rl&lol A A of LAk Al ) A 147 A 9 & on1od Y 137

An Optimal Inventory Policy in a Two—Stage Supply Chain under
Stock Dependent Demand Rate and Multi-Level Trade Credit
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1. Introduction this context, it is very common to see that some
suppliers offer credit periods to the retailers in order

In this paper, we consider a two-stage supply to stimulate the demand for the product they

chain which consists of the supplier, the retailer and produce as a marketing policy. Trade credit affects

his customer. The purpose of this paper is to the conduct of business significantly for many

evaluate the retailer’s inventory system in which his reasons. As implicitly stated by Mehta [1], a major

customer’s demand rate of the product is a function reason for the supplier to offer a credit period to the
retailers is to stimulate the demand for the product
he produces. Also, Fewings [2] stated that in the
supplier's point of view, the advantage of trade
credit is substantial in terms of influence on the

retailer’s purchasing and marketing decisions. The

of the retailer's onhand inventory level (quantity on
hand) and the supplier allows some grace period
before the retailer settles the account with him in
order to stimulate the demand for the product he

produces.

In today, a significant part of the mamufacturing supplier usually expects that the increased sales

goods is usually kept in a supply-chain and an volume can compensate for the capital losses

effective supply chain network requires a cooperative incurred during the credit period

relationship between the supplier and his retailers. In
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Also, the availability of opportunity to delay the
payments effectively reduces the retailer’'s cost of
holding inventories, and thus is likely to result in
larger order quantity. Some authors have considered
that when the supplier offers a credit period to his
retailer in order to stimulate the demand for the
product he produces. Goyal [3], Chung [4] and Teng
[6] have examined the effects of trade credit on
EOQ (economic order quantity). Huang [6] evaluated
an optimal retailer’'s replenishment policy for the
EPQ (economic production quantity) model under the
supplier’s credit policy. Recently, Teng et al. [7]
extended Goyal’s model to develop an EOQ model in
which the supplier permits delay in payments to the
retailer, and the retailer also provides the trade credit
period to his/her customers.

However, all of the research mentioned above held
the assumption that the customer’'s demand is a
constant, which consequently disregards
effects of trade credit on the quantity demanded.
According to Levin et al. [8], one of the functions of
inventories is that of a motivator; they indicated: "At

known

times, the presence of inventory has a motivational
effect on the people around it. It is a common belief
that large piles of goods displayed in a supermarket
will lead the customer to buy more”. Such a
situation generally arises for a consumer-goods type
of inventory and the demand rate may go up or
down if the on-hand inventory level increases or
decreases. With this type of product, the probability
of making a sale would increase as the amount of
the product in inventory increases. It is, therefore,
likely to have an effect of increasing the size of the
retailer’s each order. In this regard, some research
papers evaluated an inventory system where the
demand rate has been assumed to be dependent on the
on~hand inventory. Among the important research papers
published so far with inventory-level-dependent
demand rate, mention should be made of works by
Baker and Urban [9], Datta and Pal [10], Vrat and
Padmanabhan [11], etc. Baker and Urban [9]
evaluated an inventory system assuming the demand
rate to be a polynomial functional form of the
on-hand inventory level at that time. Datta and Pal
[10] discussed a similar situation where the demand
rate declines along with inventory level down to a

certain level of the inventory, and then the demand
rate becomes const ant for the rest of cycle. Vrat
and Padmanabhan [11] also discussed an inventory
model for inventory-level-dependent demand rate
products under inflation.

