ideals of
R is not complemented|resp. has no atoms(dual atoms)].

1. Introduction and Preliminaries

The concept of a fuzzy set was introduced by Zadeh[7], and then he
introduced the notion of interval-valued fuzzy sets as a generalization
of fuzzy sets in 1975[8]. After that time, Biswas[2] applied it to group
theory, and Montal and Samantal[6] to topology. Recently, Cheong and
Hur[3] investigated interval-valued ideals and bi-ideals of a subgroup,
Kang and Hur[5] applied the concept of interval-valued fuzzy sets to
algebra. Moreover, Choi et.al[4] introduced the notion of interval-valued
smooth topological spaces and studied some of it’s properties.

In this paper, we investigate the lattice of various sublattices of the
lattice of interval-valued fuzzy subgroups of a given ring. We prove that a
special class of interval-valued fuzzy ideals forms a modular sublattice of
the lattice of interval-valued fuzzy ideals of a ring. Finally, we show that
the lattice of interval-valued fuzzy ideals of R is not complemented [resp.
has no atoms(dual atoms)].

Now, we will list some basic concepts and two results which are needed
in the later sections.
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Let D(I) be the set of all closed subintervals of the unit interval
I =10,1]. The elements of D(I) are generally denoted by capital letters
M, N,- -, and note that M = [M* MY], where M’ and MY are the
lower and the upper end points respectively. Especially, we denoted , 0
=[0,0], 1 = [1, 1], and a=]a, a] for every a € (0,1). We also note that

(i) (YM,N € D(I)) (M = N < MY = NI, MY = NY),

(ii) (YM,N € D(I)) (M < N & MF < NL,MU < NY).
For every M € D(I), the complement of M, denoted by M?¢, is defined
by M¢=1—M =[1 — MY, 1 — M"](See [6]).

Definition 1.1 [6, 8]. A mapping A : X — D([) is called an interval-
valued fuzzy set (in short, IVS) in X and is denoted by A = [A%, AY].

Thus for each z € X, A(z) = [Al(x), AY(x)], where A% (x)[resp.
AY(z)] is called the lower[resp. upper] end point of x to A. For any
[a,b] € D(I), the interval-valued fuzzy set A in X defined by A(z) =
[a,b] for each z € X is denoted by [a,b] and if a = b, then the IVS
[a, b] is denoted by simply a. In particular, 0 and 1 denote the interval-
valued fuzzy empty set and the interval-valued fuzzy whole set in X, re-
spectively.

We will denote the set of all IVSs in X as D(I)X. It is clear that
[A, A] € D(I)X for each A € IX.

Definition 1.2 [6]. Let A,B € D(I)X and let {Ay}aer € D(I)¥.
Then

(a
(
(
(
(

) AC Biff AY < BF and AV < BY.
b)A Bifft AC B and B C A.
c) A°=[1—-AY 1- AL

d) AuB = [Al'v B, AV v BY).
d JAa=1V 45\ Al

a€cl a€cl a€cl

(e) AN B = [AY A B AV A BY).

() () 4a =1/ 4% N\ AJL:

acl’ acl’ acl
Result 1.A [6, Theorem 1]. Let A, B,C € D(I)X and let {A,}aer C
D(I)X. Then

(a )()CACI

(b)) AUB=BUA,ANB=BnNA.

(c) AU(BUC)=(AUB)UC ,AN(BNC)=(AnB)NC.
(d) A, BCAUB,ANBCA,B.
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(e) An (| 4a) = [J (AN Ay).

acl’ ael’
(f) AU(m Aa) = m(AUAa)'
acl’ acl’
() (0)=1, (1)°=0.
(1) (A°)° = A.
(i) (U Aa)cz ﬂ Ag ) (ﬂ Aoz)cz U Agz
ael’ acl’ aecl’ ael’

It is obvious that (D(I)*X,U,N) is complete lattice satisfying the De-
Morgan’s Laws.

Definition 1.3 [2]. Let A be an IVS in a group G. Then A is called
an interval-valued fuzzy subgroup (in short, IVG) in G if it satisfies
the conditions : For any z,y € G,

(a) AM(zy) > AP(x) A AP (y) and AV (zy) > AY(z) A AY(y).

(b) A¥(z=1) > Al(z) and AY(z~ 1) > AY(z).

We will denote the set of all IVGs of G as IVG(G).

Result 1.B [2, Proposition 3.1]. Let A be an IVG in a group G.
(a) A(x™1) = A(x),Vz € G.
(b) Al(e) > Al(z) and AY(e) > AY(x),Vz € G, where e is the iden-
tity of G.

Throughout this paper, L = (L,+,-) denotes a lattice, where “+”
and “” denote the sup and inf, respectively. For a general background
of lattice theory, we refer to [1]. Moreover, we will denote by R a ring
having the zero “0”, with respect to binary operations “+” and“”.

