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ABSTRACT. We aim at presenting certain unexpected functional relations among various
hypergeometric functions of one or several variables (for example, see the identities in
Corollary 5) by making use of Carlson’s method employed in his work (Some extensions of
Lardner’s relations between oF3 and Bessel functions, SIAM J. Math. Anal. 1(2)(1970),
232-242).

1. Introduction

Investigation of multiple hypergeometric functions is essentially motivated by
the fact that the solutions of many applied problems involving the thermal con-
ductivity and dynamics, electromagnetic oscillation and aerodynamics, quantum
mechanics and potential theory are obtainable with the help of such hypergeomet-
ric (higher and special or transcendent) functions (see [7, 11, 25, 27]). Such functions
are often referred to as special functions in mathematical physics. They are mainly
appeared in the solution of partial differential equations by using harmonic analysis
method [9]. In view of various applications, it is important as well as interesting in it-
self to conduct a continuous research on multiple hypergeometric functions. In fact,
in Srivastava and Karlsson’s work [33], there is an extensive list of as many as 205 hy-
pergeometric functions of three variables together with their region of convergence.
It is noted that Riemann’s functions and the fundamental solutions of the degenerate
second-order partial differential equations are expressible by using hypergeometric
functions of several variables (see [2, 4, 5, 6, 12, 13, 14, 15, 16, 17, 26, 29, 36, 37, 38]).
For solutions of the boundary-value problems for the involved partial differential
equations, we need to investigate certain properties of hypergeometric functions of
several variables (see [18, 19, 20, 21, 22, 28, 34]).
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Lardner [23] gave some connections between Bessel functions and hypergeomet-
ric g F3-series, for example,

(1.1) oF} (; ; 1; ) — % [Jo (4231) + 1o (4%)}

and

11 a . 33 x?
(1.2) ber(x) = oF; (2 2’1’_256>’ and bei(z) = 40F3 (2 271’_256)’

where J, and I,, denote a Bessel function and a modified Bessel function of order v
(see [1]; also [35]) defined by

13) o(2) = F(ZJ)r oF <_; v+ 1; —z:>

(3

22
- 1: 2

F n 1) 041 < v+ 1y 4 ) ’

and ber(z) and bei(z) (x real) denote the Kelvin’s functions (see [10, p. 6]) defined

by

(1.4) ber(z) + i bei(z) = Jo (x ei%”) A (:17 ei%w) .

Carlson [8] generalized these results for arbitrary parameters to give the following
results

1 1 1 1-2¢c 1 1
(1.5) oFs (2,0704— 2;2’) = §F(2c) (zz%) {[201 (4z4> + Joe 1 (434)}

and

1 1 —2c 1 1
(1.6) oFy (2,6,04— 2;2) — 5T (20) (22%) [120_2 (424) — s (42’4)] .

Srivastava [30, 31, 33] discovered the existence of three additional complete triple
hypergeometric functions H4, Hp and H¢ of the second order. One of them is
presented as follows:

and I,(z) =

oo

Z (al)m+p (az)m-ﬁ-n (a3)n+p m, n_p

My z
(c1), (02)n+p m!nlp!

(1.7)  Ha(a1,a2,a3;c1,¢0;2,y,2) =
m,n,p=0
where C and Z; denote the set of complex numbers and the set of nonpositive

integers, respectively, and (), is the Pochhammer symbol defined (for A € C) by
(see [32]):
(A = 1 (n=0)
" AA+1) - AMA+n—-1) (neN:={1,2,3,...})
_ I'(A+n)
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I'(x) is well-known Gamma function. The three-dimensional region of convergence
of (1.7) is given by Srivastava and Karlsson [33]: (|z] :=7 <1, |y|:=s<1, |z|:=
t < (1—7)(1—s)), where the positive quantities r, s and ¢ are associated with radii
of convergence.

Here, by simply splitting Srivastava’s hypergeometric function H4 into eight
parts, we show how some useful and generalized relations between Srivastava’s hy-
pergeometric functions H4 and F®) can be obtained. As a particular case, some
decomposition formulas for the generalized Srivastava’s hypergeometric function
F®) were obtained by means of Gauss’s hypergeometric function and vice-versa.
The other main results are shown to be spec1ahzed to yield certain relations be-
tween functions &1 and ¥y, oFy, 1 F1, oF3, F2 0; 0 Some other interesting functional
relations between the exponential function, the hyperbolic functions, and modified
Bessel functions are considered as well.

2. Relationships between Srivastava’s hypergeometric functions H, and
F®)

In this section we establish some interesting and useful identities associated
with Srivastava’s functions H4 and F®) . For this purpose we simply separate the
summations in (1.7) into odd and even powers of each of 2™, y”, and 2P. In fact,
for any complex ¢, ca € C\ Z;, and any finite complex z, y, and z, the series H4
converges absolutely in the region of convergence and can therefore be rearranged
as in the following eight summations:

(2-1) Ha (al,az,as;cl,CQ;w Y,z )

= i (01)2(z+k) (a2)2(z+])'(a3)2(]+k)x iy2i 2k
i o ()i (C2)agipny (201 (29)! (2K)!
)

+x i (@1)a(iky+1 (@2)a(i )41 (@3)aiam) o 2j 2k
i1j k=0 (€1)2i41 (02)2(j+1c) (2i + 1)1 (24)! (2k)!
(a1)2(1'+k) (a2)2(i+j)+1 (a3)2(j+k)+1 2. 25 2k

+y L2y
iio (€1)ai (C2)a(jpny e (20127 + 1)L (2ZR)!

. i (@1)a(ik)+1 (92)23i1) (98)a(j k)41 202 2k
Lot (o) (€2 (20 2A) 2k + 1)

+zy i (a1)2(i+k)+1 (a2)2(i+j)+2 (a3)2(j+k)+1 2025 2k
i S0 (€)i1 (€2)a(j1hy41 (20 + 1127 + 1)1 (2K)!

s Z (al)z(i+k)+2 (a2)2(i+j)+1 (a3)2(j+k)+1 2i, 25,2k
i S0 (€1) 541 (€2)g(j 4041 (20 + 1)H(2))! (2 + 1)!
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ZJrk)Jrl( ) 2(i+j)+1 (a3 ) 2(j+k)+2 2,25 2k
+yz E T z
o 61)21 (€2)g(j4r)t2 (201 (27 + 1) (2k +1)!

