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ABSTRACT

A nonlinear dynamic model for the shaft-disk-blade unit is developed in this study. In this regard,

the rotating flexible blade, with a pre-twist angle, attached to a rigid disk driven by a shaft which is

flexible in torsion is developed. The rotor-blade coupled model is derived using Lagrange equation in

conjunction with the assumed mode method to discretize the blade deformation. The equations of

motion are analyzed based on the small deformation theory for the blade and shaft torsional de-

formation to obtain the system natural frequencies for various system parameters.
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Fig. 1(b) Configuration of a pre-twist blade

660/et=2 RSS2 =2 &/A 229 Al 73, 2012

2.2 N&" 230X

iEi EEME AlzEle] A FEelldAE BE
ms, qiﬂg S TD 1
o] EEAUA Tz ] sloem

_2 72
Tn1S - 2 Jmsg (1)
1 .N\2
Tp =EJD (9+'//) @)
L .
TB—_I PRpRpdx ©)
017]*1 Jus®t Jp= EE 3 tla39 3 B2
E yephdt L3 o= Egojme] wejdold
@""& Rpe EHo|l= WA A po] Ay X4
HZ olge} o] xdH
R, =[UO)][V (v)]r @

3714 [U(9)]sh [V (v)]e Adl AEAZYE RE
%o AxAs v2a FuAR W HFWHS
747k oujahe, e tad AEACA Byel=

u=ui+u,j+uk
4

Fig. 2 Shaft cross-sectional view and coordinate sys-
tem



wRgel 4 el AAMEE epan
[cos® —sin@ 0
[U(0)]=|sin@ cos® 0 (3)
Lo o 1
[cosy —siny 0 1 -y 0
[V(y/)]= siny cosy Of=ly 1 0 (6)
Lo o 1] ]o o

v =(x+ Ry +u, (x,0))i+uy (x,8) j+us (x,0)k (7

o714 RpE Ui WHAE

7k aga y e £ BEY ¥E 4 yehait
A FEANA nlHE A po YAHE RS

EUE £EEE e ofgel o] BdHh

—acosf— fsinf
Pcosd—asind ®)

Uy

R =

p

a=0[y (x+R,+u)+u, |+yu, +(pii, —1) (9

ﬂzé[(erRD +ul)—(//u2:|+(//(x+RD+u])

(10)

+(wai, +1,)

29 (1005 A 3ol ddte=xA Eeol=
o $EAUAE & glovl, Axuel AAl &
ENAA T T3t 20t

Tiotal =Tms +Tp +Tp (11

2.3 A2 ZHA o X
ZH-Eeol= AlAFe] A ZEAE oluA=
A

ol=e) zu oﬂw g %o) W5 Tu
o o

E]—( 1 0)

2
2 ’
EA[%] +E15 £
L ox o2

A} ﬂ**““ilE 123-8— 22 ARG EHE

area product of inertia) & oJv]gt}. ol F 23k

HARHE ', L'2 5dshd oo @_’dr(m)

L'+ L -1

Iz(x)z 2 ; 3,22 3 cos(2®) (13)
L+, I

I3(x)= 2 ; 3 22 3 cos(20) (14)
It * *

123(x): 2 3 sm(2®) (15)

G)Ea% (16)

o714 @ & Eiol=
7+e on|3h, A}-fekof

Eoi 9] H|E
‘]

1
Vp =—kpy? (17)
2
L
g:J. pghdx (18)
0
L
Vs j Fods (19)
0

A A8)0lA k= F] vlIE
Al Eelol= el A =
B A (1904 Fez SdEsell ofs) A=
= Fue A pe

HYgor wsE F o

7o) mAL e 2.

A ool & B
oo O

ofr
ol
=)
AN ot

h=(x+R,+u)sin@+(x+R,+u)ycosd

(20)
+(cos@—ysinf)u,
2
F, J' (x+R,)(6+yr) dx @1
ds=— 1[%J dx 22)
2\ Ox
LSS IES| =2 8/A 22 E A 73, 20121d/661



B8 s AN YA
ol F3l Alz=®l AA ZAA oUA| Vs oF it
ol o] mHHT} [2:]=], P[4 (x)]dx (29d)
Vo =Va + Ve +V, 4V @3) [k]=], » [W (x)} [ﬂ'(X)]dx (29)
()= o[ ()] [ ()] (290
2.4 2SWHA RE: BN YA
/\]-—/:Fé]‘o/] a—lao—xl 3:;1-_28% E]—v\oﬁ_jq- ZZ—_}E]— [kg]:IOLp ¢3n (x):|r[¢3"(x):|dx (29g)