In this regards, Shinn [12] analyzed a deterministic
inventory model in a supply chain under day-terms
supplier's credit assuming that the customer’s
demand rate is a function of the retailer's on-hand
inventory level. It was also assumed that the credit
period is a certain fixed length that is set by the
supplier. However, for the sake of better production
and inventory control, and lower average production
cost per unit, some manufacturers prefer infrequent
orders in large lot sizes to frequent orders in smaller
lots, if the annual ordering quantities are equal.
Thus, rather than giving some discount on unit
selling price for larger amount of purchase, they
offer a longer credit period. Their policies tend to
make retailer’s order size large enough to qualify for
a certain credit period break. Based upon the above
observation, Shinn and Hwang [13], and Ouyang et
al. [14] analyzed the joint pricing and ordering
problems in a supply chain under order size
dependent delay in payments assuming that the
demand rate is a function of the retailer’s selling
price. Recently, Shinn and Logendran [15] also
examined a supply chain inventory model for a
product with stock-dependent consumption rate under
order-size-dependent delay in payments. Also, Chang
et al [16], and Kreng and Tan [17] evaluated the
inventory model under two levels of trade credit
policy depending on the order quantity.

In view of this point, this paper deals with the
problem of determining the retailer’s optimal order
quantity for products with a stock dependent demand
rate, assuming that the supplier permits delay in
payments for the retailer’'s order and the length of
delay in payments is a function of the amount
purchased. In Sections 2, we formulate a relevant
mathematical model. The properties of an optimal
solution are discussed and solution algorithm is
given in Section 3. A numerical example is provided
in Section 4, which is followed by concluding
remarks in Section 5.
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2. Model development

In deriving the mathematical model, the following
assumptions and notations are used:

Assumptions:

(1) Replenishments are instantaneous with a known
and constant lead time.

(2) No shortages are allowed.

(3) The inventory system involves only one item.

(4) The demand rate is deterministic and is a known
function of on—hand inventory level.

(5) The supplier allows a delay in payments for
the products supplied where the length of
delay is a function of the retailer's total
amount of purchase.

(6) The purchasing cost of the products sold during
the credit period is deposited in an interest
bearing account with rate /. At the end of the
period, the credit is settled and the retailer
starts paying the capital opportunity cost for
the products in stock with rate 22 (R > 1).

v . earned interest rate (as a percentage).

Q . order size.

T . replenishment cycle time.

te; : credit period set by the supplier for the
amount purchased C@Q v;-,l < C0R< v;-
(v, 1=t < Q< L =v), wh
Vi1 T T = Q< © = V) where
te; | <tc, j=1,2,--.1 and v,=0,
v;: 0, v;]< vV1< e < v;.

g®  : inventory level at time ¢

D : annual demand rate, as a function of the

on-hand inventory.

In this paper, we will concentrate on the situation
in which the customer’'s demand rate is of a

polynomial function of the following form:

D=aqt)’, a>0and 0<8<1, (1)

where o is the scale parameter and (3 is the
shape parameter. Given this demand function, the
inventory level as a function of time will decrease

Notation: rapidly initially, since the quantity demanded will be
C : unit purchase cost. greater at a high level of inventory. As the
P : unit selling price. inventory is depleted, the quantity demanded will
S  ordering cost. decrease, resulting in the inventory level decreasing
H . inventory carrying cost, excluding the capital more slowly. Figure 1 illustrates the time behavior of

opportunity cost. the inventory level and we can interpret the slope of
R  capital opportunity cost (as a percentage). the curve at any point as the negative of demand rate
Inventory
level A
Q@
0 T 2T time

Figure 1. Inventory level(q(t)) vs. Time(t).
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dg(t)

=D, 2)
d Iz

Cﬁz(f) =—aq(t)’. 3)

Equation (3) is the differential equation and as
stated by Baker and Urban[9], the mathematical
expression of the inventory level over time can be
determined by solving equation (3) as follows:

/q(t)_'ﬁdq(t): f—adt, 4

q(t) "’
1-3
qt) P =—a1-pB)t+k. 6)

=—at+k, 6))

When ¢ = 0, ¢ = @ Therefore, k= Q' ” and
gt P =—a(1—-p)t+ Q"' ”. Solving for (0, we
get

1

q)=(@Q" " "—alit=p)t)' 7. O

Note that due to the inventory carying costs, it is
clearly optimal to let the inventory level reach zero
before reordering, ie., ¢(7) = 0. So given that ¢(7)
=0,

Q' '—all—-p)T=0, ®
Q"'
T=—F———-—. 9
a(l—p) ©
Inventory
level
A
Q
Q(tcj) I
0 te; T tim(;
(@ tc;, <T

the inequality can be changed to

1

M-Z(a(l—ﬁ)tc]-)lfﬂ < Q. (10

J

Then, I71(Q) consists of the following five elements.