(a1) 2(itk)+2 (a )2(i+j)+2 (0'3)2(j+k)+2 2% 27 2k
+ xyz : - ¥ty 27N,
i jzkzo (c1)gis1 (€2)a(jipy 42 (2i+ (27 + 1)1 (2K + 1)

Yz
Now making use of the following well-known (or easily derivable) identity for the
Pochhammer symbol (see [23, 24]):

@ =27 (5), (5+3)  (meNo=nufo).

after some simplification, we obtain

(2.2)

Theorem 1. The following relationship between H, and F®) holds true

Hy (a1, a2,a3;¢1,¢2; 2,9, 2)

@ —= az ag+l. a3z az+l. a1 a1+l — = = o o o
_ .. 29 92 29 92 29 92 ) ; 3
=F . Cca coatl. ¢ e+l 1. 1. 1. T L,Y %
’ 2 2 ) 2 2 2 29 29
. +1 a2+2. a3 az+l. a1 aitl
ay as 3y| — o gzts d2rs. 43 &+
2 2 2 2 2 2
+ L=z F® . Gy cotl. .
C1 ’ 2 2 )
Ty Ty L2 020 2
i+l c+2 3. 1. 1. T,¥Y,Z2
2 0 2 02 2) 27
+1 a2+2. az+l az+2. a1 ai+l.
az az 3 oA ; ) 5
2 7 20 2
+ F( ) .. 2 2 . 622+1 c2+2., .
C2 e ] T2 v T2 ]
Ty T 2,20 2
a at+l 1. 3. 1.T,Y,2
27 2 12 27 27
.. +1. a3+1 az+2. a1+l a;+2.
ay as 3 o ﬂ, a2 ;
2 7 2 0 2 0
+— F( ) . 2 2 . Cz+1 c2+2. .
C2 B 2 ’
Ty T 2,20 2
c1 ci+1 1. 1 3. Y,z
27 2 2 27 27
as+2 as+3. az+1 asz+2. a1+1 a14+2.
ay ag (a2 + ].) as F(S) 22 , 22 ; 32 , 32 : 12 , 12 :
+ Y . cat+l ca+2.
C1 Co _v 2 0 2
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+(Z1 (a1+1) agagx

_ .. a2+l az+2.
L F®) - 2
C1C2

as+1 az+2.
sy T 9

ai+2 ai;+3.
2 2

2 2
. co+1  co+2
) 2 2

) )
3

ca+1l c1+2
2 2

I ai az as (ag + 1)

@] — = as+1l ag+2, a3+2 az+3. a1+l a1+2.
- 2 02 2 02 2 02
yZF . c2+2 ca+3. .
co (ca+1) = Y5, T ;
—y Ty T .2 .2 2
ci a+l 1. 3. 3.T,Y,=%
20 T2 20 2 2

a1 (a1+1) ao ((lg—f—l) as (a3+1)$ .
C1 Co (62 + 1) y

as+2
2

.F®

ao +3
2 I

)

as+2 az+3.
)

a1+2 a1+43
) 2 2 2
_ ca+2 ca+3.
) 2 2

)

Ty Ty 2 2 2

ci+l ci1+2 3. 3. 3. ZL’,y,Z‘|,

2 02 220 2 D

where F®) is Srivastava’s generalized hypergeometric function (see [33]):
g yperg

F(B){ i by, bo; b/17b/2; blllvb/le

b ; 91, 92; - hl,h27h3; h/ll’ h’l’7 xay72:|

(2.3) . , , ” )

_ Z (bl)i+j (b2)7;+j (bl)j+k <b2)j+k (bl)iJrk (bz)i+k xiijk
i,3,k=0 (gl)j+k (92)j+k (hl)z (h2)1 (h3)1 (h )j (hl)k Z']'k"

1
Conversely, combining the signs of z, y and z in the definition of H 4, from (2.2)

we readily express F(®) in terms of H4’s.

Theorem 2. The following eight relationships between F3) and H, hold true

3) _ .. az az+l., a3z az+l. a1 a1+l
- 20 2 290 2 297 2
(24) 8 F . c2 ca+1 .
) 2 2 ’
; 5 y o2 2
C1 C1+1 .

1.
2
= HA (ZL’,y, Z) + HA (7x7ya Z) + HA (xa:% 72) + HA (CE, Y, Z)
+ HA (—1‘ Y, Z) + HA (_'737y7 —Z) + HA (1‘, —-Y, _Z) + HA (—Z', -Y, _Z)

)
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Barast | — 1 o2l ef? @ wtl o ad
Rt et et 3) .. 2 2 2 2 9 5
(2.5) o F Co  cotl.

- ] 2 2 2]
1 1.
20 27
= HA ($, Y, Z) - HA (7!177y, Z) + HA (l’, Y, Z) + HA (:C,y, 72)
- HA (—.73, Y, Z) - HA (_xaya _Z) + HA (x7 Y, _Z) - HA (—JZ‘, Y, _Z) 5

(2.6) 292%Y p@)
C2

.. as+1 ax+2. as+1 asz+2.
b 5 > g5 3

a1 ai1+l.
s 20 2

2 2
. cot1l co+2,
) 5 92

- HA (.’E, va) + HA (—{E7y7 Z) - HA ({177 -Y, Z) + HA (xvyv _Z)
- HA (713, Y, Z) + HA (7‘raya 72) - HA (‘T7 -Y, 72) - HA (7"% -Y, 72) )

)

(2.7) 8ajasz F®

az ax+1
27 2
C2

. azt+l az+2.
) )

) 2
. c2t+1  cot2
? 2 2

)

a1+l ai;+2
2 2

)