LLag = T;utal - Vvtotal (24)

z7] HE9 Zto] nEHE §AA Beol=e] 7t

w3k MelE Wrhelr] skl EdlolmE SRR

7H48ta R= 7 H(assumed mode method)S 4]

3keleh wepA Edlol= xwde A pel 7w
Fozol WMol okhot 2ol ekl % Atk

Z% x)q, (¢ ©25)

Z¢2, x)qy (1) (26)

Z% X)qy (¢ @7)

o]7]A Ni, No¥} N3 RE9| o]l
I g AR R EdEE 2
o] wglolth Ee 4,(x), 4i(x) 3} 4,(x)= T
o] 3w FAHE Y RERA Au EAS

olgste] Thea} ol ATiE & 4 ok

J‘OLp[qﬁj,.(x)J[@i(x)]dx:l where, j=1,2,3
(28)
RE 7FAWE ALsta ooy Zo] AHox:=

A48 H(coefficient matrix)5-S 2&35}o] A|2~EH 9]
S FA] BE Lies T BEE  glom,

[a]= [ px [ (x)]dx (292)
[b]=[ P[4 (x)]ax (295)
[az] = L}L px[¢1 (x)]dx (29¢)

662/t ASRNESEEs=58/A224 A 7%, 20124

k)=, o[ ()] [ (x)|ax (29h)
[

=] p(z-x)[4 ()] [4 (x)|ae (299

[ka)=[ o2 =) ()| [0 (0)]ar o
[k]=R, [ksl]%[ksz] (29K)
[]=[a]+R,[b] (91)
[7]=[a,]+ R, [b,] (29m)

7] =0 (30)

(€2



27| MEQ7o] nelgl Belol=% Eg Alxwle] £4

’

[

my=J, +J,+J, (1+(//2)+{q2}T (l+l//2)[1]{q2}
+{q1}r(l+l//2)[1]{ql}+2[h2]{ql}+2'//2 [hz]{ql}

(32a)

my, =my =my =J,+J, +{q2}T [I]{qz}

+Ha) 11} +2[]{a)
[rns]=[ma]” = (102 )]+ (1w o 1] G20)
[ )=[m ] ==(149"){a:} [1]

[m]=[m] =[0]+ v {an) (1] +4a} [1]
(] =ma] =={a) [N+wlk]+pla) [ G20
[ ] =[] = (107 [1]

[mss] = [1]

(32b)

(32d)

(32e)

(32¢)

(32h)

Jy=[ p(x+R,) dr 33)

2l (32a~h)S A EW A P ZE-SH ]
A z=Ee] A-FEE0] HZ A (coupled)d HIA
R g E o 2

A= g4d F A
2 A5, F9

[

ﬁﬂﬁg

LT o

1© o pe O pN @y R oog (A

o]

ST

o, ot

£l g

et

ot

=

)

i :2‘/"/7(JB +{q2i}T[1]{q2x}+{qli}r[1]{qli})
21+ )} [ Ha+2(1+v2) (g} [1]{a) G4
+2[m{é}+2v° [ ).} + 4w [ ]{a}

Cp =6y zz{qz}r [1]{42}_2W{ql}r [1]{%}

. (34b)
2y iq ) [N} +2[m]{d}

[613] = [CSI ]T = 2‘/’”’[}11] (34¢)

en =2{as} [11{} + 24} [1{an} + 20 ] {1 }
(34d)

[633] =2ypy [[] (34e)

2 0912 a5
A 2F gRE AYsE Fol o] wEelnt

ey = ke =0 (Jy + (o} [1)a) + () [1]{ai})

. . (35a)
—20[hJ{d.} =26" [ [{a.}

=L (k{04 [k +(o v 0

(35b)

[kss] = [ksz] = E;H [k4] (35¢)

[ku]= Ef[k]] (35d)

[kss] = %[k,%] (35e)

Ea| AlxEle] Ak 7k, BRG] B
25 o A (symmetric) S & 4 QT

o
BoR Q WFL £m9 27 F,

o} =%(cosé’+y/sin0)(L2 +2LRD)

(36a)
-g[b,]{4,}(w cos O +sin )
Qz :m([} +2LRD)—g[b]]{q2}sin9
2 (36b)
+26{q,}" [1]{a.}
(0,} = g[b] (cosO-ysin6)+2yi0[1]{g,)
(36¢)

