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Abstract

Based on the theory of a bipolar fuzzy set, the notion of a bipolar fuzzy subring/ideal of a Near ring is introduced and
related properties are investigated. Characterizations of a bipolar fuzzy subnear ring and a bipolar fuzzy ideal in near ring
are established. Relations between a bipolar fuzzy ideal and a level cut are discussed. Using bipolar fuzzy ideals, we

discuss characterizations of Noetherian Near ring.
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1. Introduction

Zadeh [14] introduced the concept of fuzzy set as a new
mathematical tool for dealing with uncertainties. There are
several kinds of fuzzy set extensions in the fuzzy set the-
ory, for example, intuitionistic fuzzy sets, interval-valued
fuzzy sets, rough fuzzy set, soft fuzzy set, vague sets, etc
[5, 11, 12]. Bipolar-valued fuzzy set is another extension of
fuzzy set whose membership degree range is extended from
the interval [0, 1] to the interval [—1, 1]. The idea of bipolar
valued fuzzy set was introduced by K.M.Lee [9, 10], as a
generalization of the notion of fuzzy set. Since then, the
theory of bipolar valued fuzzy sets has become a vigorous
area of research in different disciplines such as algebraic
structure, medical science, graph theory, decision making,
machine theory and so on [3, 4, 6, 7, 8]. S. Abou-Zaid [2]
introduced the notion of a fuzzy subnear-ring, and studied
fuzzy left (resp. right) ideals of a near-ring, and gave some
properties of fuzzy prime ideals of a near-ring. In this pa-
per, we introduce the notion of bipolar fuzzy subring/ideal
of a Near ring and investigate its properties.

2. Preliminaries

By anear-ring [13] we mean a non-empty set R with two
binary operations + and - satisfying the following axioms:

(1) (R,+) is a group(not necessarily abelian),
(2) (R,-) is a semigroup,
B)z-(y+z2)=z-y+ax-zforallz,y,z € R.
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Precisely speaking, it is a left near-ring because it satisfies
the left distributive law. We will use the word near-ring in
stead of left near-ring. We denote xy instead of = - y. Note
that z0 = 0 and z(—y) = —zy but in general Oz # 0 for
some x € R.

An ideal I of a near-ring R is a subset of R such that

(1) (I,+) is a normal subgroup of (R; +),
2) RI C 1,
3) (r+i)s—rselforanyi e Iandanyr,s € R.

Note that [ is a left ideal of R if I satisfies (1) and (2),
and [ is a right ideal of R if I satisfies (1) and (3).

Let X be the universe of discourse. A bipolar-valued
fuzzy set ® in X is an object having the form

® = {(2, ug (2), ug (2)) | = € X}

where pj @ X — [0,1] and pgz : X — [-1,0]
are mappings. The positive membership degree uj}j (2)
denoted the satisfaction degree of an element x to the
property corresponding to a bipolar-valued fuzzy set
® = {(x,ud(x),up(x)) | = € X}, and the nega-
tive membership degree g (z) denotes the satisfaction
degree of x to some implicit counter-property of ® =
{(z, 1 (x), g (0)) | = € X},

For a bipolar fuzzy set ® = (X;ud, ug) and (¢,s) €
[—1,0] x [0,1], we define

O = {o € X | pf(e) 2 1),

N ' (1)
BN = {2 € X | up() < s}
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which are called the positive t-cut of ® = (X; ud, ug) and
the negative s-cut of ® = (X; g, pg ), respectively. For
(s,t) € [-1,0] x [0, 1], the set

D) = 0 NEY

is called the (¢, s)-cut of ® = (X; ud, pg).

3. Bipolar fuzzy subring and bipolar fuzzy
ideals

In what follows, let R denote a Near-ring unless other-

wise specified.

Definition 3.1. A bipolar fuzzy set ® = (R;ud,ug) in
R is called a bipolar fuzzy subnear ring of R if for all
z,y € R,

(BF1) pg(x —y) > min{ug (), ug(v)} pg(z —y) <
max{fig (), Hg (Y) }

(BF2) g (xy) >  min{ug (), ng(y)} ug(y) <
max{jg (7)), tig ()}

Definition 3.2. A bipolar fuzzy subnear ring ® =
(R; ud, pg) in R is called a bipolar fuzzy ideal of R if
for all for all z,y, z € R,

BF3) pg(y+a—y) > pg(x), ng(y + 2 — y) < pg(z),
(BF4) g (xy) > pg (v), g (xy) < pg (y)

(BF5) ug((x+2)y —ay) > pd(2), ug ((z +2)y —ay) <
tg (2)

Note that A is a left biploar fuzzy ideal of R if A sat-
isfies (BF1),(BF2),(BF3) and (BF4), and A is a right bi-
ploar fuzzy ideal of R if [ satisfies (BF1),(BF2),(BF3) and
(BF5).