2

= HA (.’I?,y,Z) +HA (—m,y,z) +HA (.CL'

ca c+l _l’ _l’ 57 1'2, yZa 22]
2 020 2 2
,—y,z) —Ha x,y,—z)
+ HA (—(E, -Y, Z) - HA (_xvya _Z) - HA ((E’ -Y, _Z) - HA (—.’E, -Y, _Z) 3

—~

(2.8) 8ajaz (aa+1) aszy
C1 Co

.. axt+2 ax+3.

az+1l a3z+2.
F(3) 2 v 9 ;

a1+l a1+42.
2 2 7 T2 2 s
. cot+1 co+2
) 2 2

i

cat+l c1+2 E E’ 17 m2’y2v22]

2 72 2 2 P
:HA(J:;:%Z)_HA(_x7yaZ)_HA(xv_yaz)+HA(xay7_Z)
+ HA (—Z‘, _yvz) - HA <—.Z',y, _Z) - HA (Z‘

b

) _Z) +Ha (—J}, -Y, _Z)
(2.9) 8ay (a1 +1) azazxz
C1 C2

azt+1 ax+2.
2

az+1l az+2.
F®)

[~}

a1+2 a1+3.
2 2 7 2 2
cot1l co+2,
2 2

= HA (xaya Z) - HA (7£Cay7z) + HA (i[, Y, Z) - HA (x,yv 7’2)
—Hy (—1‘,—

y:‘Z) + HA (—l‘,y, _Z) - HA (I, -Y _Z) + HA (—1', -Y, _Z)
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.. as+1 as+2. az+2 asz+3. a1+1 a1+2.
2.10 Sarazas(as+1) y 2 FO| B T T, Tay T, T
( . ) . . c2+2 co+3. .
C2 (CQ+ ].) - - =57, 75 —;
Ty Ty L2 020 2
ca a+l 1. 3. 3. V,Y,=2
20 2 2 2 2

= HA (xaya Z) + HA (—377217 Z) - HA (aja -Y, Z) - HA (%y’ _Z)
- HA (—.’E, -Y, Z) - HA (_xvyv _Z) + HA (.’E, -Y, —Z) + HA (—iE, -Y, _Z) )

(2.11) 8aj (a1 +1)az (az+1) a3 (as+1) zyz
' C1 C2o (CQ+1)

@] — = az+2 ax+3. as3+2 a3+3. ai1+2 ai1+43.
" 2 2 2 7 2 0 2 2
- F . . c2t2 ca+3. .
. ’ 2 2 )
Ty Ty L2 02 2
cat+l «a+2 3. 3. 3.T,Y,%
2 02 127 20

= HA (xaya Z) - HA (_x7y7 Z) - HA (Z‘, -Y, Z) - HA (%y, _Z)
+ HA (_J;7 -Y, Z) + HA (—5371/7 _Z) + HA (.’L’, -v, —Z) - HA (—JI, -v, _Z) )

where, for simplicity, Ha(x,y,z) = Ha (a1, a2,as;c1,¢2; 2,9y, 2)
3. Limiting Cases

Here we want to express the triple hypergeometric functions in terms of simpler
hypergeometric functions. For this purpose we begin by providing functional rela-
tionships between a little simpler function of H4 and F®) as in Corollary 1. Indeed,
in order to use the method suggested in [8], employing the following transformations
ay ~ 1/e, © ~ ex, z ~ ez in identities (2.1) and (2.4) to (2.11), and taking the
limit of the resulting identities as € — 0, we obtain
Corollary 1. Each of the following relationships holds true.

(3.1)  1Ha(az,as3;¢1,¢0;2,y,2)

as as+1, a3 az+1. . . . . 2 2
_pw| — % g e o = oo a2
- .. _. c2 cotl. _. ¢ ca+l 1. 1. 1, 47y’ 4

. ) 29 T2 ) 290 T 92 2 2
.. a2+l ax+2. a3z az+l.

G2 (3) o 2 0 2 0 20 2 0

—F

C1 . ] 2 2 1 T
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as+1 as+2. az+1 az+2.
as azy F(3) 22 ) 22 ) 32 ) 32 ) ]
+ . cot1l cot2, .
Co 5 PR 5 v
- = o=t g2
c1 c1+1 1. 3. 1. Z,y’ 4
2 2 v 2 29 29
a as+1, a +1 as+2. .
432 1(3) T e Ty 55 )
+— . 62+1 ca+2. .
C2 Il 2 )
- = o= a5 2P
ci ca+l 1. 1. 3. Zvyaz
2y 2 02y 20 2
as+2 as+3. az+1 az+2.
2 (a2+1) asxry F(S) 22 ) 22 ) 2 ) 32 ) )
cot1l cot2. .
C1C2 ) 2 v 92 v T
. . . 2 2
e 2 %
afl a+2 3. 3. 1. Y 1
2 92 s 2 29
as+1 as+2. a+1 asz+2. .
A203T 2 1(3) 2=, s 4 5=
+ 62+1 cat2. .
C1 C2 - ) 2 ’
. . . 2 2
- ;. T 2 <
atl at2 3. 1. 3. ;Y
2 02 2 27 27
as+1 as+2. az3+2 az+3.
a9 as (a3 + ].) F(S) 22 , 22 ; 32 , 32 3’ —;
. co+2 c2+3. .
C (CQ + 1) ) QT; 277 )
I
1 o+l 1. 3. 3, Z’y’Z
25 T2 2 2
2 (a2+1)ag(as+1) zyz
c1ee (o +1)
@] — = az+2 az+3. as3+2 az+3. .
.. ) ’ s T 9 ;
P . 2 2_. C22+2 c2+3. .
b 2 ) 2 b )
. . . 2 2
] ) -z 2 < .
atl a+2 3. 3. 3. 5 Yy, 01
2 2 2 27 27
(3.2)
az az+1. a3 az+l. . .2 22
3 2 ’ 2 ) ) Ty T ™ 2
SF() 2 2 32 cz2+1. . 1 c1+1 1. 1 1. Z’y’z
- T2y T2y T 2 v 2y 2 2
== 1HA (xayaz)+1HA (7x7yaz)+lHA (:L' Y, 7’2) ( )
+1HA (_ Z)+1HA (—.I‘,y, _z)+1HA( -y, — ) 1HA( x, =Y, Z)7
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.. azx+l ax+2., a az+1.
(3_3) 8a2xF(3) - S5 T B T
C1