2. Lattice of interval-valued fuzzy subrings

Definition 2.1 [5]. Let R be a ring and let A € D(I)®. Then A is
called an interval-valued fuzzy subring(in short, IVR) of R if it satisfies
the following conditions: For any z,y € R,

(i) AF(z +1y) > AF(z) A Al (y) and AY (2 +5) > AY(2) A AY(y).

(ii) Al(—z) > A%(z) and AY(—2) > AY(2).

(iil) AF(zy) > AF(z) A AL(y) and AY (2y) > AY(x) A AY(y).

We will denote the set of all IVRs of R as IVR(R).
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From Result 1.B, it can be easily verified that if A € IVR(R), A% (x) <
AL(0), AY(z) < AY(0) and A(z) = A(—z) for each x € R. We shall call
A(0) as the tip of the interval-valued fuzzy subring A.

Result 2.A [5, Proposition 6.2]. Let A € D(I)®. Then A € IVR(R)
if and only if for any z,y € R,
() ALz — ) > AF(x) A AL(y) and AU(z — y) > AV (x) A AV (y).
(b) A¥(zy) > A*(z) A A (y) and AY(zy) > AY(z) A AY(y).

Proposition 2.2. let {Ay}aer € IVR(R). Then Naerda € IVR(R).

Proof. let A =NyecrA, and let z,y € R. Then

A@—y) = N Alle—y)> A (AL(z) A AL(y)) (Since A* € TVR(R))
aecl ael
= (N AL@) AN AL) = () A (@) A () A" ()
ael ael ael acll

AF(z) N AL (y).

By the similar arguments, we have that AY(z —y) > AY(z) A AV (y).
Similarly, we have A¥(zy) > AL(x) A AL(y) and AY(zy) > AY(x) A
AY(y). Hence, by Result 2.4, A = ] Ay € IVR(R). O

acl’

Definition 2.3. Let A € IVR(R). Then an interval-valued fuzzy subring
generated by A is the least interval-valued fuzzy subring of R containing
A and denoted by (A).

Here, we construct the lattice of interval-valued fuzzy subrings such
as interval-valued fuzzy (left, right) ideals. The common feature of all
these constructions is that the intersection of an arbitrary family of
interval-valued fuzzy subrings is always an interval-valued fuzzy sub-
ring(See proposition 2.2). Therefore, we consider the inf of a family of
interval-valued fuzzy subrings to be their intersection, whereas the union
of two interval-valued fuzzy subrings may not be an interval-valued fuzzy
subring. Hence, we shall always be talking the sup of a family of interval-
valued fuzzy subrings to be the interval-valued fuzzy subring generated
by the union of that family. The outcome of the above discussion can
be described can be described by the following propositions.
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Proposition 2.4. IVR(R) forms a complete lattice under the ordering
of interval-valued fuzzy set inclusion C.

Definition 2.5 [5]. Let A € IVR(R). Then A is called an:

(1) interval-valued fuzzy left ideal (in short, IVLI) in R if A*(zy) >
AL(y) and AY(zy) > AY(y) for any z,y € R.

(2) interval-valued fuzzy right ideal (in short, IVRI) in X if AX(xy) >
AL (z) and AY(zy) > AY(z) for any x,y € R.

(3) interval-valued fuzzy ideal (in short, IVI) in X if it both an IVLI
and an IVRI in R.

We will denote the set of all IVIs [resp. IVLIs and IVRIs| of R as
IVI(R) [resp. IVLI(R) and IVRI(R)]. In particular, IVIp, ,(R) de-
notes the set of all IVIs with the same tip ”[Ag, 1o]”. It is clear that
IVI(R)=IVLI(R) N IVRI(R).

Result 2.B [5, Proposition 6.5]. Let A € D(I)®. Then A ¢
IVI(R)[resp. IVLI(R) and IVRI(R)] if and only if for any z,y € R,
(a) A%(z — ) > AL(z) A AL(y) and AV(z — y) > AU(z) A AV (y).
(b) A%(zy) > AP(x) v AL(y) and AV(zy) > AV (z) v AV (y) [resp.
Hlay) = Al(y), AV (zy) > AY(y) and AM(zy) > AM(x), AY(xy) >
Y(x)).

The proof of the following result is similar to Proposition 2.2.

A
A

Proposition 2.6. Let {A,}aer C IVI(R) [resp. IVLI(R) and IVRI(R)].
Then (,cr Aa € IVI(R) [resp. IVLI(R) and IVRI(R)].

Definition 2.7. Let A € D(I). Then the IVIresp. IVLI and IVRI]
generated by A is the least IVI[resp. IVLI and IVRI] of R containing A
and denoted by (A).

The following is easily verified.

Proposition 2.8. (a) IVI(R)[resp. IVLI(R) and IVRI(R)] is a meet
complete sublattice of IVR(R).
(b) IVI}y ) (R) is a complete sublattice of IVR(R).