+20(1+y)[11{g} + 20 [1]){d,}

ZASTNSEESS =28 /A 2248 A 75, 201213/663



{0}

2wy0[1]{q
}=20(1+y
4 2)[’]{%}

M,#lmowuﬂﬁl_l
N
ﬁﬂﬁ?gﬂwme@]
HE%lo%EqﬂLl
= o o E ﬂuu%.%
o = 2% T T
e LE e amﬂ%gmﬁ
%;dr.%ﬂz.%uﬂfrzﬁelﬂ Mo ot
ﬂ.HmM%mnanmozlg%Luﬂ?%mgmﬂ%ﬁ
R AR ﬂﬂéﬂoiﬁ ﬁmanfr%ﬁm = A oo E
- T iza@mﬂA%zo Ak B e X = U RS
oﬁ%dﬂWE.aﬂjﬁ%%@n oqaan%ﬂ%%Wﬂw.ﬂqu&ﬂﬁﬂl
wqgaﬁ%ﬁgﬁqwﬁ%waﬁg%EW1ogi%q¢%ﬂ%%
oEﬁ@ﬂﬁg%ﬁwﬁ%ﬁauwuﬁ%ﬁ%ﬂﬁp@%@%@ﬂz@
ﬁe%%i% u%mlowﬁgﬂiwﬂt%t%AJ;Eﬂﬂ.ﬁgw@ﬁﬂ;
%%mruuﬂm%mxs,7ﬂmovﬂm_ #ﬂmﬁ%%QEEM@zoﬂA_/oTanE
Cy {ﬂﬂ& D,_iiwﬂ .i%gﬂdrﬁelu ,]u.LxAJ] zﬂogaﬂr
h\m_..._la/l,. wle Jm,.ll ,UF ﬁﬁ_ll.]v Zﬁuxﬁﬂéa_ZA‘mAEul = %
rU S — - = o bl ] L2 XﬁH,XMﬂ o — Na R
;o‘|7L1m,|szo AES,EOM HEE X .AOS OOOt —~
%ﬂ%@ﬂﬂ%%ﬁ 2 4ﬂemriﬂu%mr%ﬁgm;u£%§m7
—_ —_ = =
w;o?ﬂ%@m&mm%mﬂvtm.}mzwamhmuﬂﬂaulﬂuﬁ%tzmm
ﬂgﬂﬂ mﬂ%%w x@my%mﬂ%eﬂam arwa_mﬂLJ%
N s . g o E= o & o%ﬂ% k}b,o
‘#XL]7L|mﬂI - { oﬁﬁloE — = A ﬂf;oﬂwrt
RS %:mESTs R0 == 5 5 2 R
o ATCé ﬂﬁ_]b.wﬂ%goﬂﬂﬁébﬂ% o AN il w» A gmaﬁaﬂxﬁ
=) (ﬂlﬂohrﬂ.ﬂ‘:&dﬂﬂmﬂ?é WWorﬂulq,mAuoﬂM
S umu_a.m_uovﬂjm., %Eo%ﬂm%frﬁﬂ}fmbc%iﬁ
~ B o =) = & = 8%
S zoLofﬂdﬁwo.9§E§ﬂ$.mwwlo_aw
B v FE R _ﬂéﬂ.ﬁlﬁhtx@
mﬂml,mﬂuomnﬁﬂ d,krlﬁﬁe @z%ﬂﬂomﬂ
] o %_Ajmza = oﬂoaf_nﬁﬂaﬁoz
=, = & = qnm_xmwgw?ﬁmx Lﬁowr.lofw
< o iﬂemifw o T cE 2 E7 s R
S ]]W‘MOTAQH dﬂ]ﬂ”ﬁu ﬂwﬁum
+ R > N ;Y Eﬂu ~ W S nh
o —_— ™ 0 D..# E ms HL ﬂmE O#E g ‘Dr ‘EE Of ]1_/| < _v:
= = - Eﬂu_acjl)ﬂﬁa =0 = e T mLﬁ,_tnn]au N
B = ok Y = ﬁVM n@»ﬁuﬂ%ﬁa mmu_xpmlcmﬁdl;owée .Z.
o~ Ir JE_IEQ_EQM_Z# Tnelu;%ﬂ%;oa @q,&'LMﬂquau
= X 2w oy 3 o 7}%§u T g o
=% L3 ;nﬁm:Lmwurﬂmea%wﬁgﬁnﬁmwwmﬂﬁiﬁ
.”.2 ﬂ ‘_I,n_ﬂ PSR 2 O 0| Wb Hna]r O‘_lzi_zrl‘mllnu
= Lfoz. N_leﬁe ~ ueelm.a —
= ¢ X kHwATnAaﬁem%o,(%ﬂﬂmo w &N
o = aea}ie.aozo LS w __fef]rai n N
S = : %o 2 g do WY o ¥o ]707 £l
S = ™ E%.so_bmﬂmﬁzeoé of = 5 E o © Lo
o ganTala( lﬁﬂomﬂé%? = P#J.lr__a
&% D T e 7@#30}@@% LtyAAquﬂ
SIS TN X g M Eom S @%%@ AT;Hoﬂoanl
— T Ak ﬂl;o Mﬂﬂio Ho_ﬂ_}muu% DR ~ X o=
+ Jl]oioﬁaﬂzom oEEO ~ OuﬂHuoW_o_uq
ﬁ‘xmu;omﬁu E_%Efﬂofguf ﬂdmiﬁagoiﬂﬂ
15WEEMLOEWLEFMEoﬂJEﬂi%mﬁﬁ]oth@
o o i ~ B — — )
Pom./Eﬂ@%ﬁ?@%%W%mo%qu T g T
GRS F N o ;ﬂ%ggu®@4%ﬂ15
= oy <! o o i wo ! = - g B < BR A
AogﬂomﬂAan,%L mﬂ]_aéﬂr]ﬁ;u@
ELEE&P% P%loAzT =
< = ﬂw]mu < E§
= B 0 WJO N —_—
i mgﬂgmﬁb%
b S Em o#EA.]EuﬂﬂnJ
ﬂ%ﬁnﬁﬁeg
ol e L
,A,miF