NS

2 I
catl.
2 b

ctl ot 3
2 2 3
=1Hp(2,y,2) —1Ha(—2,y,2) + 1Ha (2, -y, 2)
+1Ha (2,y,—2) —1Ha (=2, —y,2) — 1Ha (—2,y, —2)
+1Ha (2, —y,—2) —1Ha (=2, ~y,—2);

b

8a2a3y _ . az+1 azx+2. az+1l a3z+2.
(3.4) ?F(S) 272

2 2 v
. cot+1l cot+2. .
) 2 2 )

- = o= oa? 5 2
%7@;1’%; %; %; 4,?!’ 4|
- lHA (xay>z) + IHA (—x,y,z) - 1HA (.TJ’ —y,Z)
+ 1HA (xaya _Z) - 1HA (—.’E, _yvz) + 1HA (_xvyv _Z)
- 1HA (SC, Y, 72) - 1HA (7177 Y, 72)7
8a3z — . (l727 a2+1; a3+1, a3+2; :
(35) TF(S) o 2 27. cz2+1 C22+2. .
2 ’ 2 2 )
oo 2 2
Rt T L
=1Hy (xaywz) +1Ha (758,2[],2) —1Hy (gj"y, 72)
+ lHA (J?, _yvz) + lHA (_-Ta —y,Z) - 1HA (_mvya _Z)
- IHA (LL" -Y, _Z) - IHA (_$7 -Y, _Z);
8ay a2+1) asxy a2+2, az+3. a3+1’ as3+2.
o el e IR v P
1C2 ) 2 v 2 )
S, 2
c1;-1701;-2 3 %’ %’ 4aya 4 )

- IHA (LL', y,Z) - IHA (—.’L',y,Z) - 1HA ('Tv —-Y,z
+ 1HA (xaya 72) + 1HA (*.’ﬂ, -Y, Z) - 1HA (71’ Y, 7’2)

3.
D)
)
- 1HA (JI, Y, _Z) + IHA (_$7 -Y, _Z)

k)
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_ .. ag+l as+42.
F® " 2 02

2 2
. cot1l co+2,
) 5

az+1l az+2,

N

T I
citl ei+2 3. 1. 3. Z,y7f
2 2 72 27 27
= 1HA (l’,y,Z) - 1HA (7I7yaz) + 1HA (1‘7 7yaz)
—1HA($7y,—Z)—1HA(—I,—ZJ,Z)+1HA(—Jf,y,—Z)
- lHA (‘Tv -Y, _Z) + lHA (—.’E, -Y, —Z) 3
(3.8) B0203 (@t Dyz ) —: aatl 422, ‘132122, ”0”3212; ;
ca (c2 +1) - R R
- = o= ey 2P
671’ 61;17%; %; %’ 47y74 )
- IHA (xayWZ) + IHA (—x,y,z) - IHA ((E7 _y72)

- 1HA (xvyv _Z) - 1HA (—CL’, —y,Z) - 1HA (—.’ﬂ, Y, _Z)
+ 1HA (:E7 -Y, _Z) + 1HA (—I, -Y, _Z) ;

)

(3.9) 8as (az+1) a3 (as+1) zyz

@] — = a2+2 a2+3. az+2 az+3. .
F b 2 ) 2 b 2 9 2 ) )
. c2+2 co+3. .
C1 C2 (02 + 1) - ™ 22 ) 22 ) ’
. . 2
) ;
caa+1l c1+2

e |

2 v T2
- 1HA (xvya Z) - IHA (_xvya Z) - IHA (177 —Y,z

vl |

2
- 3 X 2 %
3. Y,
57 ; 47 4‘|7
)

- lHA (907?], _Z) + lHA (_xa -Y, Z) + 1HA (—.’L‘, Y, _Z)
+ IHA ({177 -Y, _Z) - lHA (—.’L‘, -Y, _Z) 5

where 1H(x,y, z) == 1Ha (ag, as; c1,¢c2; %, Y, 2) and

(3.10)

, 1
1H 4 (a2, ag5c1, 0052, y, 2) = lim Hay (E, a2, a3; C1, C2; €T, Y, €2
1>

_ i (a2>m+n (a3)n+p

X ynzi,
In!p!
m,n,p=0 (Cl)m (CQ)n-i-p m:n:p:

For further specializations we start with observing the following limits:
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Lemma 1. Fach of the following relationships holds true

3) as az+1 az az3+1l. 1 1+4e.
: ) ) b ) ) )
(3.11) lim F 20720 20 a0 260 26
e—=0 ) 2 T2 )
Ty T 2 2 2
¢ a4+l 1. 1. 1 (533)’?/7(5@]
2 2 2 20 27
3) as as+l az  az+1 .
_ 2 2 2 2 )
F . c2 cotl .
) 29 2 )

(3.12)

3) 1 14e. a3 az+l .
: 27 2¢ 2 2 )
(3.13) lim F E 2 '
=0 ’ 29 2 )
- = = (e)? 2
c ci+1 1. 1. 1. ) o
PRIt TR T 4
2 : 3+1 . . .
oFs g aa+1l 1 z 2000 | %, B - y? 2
= = :0 L gz
27 2 72716) | 2 etl. 1 1oyy

where F21 1 is a hypergeometric Kampé de Fériet function (see [3, 33]) of two
variables deﬁned by

:0; a1,a2 : ) ) - (al)n+17 (a )n+p
(3.14) FQ:OJO[ o yz} = y"z
FEL | eper dy e n’pZ:O (Cl)n+p (02)n+p (d), (e ) n!p!