Definition 2.9[2,5]. Let X be a set and let A € D(I)X. Then A is
said to have the sup-property if for each Y € P(X), there exists yp € Y
such that A(yo) = [V,ey AX(2), V ey AY (z)], where P(X) denotes the
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power set of X.

Definition 2.10. Let A, B € D(I)®. Then the sum A + B and the
product Ao B of A and B are defined as follows, respectively: For each

z € R,

) (A+B)(z) =1\ (A @) AB"y), \/ (A% (@) ABY(y))],

(ii) e a=aty
AL €T L , AU T U ’ . ;

(A0B)(2) { [Aéy( (z) A B (y)) zxy( () A BY(y))] y
0.0}, otherwise.

Definition 2.11. Let X be a set, let A € D(I)*X and let [\, u] € D(I).
(i) [5] The set Apy ) = {r € X : AF(z) > X and AY(x) > p} is called

a [\, pl-level-subset of A.

(ii) The set AE‘/\M ={re X: A=) > X and AY(z) > pu} is called a

strong [\, ul-level-subset of A.

The following is the immediate result of Propositions 4.16 and 4.17
in [5].

Theorem 2.12. Let A € D(I)®. Then A € IVI(R) if and only if Ayl
is an ideal for each [\, u] € D(I) with A < AX(0) and pu < AY(0).

Lemma 2.13. Let A, B € IVI(R). If A and B have the sup-property,
then (A + B)P\,M} = AP\#} + BP\vM] for each [)\,/,L] e D(I)

Proof. Let z € (A+ B)y - Then

(A+B)t) = \/ (A"@) A B ()
zZ=x+Yy
and (2.1)
(A+B)(z)= \/ (A7) rBY(y)).
z=x+y

For each decomposition z = z + y, we have either A¥(z) < BZ(y)
and AY(z) < BY(y) or A¥(z) > B%(y) and AY(x) > BY(y). This
contradiction leads as to define the following subsets of R:
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X(z)={x € R:z =1z +y for some y € R such that A"(z) < BX(y)
and AU () < BY(y)},

Y(z) ={x € R:z =z +y for some y € R such that A"(z) > B(y)
and A%(z) > BY(y)},

X*(z) ={z € R: 2z = x+y for some y € R such that A*(z) > BE(y)
and AY(z) > BY(y)}.
Then clearly R = X (z) U X*(2). Since A and B have the sup-property,
there exist xy € X(z) and yo € Y (z) such that

\/ Al(z), AY(z) = \/ AY(z

zeX(z z€X(z)
and (2.2)
B (yo)= \/ B"(y), BY(w)= \/ B().
yeY (2) yeY (2)

Since xg € X (z), there exists yj, € R with z = z¢+y} such that AL(zq) <
BE(y}) and AY(z0) < BU(y(’)).
Since yo € Y (2), there exists o, € R with z = x{,+yo such that AL (zf) >
B*(yo) and AY(zg) > BY ().
But for A(xg) and B(yo), we have either A*(xq) > B¥(yo) and AY (2¢) >
BY(yo) or A(z9) < B*(yo) and AY(z9) < BY (o).

Case (i): Suppose A¥(xq) > B¥(yo) and AY(zq) > BY(yo). Then

\/ (Af@)AB ) = \/(A%(@@)AB"(z—1)) (Since y =z — )
z=x+y TER
= (\ @@aB'E-a)v( \/ @
zEX (z) zeX*(2)

AB"(z — x))) (Since R = X (2) U X*(2))
= (V @@aB ")V A@rB"(z-1)

z€X(2) €Y (2)

= (\V A"@v(V B"W)

z€X (z) z€Y (2)
= A%(z0) A B"(y0) (By (2.2)
= A"(x0). (By the hypothesis)

Similarly, we have that VZ:m+y(AU(a;) A BY(y)) = AY(x0). Thus, by
(2.1), Al(x9) = (A+ B)E(2) > X and AY(z0) = (A+ B)Y(2) > pu. So
zo € Ap, - Since BE(yg) > AX(x0) and BY (y)) > AY(x0), BX(yy > A
and BY (y, > p. Then g}, € Biyyy- Thus 2 = 20 +yo € Apy ) + B -
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Case (ii): Suppose A% (zo) < BL(yo) and AY(z0) < BY(yp). Then as
in Case(i), it follows that xg € Apy ) and yo € By - Thus 2 = x5+yo €
A+ Bp- So, in either case, 2 € Ajy )+ By - Hence (A+B) ) C
Ay + By Now let z € Ay, ) + By - Then there exist zg € Ap, )
and yo € By ) such that z = zg + yo. Thus ALl (zo) > N\, AY(20) > 1
and BY(xg) > X\, BY(x0) > u. So