Proposition 3.3. If ® = (R;ud, ug) is a bipolar fuzzy
subnear ring of R, then u}(0) > pui(z) and pg(0) <
tg (z) forallz € R.
Proof. Letxz € R. Then

113 (0) = pg (z — ) > min{ug (), ug (2)} = pg (2)
and

1 (0) = pg (z — ) < max{pg (), pg (2)} = pg (z).

This completes the proof. O

In the following Theorem, we give an example of bipolar
fuzzy ideal of R
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Theorem 3.4. Let I be an ideal of near ring R. Suppose
the ® = (X;ud, pg) is a bipolar fuzzy subset defined by
® = (X;ug, pg) in R by

k() { pored

and
_ L ny if x €1,
p (1) = { ny if x ¢ 1,

for p1,p2 € [0,1] and ny,ne € [—1,0] such that p; > po
and n; < ng. Then ® = (R;uf, pg) is an bipolar fuzzy
ideal of R.

Proof. Letz,y € R.If xz,y € I, thenx — y € I. It fol-
lows that pf(z —y) = p1 = min{ud (z), ug(y)} and
(2 — ) = m = max{yig (2), 1 (1)}, Also we have
pg (zy) = p1 = min{ud (), pg (y) } and pg (2y) = 1 =
max{iig (2), 13 (1)},

If # or y is not contained in I, then ug(z
y) = p = wmin{ug(@),ugy)} pelr -
y) < ne = max{ug (), ug )}, py(ry)
po = min{uf(e)p(v)} and pyley) < ny =
max{fig (), g (y)}, Therefore ® = (X;uf, ug) sat-
isfies (BF1) and (BF2).

Let z,y € R. We discuss the following two cases: If
z € ITheny+ax—y € I. Thus puf(y + =z —y) =
p1= g (@) pply+x—y) = = pg(x). o ¢l
then pj(y +x —y) > p2 = pd(a), gy + o —y) <
ny = pg(z). But, in either case, we know that u} (v +
t—y) > ph(e) ug(y + v —y) < pig(x). Therefore
® = (X;ug, pg) satisfies (BF3).

Let z,y € R. We discuss the following two cases:
If y € I Then zy € I. Thus puj(zy) = p1 =
1Y), g (y) = n1 = pg(y). My ¢ I then g (zy) >
p2 = pp (), pg(vy) < ne = ug(y). But, in either case,
we know that i (2y) > 115 (y), hg (ry) < g (). There-
fore ® = (X; ug, ug) satisfies (BF4)

Let x,y,z € R. We discuss the following two cases: If
z € I Then (z+2)y—ay € I. Thus uf ((z+2)y —zy)) =
P = b (), g (o + 2)y — wy) = my = (). 12 ¢ 1
then pif ((z + 2)y — xy) > p2 = pg (2), pg ((x + 2)y —
zy) < ng = pug(z). But, in either case, we know that
pg ((x+2)y—2y) > 1g (2), ng (2 +2)y —zy) < pg(2).
Therefore ® = (X;ug,ug) satisfies (BF5) Therefore
® = (X;pud, pg) is a bipolar fuzzy ideal of R.

v

O

Theorem 3.5. Let ® = (R; g, g ) be a bipolar fuzzy set
in R. Then ® = (R; ug, iy ) is a bipolar fuzzy ideal of R
if and only if it satisfies the following assertions:

(Vt € [0,1])(®f # 0 = ®F is anideal of R),
(Vs € [-1,0])(®Y # 0 = @Y isanideal of R).
2)
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Proof. Assume that ® = (R;ug, ug) is a bipolar fuzzy
ideal of R. Let (t,s) € [-1,0] x [0,1] be such that
®F £ Qand &Y #£ 0. If v,y € ®F and a,b € Y. Then
pg () > t, g (y) > t, pg(a) < sand ug (b) <s.

Now, we have

+

p (x —y) > min{pg (z), ug (y)} > ¢,

(b)) <,

pg (@ — b) < max{pug (a), p

andsor —y € ®F anda — b € ®V.

Now let z € ®F, a € ®Y and u,v € R. Then ug (z) >
t,and g (a) < s we have ug (u+x—u) > pd(z) > tand
pg (v+a—v) < ug(a) < s whichimpliesu+z—u € ®f
andv+a—v e Y

Also we have uf (uz) > pf(x) > t and pg(va) <
pg(a) < ssothatuzr € ®f and va € Y.