and ,F, denotes the generalized hypergeometric function (see [33])

Setting ay ~ 1/e, x ~ex, y~ ey, in (3.1) to (3.9), and taking the limit of the
resulting identities as ¢ — 0, and using the identities in Lemmal, we get
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Corollary 2. Fach of the following relationships holds true.
(3.15)  oFi (c132)1F (ass ey + 2)

11 z2 1 2 3 g2
oFs(CI a+l x>+x0F3(cl+ 7c1—|- x)}

2716 2 2 2’16
] 200 S el yj Zj
2:1;1 %27 62-&-1 . % %; 4’ 4
azy o0 | 2L, k2 o g2 22
+ —=F 217 2 4 T =
o 2:1;1 02;-1’ c2t2 . % %; 4’ 4
as z 2:0:0 az+1 az+2 . . . y2 2,2
+ 7F ’ b ) 2 b ) 77 -
s 2:1;1 02;17 02;2 . % %; 4’ 4
a3 (a3 +1) ¥z pooo| %52, 98— gt 2|
o (02+1) 2:1;1 52;2, 02;3 % %; 47 4 ’
+1 1 2 Lol S s
c1 1 x 200 | 92 9 T
(3.16) 8o F3 < 2 5 3 16) Fyih c2 ot 1 1’ 1; 47 4
2 9 27 2

= [oFi1 (c152) + oF1 (c1; —)]
1By (ag;eo;y + 2) + 1F1 (as; ey — 2) + 1 F1 (as; co5 —y + 2) + 1F1 (as; e —y — 2)];

8 at+l a+2 3 2%\ 200| 5 9 T y? 22
(3.17) 010F3< 5 3 316 Fyih Gy e F1 1’ 1; VR
53 2 2 2

= [oF} (c152) — oF1 (€15 —)]
1 F (as;ea5y + 2) + 1 F1 (as; ey y — 2) +1F1 (as; co; —y + 2) + 1 F1 (as; co; —y — 2)] 5

a3+1 a3+2
8asy cp e +1 1 22 2:0;0 5 ' 9 Ty Ty 22
(3.18) co °F3(2 T 91 | et 2t2 ;; %; 44

2 7 2
= [oF1 (c152) + oF1 (c1; —2)]
[1Fh (as;eosy 4+ 2) — 1 Fh (as;co; —y + 2) + 1 F1 (as;co;y — 2) — 1F1 (as;eo5 —y — 2)]5

az +1 a3—|—2.

2:0;0
F2:1;1 ’

asz ¢ g +1 1 a2 i oy?
19) 8- 0F R =
(8:19) 8 =0 3(2 2 '2°16 4

22
; 4

2 7 2
co+1 02+2.
2 72

o = |
ol |
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= [oF1 (c132) + o F1 (€13 —2)]
1 F (asseosy + 2) + 1 F1 (asscos —y + 2) — 181 (asscoiy — 2) — 151 (as;co5 —y — 2)]

1 2 2
(3.20) 8a3xyOF3<cl+ c1+ 3.x>

c1Co 2 7 2 '2'16
a3+1 a3+2_

b

2

z
4

2:0;0
' F2:1;1

A
4

. )

2 2
co+1 co+2
2 7 2

N |
N =

= [oFi1 (c132) — oF1 (€15 —2)]
(1Fy (az;ea;y + 2) — 1 Fy (ag;co; —y + 2) + 1 F1 (a3;e2;y — 2) — 1 Fy (ag; o —y — 2)];

8 1 2 2
(3.21) aga:zoF c1+ ’c1—|— 7§;£
C1C2 2 2 216
a3+1 CL3+2
2:0;0 L N
B | ot eF2 L3 T
: 27 2’

2 72
= [OFI (C]_;:L') - OFl (01; _'CL‘)]
1F (azieasy + 2) +1F1 (asi 05—y + 2) — 1841 (ass ey — 2) — 154 (as; cas —y — 2)];

1 11 z2
oy Sl g (o atl 12

2 (c2+1) 2° 2 216
a3+2 a3+3. L. 9 9
. 200 2 7 2. " 3 g7 Y¥Y =
2:151 co+2 o+ 3 .02 404
_ 27 2’

2 7 2
= [oF1 (c132) + o F1 (€15 —2)]
[1Fh (as;eosy + 2) — 1 Fh (as;co; —y + 2) — 1F1 (as;casy — 2) + 1 F1 (as; eo5 —y — 2)] 5

8 1 1 2 3 22
(3.23) as (as + )xyzo 3<Cl+ ot - )

6162(C2+1) 2 ’ 2 ’§7E
az + 2 a3+3. . .
| 2050 > o 3 g
2:1;1 co+2 ¢+ 3 Z.0Z 404
: 27 2)

2 7 2
= [oFi1 (c1;2) — oF1 (€15 —2)]
[1Fh (as;eosy + 2) — 1F1 (as;co; —y + 2) — 1F1 (as;eo;y — 2) +1F1 (as;eo5 —y — 2)] .

Setting ag ~ 1/e, y ~ ey, z ~ ez in (3.15) to (3.23) and taking the limit of
the resulting identities as € — 0, we find
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Corollary 3. Fach of the following relationships holds true.