(A+B)(z) = \/ (A%(x) A BL(y)) > A

z=x+y
and
(A+B)Y(z)= \/ (AYx)ABY(y) > p.
zZ=x+Yy
Thus z € (A + B>[)\7M]' Hence APHN] + B[)“M C (A + B)P\vﬂ]' Therefore
(A+ B)nu = Apyy + Bjay- This completes the proof. O

Lemma 2.14. Let A, B € D(I)® and let [\,u] € D(I). Then
(A+ By = Ap + B
Proof. Suppose (A + B)E‘)\ u = (). Then clearly (A + B)f, ; C Al

; (A.u]
B, - Suppose (A+ B)fy , # 0 and let z € (A + B) Then

M
(A+B)(z) = \/ (A"(@) A B"(y) > A
Z=x+Yy

and

(A+B)Y(z) = \/ (4Y@x)ABY(y) > p.
z=x+y
Thus there exist zg,yo € R with z = 29+ such that A (zg) ABY(yy) >
X and AY(x0) A BY (yo) > p. So A (z0) > X, AY(z0) > p and BF(yg) >
A\, BY(y9) > p. Then zy € AFA,M] and yg € BE&M. Thus z = 29 + yo €
AE‘AM t B[*/\:u]' So (4 + B)f&,u] = ATA,M + B[*/\,u]'
Now for each [\, u] € D(I;), suppose

(\ A%@) A (\/ BYy) < A
z€R YER

and

(\V AV@) A (\/ B W) < .

TER yER
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Then one of AT&M] and B[*Md is @. Thus ATAM +B[*/\7u] =0cC (A+B)E‘/\7M].
Otherwise, Afy , # () and B, # (). Then Al T Bh # 0. Let
z € AT)\ P B[*)\ e Then it exist z¢ € AB ] and yo € B[")\ ] such that
z =1+ yo and

(A+B)'(z) = \/ (A%(@) A B (y)) = A (wo) A B"(y0) > A

zZ=x+y
and
(A+B)Y(z) =\ (A7) A B(y)) = A” (20) A B (y0) > 1.
zZ=x+Yy
Thus z € (A + B)f So Af

o] [\ u]
(A+ B)E‘)w] = Al 4 + B}, This completes the proof.

(A

+ Bj, C (A + B)E‘/\ju]. Hence

Theorem 2.15. Let A € D(I)®. Then A € IVI(R)[resp. IVLI(R) and
IVRI(R)] if and only if A7 =0 or A}, ; € I(R)[resp. LI(R) and RI(R)]
for each [\, u] € D(I), where I(R)[resp. LI(R) and RI(R)] denotes the
set of all ideals[resp. left ideals and right ideals] of R.

Proof. We prove this lemma for left ideal, since other cases are similar.
It is clear that A = 0 if and only if A%, , = 0 for each [\, u] € D(I).
Now we assume that A # 0.

(=): Suppose A € IVLI(R) and let [\, u] € D(I). Let z,y € Al
and let z € R. Then

Al(z —y) > Al(z) A AL(y) (Since A € IVLI(R))
> A (Since z,y € Ay )

and
Al(z —y) > AL(z) A AL(y) >
Also,
Al(zz) > AY(zx) (Since A € IVLI(R))
> A (Since z € A7, )
and

AY(zz) > AY(z) > p.
Thus x —y € AE‘)\M and zx € AF)\’#]. Hence AF/\,M € LI(R).
(«<): Suppose the necessary condition holds. For any z,y € R, let
A(z) = [\, p] and let A(y) = [s,t] such that A < s and p < t.
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Case (i): Suppose [\, p] = [0,0]. Then
Az —y) > A =AM () A AM(y), AY(x — y) > p = AY(2) A AY(y)
and
AL (zz) > A = A¥(z) and AY(z2) > u = AY(x), foreach z € R.

Thus A € IVLI(R).
Case (ii): Suppose [\, p] # [0,0]. For each € > 0, let ¢ < A\. Then we
have
Ay >s—e>A—€, AY(y) >t —e>p—e

and

Al@) > —e, AV(z) > p—e
Thus z,y € Ai‘/\ie,uie]. By the hypothesis, AE‘/\%’M%] €I(R).Soxz—y¢€
A>[k/\—e,u—e] and zx € AE}\—e,u—d for each z € R. Then Al(z —y) > A —

e, AY(z—y) > p—eand AV(zx) > A—¢, AY(2x) > p—e for each z € R.
Since ¢ is an arbitrary, A¥(z —y) > A = AL(z) A AL (y)), AV(z —y) >
p=AY(z) A AY(y) and A (zx) > A = AL(z), AY(z2) > p= AY(2).