Finally we get

i (2o — wv) > () > t
and
g ((u+ a)v —wv) < pig(a) < s

which implies (u+2z)v—uv € ®F and (u+a)v—uv € ®N
Therefore ®7 and &Y are ideals of R.
Conversely, suppose that the condition (2) is valid. If
there exists 2/, ¥’ € R such that

pg (2" —y') <min{ug (2'), ug (v')}
and

pg (2" —y") > max{ug (z'), ug (v')},
then by taking

to = 5(ng (' —y') + min{ug («'), ug (¥")}), )
so = 5 (g (2 —y') +max{ug (z'), ug (y')}),
we have
pg (&' —y') < to < min{pug (z'), pg (y)}, @
pig (x' = y') > so > max{pg ('), ng (y')}-

Hence ' —y ¢ @ n @) and o',y € @f
®N This is a contradlctlon and so gz — y) 2

win{ud (@), 5 (1)} i (& — v) < maxlu (@), ug ()

forall z,y € R.
If there exists ',y € R such that

pd (2'y') < min{ud (), ug (')}

and

po (2'y') > max{ug (2'), g (v')},
then by taking
y') +min{ug (z'), ug (y')}),

= %(M@( )
3 y') + max{pug (), 1g (y')}),

51 = 5(pg ('
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we have
pg(2'y') <ty < min{pug (2), ug (y')},
_ _ ., (6)
pg (x'y') > s1 > max{pug (¢'), ng (')}
Hence 2'y’ ¢ ®f N @Y and 2,y € &f N
@Y, This is a contradiction, and so puj(zy) >
min{ug (2), ug (1)}, pg (ry) < max{ug (x), ng(y)} for
allz,y € R.
If there exists ',y € R such that
e (Y +a' —y') < ug ()
and
pe (W' +a' = y') > pg(2)
then by taking
ty =3 (v +2' — ) + ud (2), -
s2= 5(pg (v +2' —y') + ng (),
we have
ey +a' —y') <tz < pg ('), -
po (' +a" —y') > 50> pg(a).
Hencey' + ' —y' ¢ ®f, N®Y and 2’ € ®f, N ®L, This

is a contradiction, and so ug (y +x —y) > ﬂq>( x), pg(y+
—y) < pg(z) forallz,y € R.
If there exists ', 9/, 2’ € R such that

pg (@' + 2"y —a'y') < pg (7))
and
pg (2 + 2"y —2'y") > pg (')
then by taking
ts = $(ug (@' + )y —2'y) + p (), o)
s3 = 5(pg (2 + 2y —2'y) + pg (),
we have

pd (@ + 2y —a'y) <ts < pd(2),

!

(10)
b (@ + 2y —2'y') > s3> pgp(2)).

Hence (z/ +2')y' — 2y’ ¢ ®f, N®Y and 2’ € &, N DY,
This is a contradiction, and so uj ((z + 2)y — 2y)) >
pd (2), pg ((x + 2)y — 2y)) < pg(2) forall z,y, z € R.

O

We then ®F and ®/ are called positve cut ideal and neg-
ative cut ideal of R.



Corollary 3.6. If ® = (X;uf,ug) is a bipolar-valued
fuzzy ideal of R, then the nonempty (¢, s)-cut @, ;) of
® = (X;ug, pg) is an ideal of R.

We recalled that Near ring is Noetherian if it satisfied
the ascending chain condition for ideal. Equivalently, ev-
ery ideal is finitely generated. Equivalently, any nonempty
collection of ideals has a maximal element.

Lemma 3.7. If there is an ascending chain of ideals of R
as following

Ihclhc---Cl,=R,

then there exists an bipolar fuzzy ideals ® = (X; ug, ug)
of R whose positive cut and negative cut ideal are exactly
the ideal in the above chain.

Theorem 3.8. For any near ring R, the following are
equivalent:

(1) R is Noetherian.

(2) For every bipolar fuzzy ideals ® = (X; ug, ug) of
R, every subset of Im(u3) has the least element.

(3) For every bipolar fuzzy ideals ® = (X; ug, jig) of
R, every subset of Im(fig ) has the greatest element.