(3.24)

(3.25)

(3.26)

(3.27)

(3.28)

(et 1) L sl a3
073 \27 2 '2°16) T P\ 2 2 2716
. . 2 2
. F2_:O_;O - R y77 i
{“’1 g9 3 5 16016
2 2
Y 12:0,0 — e
7F ; C: c 10 10
+02 2:151 224’17 2;2. % %7 16 16‘|
. . 2 2
2 p200 S e R AR
+ = 2:1:1 c2;r17 CQ2+2 % %; 16’ 16
Y 0o - = =y A2
Coy (o + 1) 20| ef2 cdd . 3 3 067 16| [
8 1 2 3 2 . — -3 - 2 2
£0F3 (61; 701; ’2’?6>F2010’710 C2 02+1 . 1 ]' %7%
27 2 2
= [oF1 (c1;2) — oF1 (c1; —2)]
o1 (easy + 2) + oF1 (coiy — 2) + oF1 (c25 =y + 2) + o F1 (c2;—y — 2)]
cp cp+11 x2) 0:0:0 T Ty 2
0F3( _ F2.'1.’1 co+1 co+2 3 1 =, —
2’ 2 2716 " , :o—; —: 16716
2 2 2 2
= [oF1 (c1;2) 4+ oF1 (15 —2)]

JoF1 (co5y 4 2) — oF1 (co; —y + 2) + o F1 (c25y — 2) — 0 F1 (co5 —y — 2)] 5
8z 1 er+1 1 22\ 000 T T g 22
0F3< e Foii | ee+1 ee+2 1 3 = —

2° 9 '2716) " xh , .2 216716
2 2 2 2
= [oF1 (c132) + oF1 (€1 —2)]

[oF1 (e2;y + 2) + oF1 (c2; —y + 2) — oF1 (e2;y — 2) — oF1 (c2;—y — 2)];
8xy c1+1 cl+23x2
—oF3 ) 5
C1C2 2

N — = =5 2 2
Y| et w42 30 1 LT
2 7 2 2 2

oF1 (c1;52) oF1 (co3y + 2)




Serendipitous Functional Relations Deducible 123

= [oF1 (c152) — oF1 (c1; —iU)]
JoF1 (e239 +2) — oF (c25—

+2)
8xrz c1+1 c1+2 3 x
3.29 —oF - —
20 om (O 6)

+ o0 (c23y — 2) — oF1 (c25 —y — 2)];

[\

. 0050 Ty i
Hht ; 16716

co+1 02—1—2:
2 72

o =
IRl

= [oF1 (c152) — oF1 (e15—2)]
foFi1 (c2;y 4+ 2) +oF1 (c2; —y + 2) — oF1 (ca;y — 2) — oF1 (c2;—y — 2)];

8yz ¢ g +1 1 22
3.30) — 0 Fy (=, ———,
(3:30) cg(cQ+1)°3<2’ 2 ’2’16)

PR | 242 2 +3

2 72

o |
IRl
=<
[@)) [ ]
»—l‘z\z
D [V
| I

= [oF1 (c152) + oF1 (c1;—2))
o1 (co5y 4+ 2) — oF1 (e —y + 2) — oF1 (c25y — 2) + o F1 (co5 —y — 2)] 5

8ryz (cl—l—l c1+2 3.:52)
ofs
)
ﬁ
16
= [oF1 (c152) — oF1 (e15—2)]

3.31 2.z
( ) 6162(02+1 2 7 2 2716
“[oF1 (e2;y +2) — oFy1 (c2;—y + 2) — 0F1 (e2;9 — 2) + 0 F1 (c25—y — 2)].

PP | 242 243 3 §
2’

3

‘ <
@ [

2 7 2 2

4. Special cases

For certain special cases of some identities in the previous sections, we introduce
the case az = co of H4 as in the following lemma.

Lemma 2. The function Hy when as = co is seen to reduce to a Gauss hypergeo-
metric function oFy = F:

(4.1) Ha (a1, a2,a3;¢1,a3;2,y, 2)

=0y 19 F (e e )

Setting az = ¢o in (2.2) and (2.4) to (2.11) and considering (4.1), we obtain
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Corollary 4. Fach of the following relationships holds true.

(4.2) (1 _ y)—az (1 _ z)—a1 F <a17a2§ C1; (].ZJ)(].Z))

3) _ .. a2 az+1. ay ai+1. e e .
_ . 2 2 ’ 2 2 ’ ’ ’
=F . .. . e afl 1. 1. 1.
. ’ ’ ’ 2 2 2 27 27
as+1 ax+2. a; ai+l.
L 9% 5 2 02 0 T 20 T2
C1 - s -5
s Ty T 202
a+l a+2 3. 1. 1. T,¥,%
2 52 220 2 D
+agy F®

—y Ty Ty 2 .2 2
a 1. 3. 1. T,Y,=
20 72 12y 20 2
az asx+1 a1+1 a1+2.
+a; 2z F® 20 27 7 20 2
- ] ] ]
Ty T 2 2 2
o a4l 1. 1. 3. T,Y,2
20 72 120 2 2
. 2+2 az+3. a1+l ai1+2.
aiaz (az +1 — . Q2
parelntl, pol —0 ST T B
C1 - ™ ) )
— Ty Ty 2 .2 2
ca+l «a+2 3. 3. 1.T,¥Y,=Z2
2 02 20 2 2
.. +1 ax+2. a1+2 ai1+43.
a1 (a1 +1) as — i Gotl gotd at? ait3
+ ( ) z2 F® " 2 2 ’ 2 2
C1 ) ) ]
— Ty Ty .2 .2 2
a+l a+2 3. 1. 3. T,¥Y,%
2 0 T2 120 22

+ aq agyzF(S)
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T ap ((Ll + ].) a9 ((12 + 1)

3 _ .. ax+2 a2+3. _. a1+2 a1+3.
zyzF® - 2 02 ’ 20 2
6] - ) ) )
=y Ty Ty 2 .2 2
a+l a+2 3. 3. 3. TV,Y,% ]7
2 02 20 2 2
_ .. az as+l. _ . a1 ai+l.
(4.3) SF®) o2 T2 20 T2

= (} —y) A2
: _F (ahaz;cl; )
+(1—y) " (142"

+(1+y) Q-2

e

)+ o ( )
|r (oo gy ) <P (e )|
)+ )

+(1+y) (1 +2)""

(e ey ) £

(4.4) Barap

_ .. a2+l ao+2. a1 a1+l
F(3) . 2 ) ) 9 2
C1 5 ) ;
; )
c1+1l c1+2 . .