(1) Annual sales revenue A z:

P
Ap = TQ = a(1-p)PQ".
(2) Annual purchasing cost A4 p:
C p
Ap = 7Q = a(1-p6)CQ".
(3) Annual ordering cost A -
8 all=p)s

(4) Annual inventory carrying cost A
1

A -2y = [ a0
17 iy @i T . Q o B

.

(5)  Annual
v = @<y

(i) Case 1(M; < Q):

products are sold, the sales revenue is used to earn

capital opportunity cost A, for

(see Figure 2. (a)) As

interest with annual rate 7/ during the credit period
tc;. And the number of products in stock earning
interest during time (0, t¢;) is

1

te; —
qe:Qth_f (@' "—a(1—p)t)' 7dt and the
0

Inventory

level
A

Q@ | —

v

0 T tc; time
(b) te; > T

Figure 2. Credit period(tc;) vs. Replenishment cycle time(7)
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interest earned per order becomes Clg,. When the
credit is settled, the products still in stock have to
be financed with annual rate /. Since the number of
products in stock paying interest during time
(te;, T) becomes

1

T .
qf:/ (@' P—a(—p)t)' 7dt and the interest
te,

payable per order can be expressed as CHg;. Then

des

_1

(1-p)C(R=D(Q" "= all—B)te;) '’
(2—ﬂ)621”’

- Cla(1— Bie;Q° g

(see Flgure 2. (b)) For the
1

(a(1—pB)te; )1_‘3 > (@, al the sales

revenue is used to earn interest with annual rate /

The number of products

CIQ.
(i) Case 2(M; > Q)

case of

during the credit period tc;.

in stock earning interest during time (0,%c;) is
1

T 3 T_ 4
%=:th—1/;(Qlfﬁ—cu1—¢ﬂtwfddp And the

number of products in stock paying interest becomes
q; = 0. Therefore,

Clg,  1—
AC__ T = mC[Q*a(lf

3)Clte;Q".

Then, the annual net profit II(Q) can be
expressed as

Q) = Ap—Ap—Ap—A;— Ag

Depending on the relative size of M; to @, II1(Q)

has two different expressions as follows:

L. Case 1 (M; < Q)

1, ,(Q)=a(1-p)(P— C(1- Itc,)) Q" - a(;l—g)s
1-p
5 ﬂ(H-i- chHQ
2—-0

1-8)C(R—DQ'" —all— B)ic;) -5

(2-p)Q""7
for v,y < Q<w;, j=1,2,-,1, (11)

2. Case 2 (M; > Q)

11, (@)= ali— )P €1 - Ite) Q" “%‘W
1-8
=5 (H+ CcnQ

for v;_; < Q<wy, j=1,2,--,1. (12
3. Determination of Optimal Policy

The problem is to find an optimal order quantity Q*
which maximizes I7(Q). Note that from equations
(11) and (12), 11, ,(Q),
1=1,2 and j5=1,2,---,1, has the following
relation:

the annual net profit,

HLJ(Q) = H?J(Q) at Q:AI] for ]:172aal

13)

It implies that the annual net profit function is
continuous at = M;. Now, we investigate the
characteristics of IT(Q).
with respect to @ is:

The first order condition

i, ;(Q) 1-4 a(l1—p)*s
T* —2 B(H“FC[)* TH+
af(1—8)(P— C(1— Itc)))
Q7 -
(1= CR-DQ" "—all=p)tc,) "
Q
2-4
- —a - (& ﬁ
(1-p)cr-nQ"" : ?(1 Btc;) 1
2-p)Q" "
di, ;(Q) _ 1-3 a(1-p)*s
o —W(IHCJ) o7
aB(1 —ﬁ)(P;g(l—Itcj)) . 15)
Q i

Similarly the second order condition with respect
to @ is:

i, Q) aB—pP(P—Cl-Tic)
dQ2 Q?*ﬁ
a(1=p)P2-p)s
Q"7
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g

(1= )R- D(Q' "= all—Bltc,)

QH"G +
(1—8)C(R—1(Q' "~ a(1—B)tc,) =7
Q° .
1-prcRrR-1D(Q" "—al—pB)te;) 7
Q3—ﬂ +
(1_ﬁ)ZC(R—[)(Ql_;—a(l—ﬁ)tcj)1_’7y W
Q
11, ,(Q) aB(1- 8P (P~ C(1 - Itc,)
—13)2 (o _
oU=p7a=ns

For the normal condition (R > I) as stated by
Goyal [3], it can be shown that II,,(Q) is a
concave function of & and let @;; be the maximum
value of II; ;(Q), respectively. While the objective
function can be differentiated, the resulting equations
(14) and (15) are mathematically intractable; that is,
they are difficult to solve the first derivative(set
equal to zero) for . Therefore, @; ; which is the
maximum value of 17, ;(Q) will not be obtained in
explicit form. But fortunately, @;; can be easily
determined by using the bisection method. And then
we have the following useful properties.

Property 1.
Q,, = M,
increasing in & over Q < M;.

il ;(Q)
aQ
11, ,(Q)
aQ
ai, ;(Q)  dil, ;(Q)

a0 = i0 at
based on the fact that II,;(Q), i=1,2 and
j=1,2,---,1 is a concave function of & and
dil, ;(Q)

aQ
which implies that 7, ;(Q) is
QED.

For j=1,2,---,1, if Ql,j > ]\Ijy then

which implies that I, ;(Q) is

Proof. Since @, ; = M;, >0 at @= M,

It means that >0 at Q= M, because

Q= M;. Therefore,

11, (@) is continuous at Q= M, >0

over Q< M,
increasing in @ over Q < M.

Property 2. For j=1,2,--,1, if @,; < M;, then

J

Q. ;< M;, which implies that II,;(Q) is
decreasing in @ over @ = M;.
. 11, ;(Q)
Proof. Since @, ; < M;, TQ<O at @= M,
1, ;,(Q)

It means that ;’722@< 0 at Q= M; because
ai, ;(Q)  dIl, ;(Q)

a0 a0 at Q= M;. Therefore,
based on the fact that II,;(Q), i=1,2 and
j=1,2,---,1 is a concave function of ¢ and

dIl, (Q)

11, ;(Q) is continuous at Q= M, ;’4JQQ<O
over Q= M;, which implies that I, ,(Q) is
decreasing in @ over @ = M;. QED.

Property 3. For any € where
Hlﬁj—l(Q)<H1‘j(Q))j:172"'.7l'

Q= 1,

Proof. For @Q=> M, we can show that
i, ;(Q)
;—;> 0, j=1,2,-,1, and it implies that the

J
annual net profit function is an increasing function
of te;. Therefore IT, ;_,(Q) < II, ;(Q) holds since

te;_q <tc;. QED.
Property 4. TFor any @ Hz,j,l(Q)<H2_j(Q),
j=1,2,--,1

Proof. From equation (13), we can show that
I, ;(Q)

>0, j=1,2,---,1, and it implies that the
dtcj

annual net profit function is an increasing function
of te;. Therefore IT, ;_,(Q) < II, ;(Q) holds since

te;—y < tc;. QED.