Hence A € IVLI(R). This completes the proof. O

Proposition 2.16. IVLI}y ,,(R), IVRI}, ,,0)(R) and IVIj, ,,0(R) are
sublattices of IVR(R) and for any A, B € IVLI}y, ,,,](R)[resp. IVRI, .01 (R)
and VT, .0 (R)], AV B = A+ B.

Proof. It is easy to see that IVLI[y, ,,](R), IVRI[\; 01 (R) and IVIy, 01
(R) are sublattices of IVR(R). We do only prove that AV B =A+ B
for any A, B € IVLIy, 0 (R)(For IVRI, ,,01(R) and VI (), the
proofs are similar). Let z € R. Then

(A+B) (z) = \/ (A%(x) A BX(y)) < AY(0) A B(0) = Ao
Z=x+y

and

(A+B)Y(z) =\ (A%(z) A BY(y)) < AY(0) A BY(0) = po.
z=x+y
Thus V,_, (4 + B)E(z) < Mo and Vompyy (A + B)Y(z) < po. On
the other hand, \/,cz(A + B)X(2) > (A+ B)%(0) = \/Oszry(AL(;c) A
BE(y)) > AF(0) A BE(0) = \g. By the similar arguments, we have that
V.er(A+ B)Y(2) > po. So
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\V (A+ B,V (A+ BV = (A+ B)O) = Do ol (23)
Z€ER zER

For each [Ag, po] € D(I1) with A < Ao and p < o, (A + B)E‘A,#] # 0.

By Lemma 2.14, (A 4+ B)f Al + Bjy- Since A, B € IVLI(R),

] —
by Theorem 2.15, A7\ 1. Bf, ;€ LI(R). Thus (A + B)F)\vu] € LI(R). So,

by Theorem 2.15, A+ B € IVLI(R). Moreover,

A+ Be IVLI[,\O’HO}(R). (2.4)
Let z € R. Then
(A+B)(z)= \/ (A=) A B (y)) > A%(z) A BH(0) = A"(2)

z=x+y
and
(A+B)Y(z) = \/ (A%(x) A BY(y)) = AY(2) A BY(0) = BY(2).
z=x+y
Thus A C A+ B. By the similar arguments, we have B C A+ B. So
ACA+Band BC A+ B. (2.5)

Now let C' € IVLI(R) such that A C C and B C C and let z € R.
Then

(A+B)(z) = \/ (A @)aB ) <\ (CHa)ACH(y)
z=x+y z=x+Yy
< \/ CHz) (Since CF(2) = C*(x +y) > CF(x) A CH(y))
z=x+y
= CL(2).
Similarly, we have that (A + B)Y(z) > CY(z). Thus
A+ BcCC. (2.6)
Hence, by (2.3),(2.4), (2.5) and (2.6), A+ B = AV B. This completes
the proof. O

Remark 2.16. (a) AV B = A+ B is not true in IVR(R), IVLI(R),
IVRI(R) and IVI(R) (See Example 2.17).

(b) As well-known, S + T' is not subring in general, where S and T'
are subrings of R. Hence AV B = A+ B is not true in IVRy, 0] (R)(See
Example 2. 18).
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Example 2.17. We define two mappings A: R — D(I) and B : R —
D(I) as follows, respectively: For each = € R,

A(z) =1[0.4,0.5] and B(z) = [0.3,0.6].
Then clearly A, B € IVR(R)]resp. IVLI(R), IVRI(R) and IVI(R)]. More-
over, it is easy to see that (A + B)(0) = [0.3,0.6] and (A V B)(0) =
(0.4, 0.5]. 0

Example 2.18. Let R = {(a,b) : a,b € Z}, where Z is the ring of inte-
gers. We define the additive operation and the multiplicative operation
on R as follows, respectively: For any (a,b), (¢,d) € R,

(a,b) + (¢,d) = (a+¢,b+d) and (a,b) - (¢,d) = (0,0).
Then (R, +,-) forms a ring with zero (0,0). Now we define three map-
pings A, B,C : R — D(I) as follows, respectively: For each (z,y) € R,

13 |
Az, y) :{ [g’g]a Tfy:()7
0,0], ify #0.
13 |
B<3«"7y)—{ 505k ife=0;
[070]7 1f$7é0
13
C(:L’,y) :{ [g’SL lfx:y;
0,0, ifx#y.