— () (-

[ x —x i
(oo iy )+ (o )

(L) (1)

-F ai,a9:C I — + F v ]
: CHEE ar, az;ci;
ST T Ay (- 2) POy -2 )
F(l-y) (142"

. F<a1702;01; *

et Rl CRER ey

y) (1+2)
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—(1+y) (142"

1+y)(1+2)
(4.5)

8asy F®

_ az+l ap+2.
b 2 ) 2 b

_. a1 ai+l.
s 2

|
N

o PR 7o 221
2 2 2 2 27
=(l-y) “Q-2"
X
[ <a1,a2,cl,(1_y >
—(l+y) Q-2
[ (oo )
+(1-y) " l+)
X
|: <a1,a2,01, (1 —y )
—(I+y) Q42"

X
[F (a1,a2;61;(1+y

_. @ el artl

?

—T
+ F | a1, az;c1; }
)(1+2) )

(4.6)

8ale(3)

==y -

x —z )
F (enemen gy ) + 7 (wvemeny )

+ (1_+y)‘“ (1—2)"

x
| F <CL1,CL2;01;

Trpas) *F (e i)
R R

x —x ]
_F (al’a2’61’<1—y)(1+z)>+ (al’@’cl’(l )

—y)(1+2)
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—(AFy) A"

x
‘ [F <a1,a2;01; T+ (+2)

-
an Sueletl) e at? e, . apfl el
C1 5 ; )
ci+l c1+2 ? ;, E, x27y2,z
2 » 2 29 29
=(l-y) (1~ Z)_‘“
- | F al,ag;cl, - F (11,(12,01,
(1-2) (1-=2)
—(14+y) *1-2)""
. . F
|:F<CL1,CLQ,Cl, Tl 1_2) <a17a2,01, 1+y 1=z )}
+(l—y) 1+
. {F (al,az;Ch 1+z ) F<a17a2701, 1+z ﬂ
—(I+y) 1+
R .
|: <a'17a'27cl7 1+y 1+Z>

(48) 8&1 (a1+1) as

az+1  as+2.
x2 F®) 20 2
c - - -
citl 142 3.
2 02 02
_ —az —ax
=(1-y) " (1-2)

[ T
| F (al,az;q;

14y A2
: _F (aha%cl;(l—&—y)(l—z)) - F <a1,a2;cl;(
— -y ()

[ x
| F (ahaz;cl;

u—wu+a)‘FG“”“%1

a—ma—a)‘FQ“@”“u—

s))

F
<a1,a2,C1, 1+y 1+Z >:|

a1+2 a1+3
2 2

—X

-

>a+a>+FQ““”“a+wu+aﬂ;
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—(ty) (1)

: [F (al»a&;Cl; i+

X

) (

T pe1
jara) F (e

and M. Turaev

r))
+y)(1+2) /]
az+1 ax+2. .oait+l ai+2.
(4.9) 8a1a2yzF(3) ERE 22_f ) 2 12_?
c1 ci+l E’ g, ;7 1'2,1/2, 22‘|
29 "2 2 2
=(1-y) 01— Z)_a1
: [F <CL17CL2;017 (- >+F(al,¢12,61, = ﬂ
—(1+y) (1-2""
: |:F <a17a2;617 1+y 1—Z >+F(a17a27cla 1+y 1—2 >:|
—(1-y) " (1+2""
. |:F <a1,a2;01, 1+Z ) +F(al7a27cl7 1+Z >:|
+(1+y) A+
—XT
F ; F 9 b b )
{ (al’az’“’ 1+y J(1+2 >+ s (1+y)<1+z))]
as+2 as+3. . a1+2 ai+3.
(4.10) a1 (1) az (a2+1)xyzF(3) - 22+a % : v ) :
C1 - Ty T ]
i a3 T T ]
30 2 021 21 2
=(1-y) “1-2)"
_ . . -
| F je1; e | = F a1, a95015
_ (“1’“2’“’(1—@/)(1—2)) ( e (1—y><1—z>>_
—(1-y) (142"
| F a17a2;01;¥ - F 01,02;01;_x>
i (1-y)(1+2) (1-y)(1+2)/]
—(1+y) (1-2""
_ . . .
| F e oy ) e ez =
_ (“l’”’cl’(uy)(l—z)) ( e <1+y><1—z>>_
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+dty) A+

xT

|F (oo )~ F (@ )

Similarly, setting ag = ¢y in formulas (3.15) and (3.16) to (3.23), we find

Corollary 5.Fach of the following relationships holds true.

(4.11) oF (c1;2)e¥™?

cp 1 +1 1 22 T c1+1 1 +2 3 22
— | Fa [ 22 -2 = F .2
{‘”’(2’ 2 ’2’16>+c103< 2 7 2 2716

l'y2 3_y2 1.,22 3_32 )
'|:OF1 <2a4>+y0F1 (274 OFl iyz +ZOF1 §7Z )

1 c1+1 1 22 1 y2 1 22
8oF; (2 R I (=TS I o (e
(412) 0 3(27 2 72516>0 1(27 4 04’1 27 4
= [oF1 (c1;2) + oF) (e1; —x)] (ey + e_y) (ez + e_z) :
8z ci+1 e +2 3 22 1 92 1 22
Ry (= , = s =i 7= | ofh *;yf of1 | 55—
(4.13) o 2 2 216 24 24
= [oF1 (c1;2) — oF1 (c1;—)] (¥ +e7Y) (e* +e77);
g a1 +1 1 22 3 y2 1 22
(4.14) 8o 3(2’ 2 ’2’16)0 ! (2’ 1)\ 27
= [oF1 (c1;2) + oF1 (e1; —x)] (ey - efy) (ez + efz) ;
c1 1 +1 1 22 1 y2 3 2?2
820F (2 R I (TR I oA
(415) 20 3(27 2 ’2716)0 1(25 4 041 27 4
= [oF1 (e1;2) + o F1 (e1; —x)) (ey + e_y) (ez —e Z) ;
8x c1+1 e +2 3 22 3 42 1 22
JoFa ! , = y=i7= | ofh *;yf of1 | 55—
(4.16) o 2 2 216 2 24
= [oF1 (c152) — oF (c15—2)] (¥ —e7¥) (e* +e77);
8xz c1+1 1 +2 3 22 1 42 R
el ) SEN (Y R (2
(4.17) c 3( 2 2 ’2’16>° 1<2’ 1)\ 271