Property 3 implies that II, ;(Q) 1is strictly
increasing for any fixed value of &, Q= M; as j
increases. Also, Property 4 indicates that IT, ;(Q)
are strictly increasing for any fixed value of @ as J
increases.

From the above properties, we can make the
following observations about the characteristics of
the annual net profit function for &, v;,_; < @ <w;,
j=1,2,---,1. These
search process to find an optimal value Q*.

observations simplify  our
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Observation 1. Let a be the largest index such
that v,_; < M; and b be the index such that

vy_ 1 =< M, <wv,. And also let m be the maximum
value of @ and b Then if k& be the largest index
such that Q. = v for j=m+1,m+2,---,1,
then Q" = v;_,.

Proof. For j=a+1l,a+2,---,1,
because a is the largest index such that v;_; < M;.

Mj = v;
By Property 3, II, ;(Q) is an increasing function of
te; ji=1,2,--,1 for @@= M, And since

j7
Q1. x = vy, We have the following relation;

I, (o) = I, 1 (Q) for Q< v, (18
= Hl,k:—l(Q)

= Ul,l(Q)~

Therefore, Q= v;,_,. QED.

Observation 2. Let n be the smallest index such
that M; <wv;. If k be the largest index such that

QQ,jZUj_l for i=12,---,n—1, then
Q = v

Proof. For j=1,2,---,n—1, M; = v; because n is
the smallest index such that A; <wv;. By Property
4, II,,;(Q) is an increasing function of tc;,
j=1,2,---,1 for any & And since @, = v;_1,

we have the following relation;

I, (v, 1) = I, (Q) for Q< v, (19
> Iy, (Q)

= 11,,(Q).

Therefore, Q= v, _,. QED.

Based on the above results, we develop the
following solution procedure to determine an optimal

order quantity Q*.
Solution algorithm

Step 1. Find the largest index a such that
v;_y = M; and find the index b such that

vy < M, < wv,. Let m = Mazx|a,b].

Step 2. Find the smallest index n such that
M; <w,.
Step 3.
In case

(for the indices j=1,1—1,---,m+1)

31 v; < @, ;, then compute the annual net profit
with equation (11) for @=v;—¢ and go to
Step 4.

32 w;_y = @ ; <wj, then compute the annual

net profit with equation (11) for Q= @, ;

and go to Step 4.
33 @ ;<v

profit with equation (11) for @=wv;_,. Set

i1 then compute the annual net
j=j—1 and repeat Step 3.

Step 4.

In case

(for the indices j=n—1,n—2,---,1)

41 v; = @, then compute the annual net profit
with equation (12) for @=wv;—¢ and go to
Step 5.

42 wv;_ = @ ; <wv,;, then compute the annual
net profit with equation (12) for Q= @, ;
and go to Step 5.

43 @y ; <w;_,, then compute the annual net
profit with equation (12) for @=wv; . Set
j=j—1 and repeat Step 4.

Step 5.
In case

(for the indices j=m,m—1,---,n)

51 v; < M, in case
SL1 v; < @ ;, then compute the annual net
profit with equation (12) for @ =wv;—e.
512 wv;_; = @, ; <w;, then compute the annual
net profit with equation (12) for Q= @, ;.
513 @y ; <w
profit with equation (12) for @=wv;_ ;.

i1 then compute the annual net

52 v;_

521 w; < @, then compute the annual net

< M; <wj, in case

profit with equation (11) for @=1v; —e.
522 wj_; =@ ;<v; and @ ; = M;, then
compute the annual net profit with
equation (11) for @= @, ;.
523 wj_y < @y, then compute the annual net
profit with equation (12) for @= @, ;.
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524 Gy ; <w;_y, then compute the annual net
profit with equation (12) for @=wv;_,.