Then it is easy to see that A, B,C € IVI(R). Let (x,y) € R. Then

(A+B)!(z,y) = \/ (A" (x1,91) A B (22,12))
(z,y)=(z1,y1)+(r2,y2)

1
AM(@,0) A BH(0,9) = 3

IA

and

(A+B)Y(z,y) = \/ (AY(21,491) A BY (22, 42))
(xvy):(xlvy1)+(x2792)

< AY(z,0) A BY(0,y) = <.
Thus (C A (A + B)*(z,y) = CH(z,y) A (A + B)(z,y) = CF(z,y)
and (C A (A+ B)Y(z,y) = CY(x,y) A (A+ B)Y(x,y) = CY(x,y). So
C A (A+ B) =C. On the other hand,
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(CAA (2, y) = CH(z,y) A Al (z,y) = { 3

and

3
(C/\ A)U(:L"y) = CU(SE,y) AAU(a?’y) = 3’ if (I’,y) =Y )7
0, if (x,y) # (0,
Also,
1 ¢ _ (0.0
(C/\B>L(xvy) = CL(x,y) A BL(.’L',y) = 57 1 IIZ,y) — M )7
07 if IE,y) 7& 70
and
§7 lf x,y) = (0’ ;

(C A B (2,5) = CV(z,4) A BV (,y) = {

Thus

(CAA)+(CAB)) (z,y) = {

and

3 .
((CAA)+(CAB)YY (z,y) :{ g i (z,y) = (0,0);
0, if (z,y) # (0,0).

So CA(A+B) # (CNA)+(CAB). Hence IVI(R) is not distributive. [

Lemma 2.19. Let A, B € IVI(R). If A and B have the sup-property,
then the following holds:

(a) A+ B has the sup-property.

(b) AN B has the sup-property.
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Proof. (a) Let S be any subset of R. Then

VAa+B) )=\ (\ (4 @) A B )

zeS z€S z=x+y

=\ A2 ABHY)

z€S,z=x+y

Similarly, we have that

V@a+B)=)=\(V A% AB"(4y)

z€S z€S z=xz+y

-V @@ ABUw).

z€S,z=z+y

Let us define two subsets X (S) and Y (S) of R by

X(S)={zr € R:z¢€ S,z =2x+y for some y € R such that
A*(z) < B (y) and A (z) < BY (y)},

Y(S) ={y € R:z¢€ S,z =x+y for some x € R such that
Ab(z) > B"(y) and AY(z) > BY(y)}.
Since A and B have the sup-property, there exist 2/ € X (5) and y” €
Y (S) such that

At = \/ (A'@),A%@)) = \/ A(x)

z€X(S) zeX(S)

and (2.7)

B "y = \/ (B"w),B"(y")= \/ BY().

yeY (S) yeY (9)

Since 2/ € X(S), there exists z; € S such that z3 = 2/ + ¢/ for some
Y € R satisfying AF(2') < BE(y') and AY(z') < BY(y/). Also, since
y' € Y(S), there exists zo € S such that zo = " +y" for some " € R
satisfying AX(z") > BY(y") and AY(z") > BY(y").

On the other hand, we have either AX(z') > BX(y"), AV(z") >
BY(y") or AM(a) < B(y"), AV (2") < BU(y").
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’

Case (i): Suppose AX(z") > BE(y") and AY(z') > BY(y"). Then
V @@ aB ) = \/ A@AB W)V ( \/ (A%@@) A B ()
z€S,z=z+y z€X(S) yeY (S)
(As in Lemma 2.13)

(V A"@)v(\ B )

zeX(S) YyEY(S)

= AM«)vB"(y") By (2.7)
= A" (x/) (By the hypothesis)

Similarly, we have that szS,z:x+y(AU(x) A BY(y)) = AY(2'). Thus
V (4 +B)(z) = A ()

z€S
and (2.8)
\V (A+B)Y(z) = AY().
z€S
Now we show that

V A+ B =) = (A+B)!(z1) and \/(A+B)"(2) = (4 + B)Y(=1).

z€S z€S

oy !/ !
For decompositions z1 = z; + y,, we have

(A+B) (z) =\ (A) A B ()
z1::c;+y;
and
(A+B) ()= (A7) A BY(y,).
Z1=x§+y;
Again, we construct subset X (z1) and Y (z1) of R as follows: X (z1) =
{¢; € R: 2z =z, +y; for some y, € R such that A"(z;) < BX(y;) and
AY(x;) < BY (y;)},
Y(z1) = {y; € R: 21 = x; +y, for some x; € R such that A*(z;) >
BY(y;) and AY(z;) > BY(y;)}. Then
Vo @e)aBte) = (V @E)ABR e v Vo @) A
zi=a;+y; 2 €X (21) z;€X(21)
BL(y;))) (As in Lemma 2.13)
(V @enve V 3 w).

’ !
z, €X(21) y; €Y (21)



366 Keon Chang Lee, Kul Hur and Pyung Ki Lim

By the similar arguments, we have that

V' @) B @)= \/ @@mve \V B"w)).