= [oFi1 (c1;2) — oFY (c1; —x)] (ey + efy) (ez — efz) :
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a1 aa+1 1 22 RIS 3 22
8 F. _— — = — F —_.Z F —.
(4.18) yz°3<2’ 2 ’2’16>°1<2’4 "1 2
= [oF1 (c1; @) + o Fy (c1;—2)] (¥ —e7Y) (6" —e77);
8zyz a+l a+2 3 a? 3 2 3 22
F: S Y po(2 ) R 2
(4.19) 01°3< 2 2 ’2’16>°1<2’4 071 \27
= [oF1 (c152) — oFy (c1;—x)] (¥ —e7Y) (eF —e %)
I <01—|—1 c1 +2 3.x2>
(4.20) 10 ’ 2 7 2 '2°16 :0F1(61;9C)—0F1(cl;—x).
. S N a+l1 a? oF1 (c1;2) + oF1 (c1; —x)’
0T\ \20 T2 2716
3 92
o1 (’) Y _ oy
(4.21) y 2 42 _doer
r 1y ev +ev
"t 274

Setting as = ¢; in formulas (4.2) to (4.10), we can also express elementary
power functions in terms of the Srivastava’s function F3) and vice-versa.
Corollary 6. Each of the following relationships holds true
Y"1 -y (L= 2) — 2]

(4.22) (1—
_ c ca+l. a1 aitl
— F® 27 72 2 T2
- - 3 -
Ty T 2 2 2
¢ a+l 1. 1, 1. T,Y,=2
20 "2 20 20
_ ci+1l c1+2. ar ai+l1.
+a1xF(3) - 2 02 20 T2 o
- - T )
— Ty Ty 2 .2 2
citl ca+2 3. 1. 1_51372/721
2 02 20 2 D
_ catl c1+2. a1 ai1tl.
+clyF(3) 2 5 T2 20 T2
-5 R 5
= Ty T 2 .2 2
¢ a+l 1. 3. 1.1"9,2’]
20 "2 20 20 2
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.. aitl ai1+42
27 2 2 2

c1+2 c143.

. +1 +2.
tay (e +1) 2y FO 2 T2 T T 0

catl ci1+2.
+a; (a1 41) 2 F® 20 2

a1+2 a1+3.
2 2

a+l ca+2.
+aicyzF® 202

ai+1 a1+2.
Gt el

c1+2 c1+3.
+a; (a1 41) (cp +1) zyz F® 2

3) %a 61;1; 7; %, a12+1’
(4.23) 8cyF
) ) )
c1 c+l _17 _l’ _l, 1'23 y2, 22‘|
2 2 7 2 2 2
=y {l1-y) (1= 2) 2] + [0

—y><1—z>+xr“1}
—y) (14 2) +a] "}

{la-v )
+(1+y)"T Cl{[(Hy)(l—z)—x] + (L +y) (1= 2)+a] ™}
+ 14y {0+ ) L+ 2) =2l [+ y) (A +2) +a] " s

3
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_ .. a4l ca+2. _. a1 ai+l.
. 2 2 ’ 2 2

(4.24)  Sayx F®

wleo |

cit+l c1+2
2 0 2

= (1—y)®~ Cl{[(1 y)(1—z) —a]” ‘“—[(1—y)(1—2)+w]7a1}

al C1

+(1+y)
1+ya1 C1

{la+v)¢( )
-y 42 e - [ -y 1+ 2) +a]
{0+ ) j

ci1+1 c1+42. a a;+1
(4.25) 8¢y F®) AR o g Y
ooy g g
2 2 02 2 27
= (- {ll-y) -2 —a "+ {1y (1 -2)+a] "]

— 1+ {1+ y) ) }
1=y {1y 1+ 2) —a] "+ [(L—y) (1+2) +a]
{ia+y ) )

1y

c c1+1 a1+l a1+2
(4.26)  8ayzF® g, a5 o af, af
c citl _l, _17 E 302, y2722‘|
2 2 ’ 27 PR 29
==y {0y -2 —a " + {1y (1-2)+a] "]

+ 1+ {4y (1= 2) =™ + {1+ y)
~ =y I =) (1 2) e (=) (14 2) + 2]
{1+ )

— A+ A4y A +2)—a] " +[1+y (1+Z)+x]—a1};
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_ .. ca+?2 ca+3. _. ai+l a1+2.
(427) 8aq (01+1>$yF(3) . 5 s "9 5 T3 3

_ .. atl a+2. _. at+2 a1+3.
(4.28) 8 (a1+1)x2F(3) _" 2 2_v _’ 2 2_,
catl c1+2 E’ E’ g :E2, y27 z21
2 2 2 bR )
==y {1 -2 - - -y (1= 2) el

(4.29) 8ajcyzF®

%, Cl;’l’ _;, é: é 1'23 y27 22‘|
==yl -2 —a " + [ -y (1 -2)+a] "}
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_ a+2 ca+3. a1+2 a1+3.
2 02 2 0 T2

(4.30)  8ay (a1 +1) (cy +1) zyzF®

I+2) -2 = [A+y) (L +2) +a] ™

{l0-y) )
— @y I+ A=) —a] M = [+ y) (L= 2) +a] "
+ 14y {[(1+) )

el

5. Concluding remarks

We note that in a specialized parameters we can easily obtain many interesting
functional relations from the identities established here. For instance, at z = 0
and z = 0 from (2.2) and (2.4) to (2.11) we can get decompositions for Appell’s
functions Fy and Fb in terms of Srivastava’s function F(®).

Applying this method to some other special functions, instead of Srivastava’s func-
tions H4 and F(®) defined by power series, interested readers can find certain other
unexpected functional relations.
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