53 M; <w

531 v; < @y, then compute the annual net

-1, In case
profit with equation (11) for @=v;—e.
532 v =@ <vy,
annual net profit with equation (11) for

Q= Ql,j-

533 @,; <wv;_y, then compute the annual net

then compute the

profit with equation (11) for @=wv;_,.
Step 6. Select the optimal order quantity with the
maximum annual net profit value evaluated in
previous steps.

4. Numerical example

To illustrate the proposed model and the solution
algorithm, the following example problem is considered:

(1) C = $50 per unit, P = $5 per unit, S = $250
per order, -/ = $15 per unit per year, £ = 15%, I =
10%, o = 1,500 and 5 = 0.3.

Table 1. Supplier’s credit period schedule

Credit period
te, = 0.05
te, = 0.1
teg=0.2
tey,=0.3

Total amount of purchase(order size)
0< CQ<$50,000(0 < Q<1,000)
$50,000 < CQ < $250,000(1,000 < Q < 5,000)
$250,000 < CQ < $500,000(5,000 < Q < 10,000)
$500,000 < CQ < 0 (10,000 < Q < o)

In order to solve the problem, a computer program
written in QBASIC was developed to find an optimal
solution as follows;

Step 1. Since M, <w;, My <wv, , M, <wv, and
M, > vy, a=1. And since v, < M, <wv,, b= 2.
Therefore, m = Maz[a,b] = Max[1,2]=2.

Step 2. Since M, < vy, n= 1.

Step 3. Since @, (=9,269.93) < vy (=10,000),
compute I, ,(vy) by equation (11). And since
v, (=5,000) < @, ;(=8,612.72) < v; (= 10,000),
compute I, 5(@; ) by equation (11) and go to
Step 4.

Step 4. Since n= 1, go to Step b.
Step 5. Since M,(=771.64) < v,(=1,000) and

Q1.2(=7,994.02) = v,(= 5,000), compute
I, ,(v,—€) by equation (11). And since
vy (=0) < M, (=286.66) < v, (= 1,000) and
Q.1 (=17,705.28) = v, (= 1,000), compute

II, , (v, —€) by equation (11). Go to Step 6.

Step 6. Since 1T, | (v, —¢) = 1165938, IT, , (v, — ¢)
= 1652671, 1T, 4(Q, 4) = 1803134 and II, ,(v,) =
189,894.6, an optimal order quantity becomes 10,000
with its maximum annual net profit $189,8%4.6.

As a result, the solution procedure generates an
optimal solution to this problem given by:

Optimal order quantity (Q") = 10,000 units;
Maximum annual net profit (17°(Q)) = $189,8946.
Following the solution algorithm, the candidate
values of the optimal order quantity are @) ;,
v, € for i =1,2 and j=1,2,---,1 and the
optimal solution of the example appears at the credit
period break quantity, v,. Sometimes the optimal

-
order quantity would appear at ¢; ; and we can find

v; and

an example easily. For example, let S = $150 per
order and A = $10 per unit per year(the others are
same.). Then, we can find an optimal order quantity
at @, ,(= 13186) with its maximum annual net

profit $212,941.
5. Conclusions

This paper dealt with the problem of the retailer’s
optimal order quantity determination problem when
the supplier allows a delay in payments to the
retailers and the length of delay in payments is a
function of the retailer's order size in order to
stimulate the demand for the product they produce.
that for certain
customer’s demand rate may depend on the size of

Recognizing commodities, the
the quantity on hand, we expressed the customer’s
demand rate of the product with a polynomial
function of the on-hand inventory. The on-hand
inventory level is one of the important factors
related to the variation of the customer’s demand
rate and it is, therefore, likely to have an effect of
increasing the size of each order. For the system
presented, a mathematical model was developed.
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After formulating the mathematical model, we
developed a
identifying a retailer's optimal order quantity. To

solution procedure that leads to

illustrate the validity of the solution procedure, an
example problem was chosen and solved. The result
showed that the retailer’s annual net profit could be
increased through a wise selection of the order size
and they are consistent with our expectations.
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