=24y, 2, X (21) ylEY (21)

Since X (z1) C X(S) and z; € X (21),

A<\ AM) \/ Al () = A (x;)
z,€X(21) z€X(S
and
A=\ AV@) =\ AY(2) = AY(x).
xiEX(zl) z€X(S)
Thus \/ Ak(z;) = Al(a;) and  \/  AY(2;) = AY(z;). Also,
z,€X (21) z€X(21)

since Y(z1) C Y(S) and 4" € Y (21), we have

\/ By)=B"y)and \/ BY(y)=BY(z).
yQEY(zl) ygeY(zl)

By the hypothesis,
\/  Ab) = Al > B (y) = \/ B"(y)

z,€X (21) Y, €Y (21)
and
\/ AV) =A@ >B"@w) = \/ B
X (21) Y €Y (21)
Thus
A+B)t =\ A@)v( \/ B'w) =AM
z,€X(21) y, €Y (21)
and (2.9)
A+B)V =\ A@))v( \V BY() =4"@).
mZEX(zl) yzeY(zl)

So, by (2.8) and (2.9),

V (A+B)'(z) = (A+ B)f(z1) and \/(A+B)(2) = (A+ B)"(=1).
z€S zeS
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Case (ii): Suppose A*(z') < BX(y") and AY(2') < BY(y"). By
proceeding in a similar way as in Case (i), we can verify that

\/ (4+ B)E(z) = (A+ B)H(20) and \/ (A+B)V(2) = (A+ B)! ()
z€S z€S
for some zo € S. Hence, in all, A + B has the sup-property.
(b) The proof is left as an exercise for the reader. This completes the
proof. O

Proposition 2.20. Let IVIs), ,0(R) be the set of all IVIs with the
sup-property and same tip "[Ao, pto]”. Then IVIspy, ,0)(R) forms a sub-
lattice of IVIy, ,,,](R) and hence of IVI(R).

Proof. Let A, B € 1VIsy, ,,,](1?). We show that AV B = A+ B. Since
A,B € IVI(R), by Lemma 2.13, Ay, and By, are ideals for each
[\, 1] € D(I) with A < (A+ B)X(0) = Mg < (A + B)Y(0) = po. Then
Ay + B,y is an ideal of R. Since A and B have the sup-property, by
Lemma 2.13, Apy ) + By = (A+ B)py - Thus (A+ B)jy ) is an ideal
of R. So, by Theorem 2.12, A+ B € IVI(R). Since A and B have the
same tip ” [)\0, ,uo]” we have

(A+ B)E (' Alx)AB(y) = A% (z) A BH(0) = A"(2)
Z2=x+Yy
and
(A+B)Y (\/ AY%@=)ABY(y) > AY(2) A BY(0) = AY(2)
z=x+y

for each z € S. Then A C A + B. By the similar arguments, we have
B C A+ B.

Now let C' € IVI(R) contain A and B and let z € S such that z = x+y.
Then

CH(z) = Cl(z+y) > CE(x)ANCF(y) and CY (2) = CY(z+y) > CY(2)ACY (y).
Thus
A+ Bz = \/ (A=) A B (y)
Z=x+Yy

< '\ (C%x)ACE(y)) (Since A C C and B C C)
Z=x+Yy

= CH2).
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Similarly, we have that (A + B)Y(z) < CY(z). So A+ B C C. Hence
A+ B is the least interval-valued fuzzy ideal containing A and B. There-
fore A+ B = AV B. On the other hand, by Lemma 2.19(a), AV B has
the sup-property. Thus AV B € IVIspy, ,4](R). So IVIspy, ., (R) forms
a sublattice of IVIy, ,,(R) and hence of IVI(R). This completes the
proof. O

The following lattice diagram is the interrelationship of different sub-
lattices of the lattice IVR(R):

IVR(R)
IVLI(R) IVIR)
IVLI(R) M IVRI(R) = IVI(R)
IVI[XD U@](R)
M, yg(R)
FiGURE 1

Now we obtain an interval-valued fuzzy analog of a well-known result
that the set of ideals of a ring forms a modular lattice.

3. Interval-valued fuzzy ideals and modularity

In the previous section, we discussed various sublattices of the lattice
of interval-valued fuzzy ideals of a ring. Hence, we obtain an interval-
valued fuzzy analog of a well known result that the set of ideals of a ring
forms a modular lattice.



The Lattice of Interval-Valued Fuzzy Ideals of a Ring 369

Lemma 3.1. Let A € IVR(R). If A%(z) < AL(y) and AY(z) < AY(y)
for some z,y € R, then A(z +y) = A(x).

Proof. Since A € IVR(R),
Az +y) = Ab(2) A AR (y) = AM(2)
and
Az +y) > AV(x) A AY(y) = AV ().
Assume that A*(z +y) > AY(x) and AY(z +y) > AY(z). Then
Al(z) = APy +x —y) > APz +y) A Al (y) > AR(2)
and
AV(z) =AYy + 2 —y) = AV(x +y) A AT (y) > AV (2).
This contradicts the fact that A(x) = A(x). Hence A(x+y) = A(z). O

Proposition 3.2. The sublattice IVIsyy, ,,)(R) is modular.