(37a,b)

Symmetr: ic

e

Sotda [h]
by [A]

(7]
symmetric

J
YA

l



7] WEgzo] seld Belolng B4 Alswle] B4 54
T UM o= 7] HIEH Zeo] ayE EHols de 9FE MAA FE e A & A
L HEY Zol mEEA g Bt w2 EW S $E9 0] WEY gl 9oz A
FHIRAE Fho] o Z7] wiitel o¢t 2 AiE AF Lf{ES gho] o] v AS d]lsEgith
S £33 Zo|n, o] IAE Putter? Manor® = o] A A#e] A3 Puttert Manor” L Al-
Al-bedoor® Gol =% AE3 T3 FaFUS bedoor®ell AAE AFEEI} HlW Al wj$-
R8I, Fig. 6, Fig. 72 BIEH A k, 3% AR A3AS Bove S 298 5 v
=g " x7] HEd" 7 a9 Wt wE
AlzBe] AFErEE AAG Aot o]F 4
Fo WEY FHe Fo| MEY BRAFFE
G MAAE EHel=e WY e e 0000 & =50
370
a=0°30 & 6=100
Wy
Table 1 Rotor-blade system data
260
List Character Value \
a=0°30 & =150
Modulus of elasticity(Al) E 68.0 Gpa
150 :
Length of blade L 0.4m 0 01 i 03 04
Mass perblf:(iite length of P 1.35 kg/m Fig. 4 Variation of the shaft torsional natural fre-
— quency versus disk radius for selected rota-
Disk radius Ro 0-05m tional speeds and blade pre-twist angle
Torsional stiffness kr 8283 Nm/rad
Disk moment of inertia Jb 3.94x107 kg o
. —— =50
Motor-side 'shaf.t moment T 1.257x10™ ke o1
of inertia —o— =150

Table 2 Uncoupled shaft torsional and blade bending
mode frequencies

el titongil Bending mode frequency (rad/s)

freq‘i;ncy Ist | 2nd | 3rd | 4th | Sth

(rad/s) mode | mode | mode | mode | mode
Present 491.42 163.14{1025.9|2873.6/5631.6(9309.5
Ref.[10] 491.35 163.36/1026.0[2874.1/5632.1|9305.4

Wh1

4
Fig. 3 Variation of the first blade bending mode nat-
ural frequency versus rotational speeds
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860+

o 0.4 02 03 0.4
Rp

Fig. 5 Variation of the first blade bending mode nat-
ural frequency versus disk radius for selected
rotational speeds with pre-twist angle( o =307)
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320~

=030 & =150
S a=0°30° & 6=100

160 N a=030° & 6=50

| |
1800 4000 7000 10000
o

Fig. 6 Variation of the shaft torsional natural fre-
quency versus torsional stiffness for selected
rotational speeds
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