Proof. (1) (=) (2) and (3): Suppose that there is an bipo-
lar fuzzy ideal ® = (X; ud, pg) and a subset of Im(ug)
has not the least element. Then there exists a strictly de-
creasing sequence {t,} which has no the least element
and a sequence {z,,} in R such that u} (v,) = t,. Let
By, :={z € R:pf(x) >t,}. Then By C By C --- is
a strictly ascending chain of dieals of R, contradicting the
assumption that R is Noetherian. Therefore every subset of
I m(u;f) has the least element for any bipolar fuzzy ideal
® = (X;ud,pg) of R. By similar method, we get that
every subset of Im(f5) has the greatest element for any
bipolar fuzzy ideal ® = (X; ug, ug) of R. (2) or 3) (=)
(1): Suppose that R is not Noetherian. Then there exists a
strictly ascending chain Gy C G1 C G2 C - - - of ideals of
R which does not terminate at finite step. Define a biplar
fuzzy set ® = (X; ud, ug) in R by

% if x € Gk\Gk_l,
it 2 ¢ U, Gr.

— A if 1€ GL\ G
— — k+1 1 k k—1,
Ha () : {0 if z¢ %, G,

We prove that ® = (X;pud,pg) is an bipolar fuzzy
ideal of R. Let z,y € R. If 2,y € Uz, Gk. In this
case, we assume that z € G; \ Gj_1 and y € G, \
Gp_1 forl =0,1,2,---; m = 1,2,--- . Without loss
of generality, we may assume that [ < m. Then ob-
viously = € G,,, and so z — y,zy € G, because

Bipolar fuzzy ideals of Near Rings

G, is a bipolar ideal of R. It follows that ug(x -
y) > i = min{ty, gy} = min{eg (@), 43 ()}
and g (z —y) < —dg = max{-15, -5}
max{ug (), pg ()}, Also we have uf (zy) > L5 =
min{ L, 25} = min{ug (2), 4 (y)} and pg(zy) <
— iy = max{— g, — iy} = max{ug (2), ug (v)},

If 2 or y is not contained in | J,-; G, then clearly
min{yg (), g (y)} = 0 and max{pg (), ug (y)} = 0.
Then pg(z —y) > min{ug (), ug ()}, pg(z —y) <
max{pg (2), iy (¥)}, pa(zy) > min{pg(z), pg (v)
and pg(zy) < max{ug(x), uy(y)}. Therefore & =
(X; s, pg ) satisfies (BF1) and (BF2).

Let x,y € R. We discuss the following two cases: If
z € Uz, Gk, then there exists k¥ € N such that z €
G\ Gk—1. Theny +x —y € Gy, Thus uf (y +x —y) >
o= @) g+ —y) < —pg = pg(n). If
z ¢ UpZy G, then pg (y + & —y) > 0 = g (2), ng (v +
x —y) < 0 = pg(x). But, in either case, we know that
pig(y+a —y) > pg (x), iy (y + = —y) < pg (x). There-
fore ® = (X; ug, uy ) satisfies (BF3).

Letx,y € R. We discuss the following two cases: If y €
Ure; Gk, then there exists k € Nsuch thaty € Gj,\Gj_1.
Then 2y € G Thus pig (xy) > 757 = pa (1), g (2y) <
—1 = ko) Ity ¢ Upey G, then pf (zy) > 0 =
pa(y), pg(zy) < 0 = pg(y). But, in either case, we
know that ug (zy) > ud (y), ug (xy) < pg (y). Therefore
® = (X; ug, gy) satisfies (BF4).

Let z,y,2z € R. We discuss the following two cases:
If = € Uy Gk, then there exists k& € N such that
z € G\ Gg—1. Then zy € Gy, Thus pg ((z +2)y —zy) >
=1 = e (2)ne((@+ 2)y —2y) < —Fg = na(2).
If 2 ¢ Uy, Gy, then uf((z + 2)y —ay) > 0 =
pa (2), g ((x + 2)y — 2y) < 0 = pg(z). But, in either
case, we know that ug ((z + 2)y — zy) > ud (2), pg ((x +
2)y — xy) < pg(2). Therefore ® = (X;ud, ug) satisfies
(BF5).

Therefore ® = (X;pud,pg) is a bipolar fuzzy ideal
of R. Since Im(u3) = {k%_l | £ = 0,1,2,---} and
Im(pg) = {—=5 | k = 0,1,2,---}, any subset
of Im(ug) has no the least element and any subset of
Im(pg) has no the greatest elements. This is contradic-
tion for either case. Therefore R is Noetherian. O

4. Conclusion

In this paper we studied the algebraic properties of bipo-
lar fuzzy set in Near ring structures. This work focused on
bipolar fuzzy subring/ideal of a Near ring. Finally, we con-
sidered the structure of Noetherian Near ring by using these
bipolar fuzzy ideals. In our future study, we will consider
the bipolar fuzzy prime(semiprime) ideals and quotient of
Near ring by using these bipolar fuzzy ideals will be pre-
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sented.
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