Proof. Since the modular inequality is valid for every lattice, for any
A, B,C € IVIsp, 0 (R) with B C A, we have that BV (AAC) C
AN(BVC(O).
Assume that AA (BV C) # BV (AAC). Then there exists z € R such
that
(AN (BVC)E(2) > (BV(AAC)E(2)
and
(AN (BVC)Y(2)> (BV(AANO)Y(2).
Thus, by Proposition 2.20,
AN (B+O)5(2) > (B+ (ANO))E(2)
and
AU(z) A (B + C)U(z) > (B+ (AN C’))U(z)
So
AF(2) > (B+ (ANC)E(2), AY(2) > (B+ (AN C)Y(2)
and (3.1)
(B+C)Y(2) > (B+(ANC)E(2), B+0O)(2) > (B+(ANnO)Y(2).
Then there exist xg,yg € R with z = xg 4+ yo such that
B (20) A CE(yo) > (B+ (ANC)E(2)

and
BY(x0) ACY(y) > (B+ (AN C)Y(2).
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Thus
BE(z0) > (B+ (AN C)E(2),BY(z0) > (B+(ANC)Y(2)  (3.2)
and
C*(yo) > (B+ (AN C))"(2),C%(yo) > (B+(ANC)Y(2).  (33)
On the other hand,
(B+(ANC) ) = \/ (BY@)A(ANC) (y)

z=x+y
> (B"(zo) A(ANC) (o))
= B"(w0) A A%(y0) A C*(1o).

Similarly, we have that (B + (AN C))Y(z) > BY (x0) A AY (o) ACY (o).
Then, by (3.1),(3.2),(3.3),

Al(2), B (), C*(yo) > B"(x0) A A% (yo) A C* (o)

\

" AY(2), BY(x0), C" (o) > BY (o) A AY (y0) A CY (30)-
e B"(x0) A A% (yo) A C*(yo) = A" (yo)

" BY(z0) A AY (yo) A CY (yo) = AY (yo)-

” AP (—yo) = A% (yo) < A" (z0 + yo) = A¥(2)

and

AY(—yo) = AY (o) < AY(z0 + y0) = AY(2).
By Lemma 3.1,
AL (yo) = A% (20 + yo — yo) = A (o)

and
AY(yo) = AY (w0 + yo — yo) = AY(20).
Then
B*(zo) > A (yo) = A" (o)
and

BY(w) > AY(yo) = AY (o).
This contradicts the fact that B C A. Hence AA(BVC) = BV (AAC).
Therefore IVIs|y, (1) is modular.This completes the proof. O
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Remark 3.3. As a special case, IVI}; jj(R) is a complete sublattice of
IVI(R) and IVIs}; ;j(R) is a modular sublattice of IVI(R).

Proposition 3.4.(The generalization of Proposition 3.2) IVLI}y, ] (&),
IVRI, o) (R) and IVIy, ,01(R) are all modular.

Proof. The proofs are similar to Proposition 3.2. O
Proposition 3.5. IVI(R) is bounded.

Proof. It is clear that 0 € IVI(R) and 1 € IVI(R). Moreover,0 C A C 1
for each A € IVI(R). Hence IVI(R) is bounded. O

Proposition 3.6. (a) IVI(R) is not complemented.
(b) IVI(R) has no atoms.
(c) IVI(R) has no dual atoms.

Proof. (a) We define a mapping A : R — D(I) as follows: For each

11 ~
x € R, A(z) = [5, 5] Then clearly [A, A°] € IVI(R). But AU A® # 1
and AN A° # 0. Thus A has no complement in IVI(R). Hence IVI(R)
is not complemented.

(b) Suppose A € IVI(R) with A # 0. We define a mapping B :

R — D(I) as follows: For each x € R, BX(z) = %AL(JJ) and BY(z) =

1 ~
§AU(m). Then clearly B € IVI(R). Moreover, 0 & B & A. Hence IVI(R)

has no atoms.

(c) Suppose A € IVI(R) with A # 1. We define a mapping B : R —
D(I) as follows: For each x € R,

Ly =14 1yr Uy = L4 Lqv
B(w)—2+2A(x)andB(x)—2+2A ().

Then clearly AG B & 1.
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Now let x,y € R. Then
1
Bf(zy) = 5+ ;A% ay)

+ §(AL($) Vv AL(y) (Since A € IVI(R))

= (G aAME) Y (G + 5ARw).

2
= Bl(x)vBL(®y).
By the similar arguments, we have that BY (zy) > BY(x) Vv BY(y). Also,

Bla—y) = =+ 2Alz—y)

+ %(AL(Q;) A AF(y) (Since A € TVI(R))

1 1

= G+ A" @) A G+ 3A%0).

2 2
— B(x) A BL(y).

By the similar arguments, we have that BY(z —y) > BY(x) A BY(y).
So B € IVI(R). Hence IVI(R) has no dual atoms. O
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