Journal of the Society of Korea Industrial and Systems Engineering

Vol. 35, No. 1, pp.188—197, March 2012.

Extensions on The Fixed Weighting Nature of
Cross-Evaluation Model

Sung-Kyun Choi* - Jaekyung Yang***

*Research Institute, Korean National Railroad Corp.

**Dept. of Industrial and Information Systems Eng, Chonbuk National University

DEA RE3 dg] A5 W7D (cross efficiency model)S 7k A|gHS T4
ggt J7E = DMU(Decision Making Unit) U= B} dukAQl Fofo A F7+& Yeldl= DMU st
24 B ATAEC] DEATLFA AE35te] ghth 2 AFtolAe= olefgh wapg iR o] AAe] lojx= G

2

o 34 NS ASATHE A3 FAT ANE etk 2% 2AH02 wathone input, mulii output case).

T3 multi-input, multi-output case®] 73-5-oll

overall performer?] clustere]]

24 vks DMuel Agels 34 7

=
FAE A 499 A Aol 9ee uith WAt welo] M49 wsel AFAE ) HH3 ForA
s =
=3

AASo] mele] WARE oajsld Eeol
Ho]F7] 98] biplotS AlHsit},

F 9 Aol wF WA B9l AFA 4L o B

Keywords : Data Envelopment Analysis, Cross-efficiency, Multiple-Input, Multiple-Output

1. Introduction

In the earlier paper, Anderson et al. [1] demonstrated that
in a single-input, multiple-output constant returns to scale
model with input orientation, cross-efficiency evaluation in
effect applies implicitly fixed weights to each and every
DMU, which is a weighted average of the weights used by
all of the DMUs in the sample. They also stated that 1) The
common set of weights also exists in the multiple-input, sin-
gle-output constant returns to scale model with output ori-
entation 2) The multiple-input, multiple-output models do not

Had 20124 028 03Y
2142} jkyang@jbnu.ac.kr

=Erdd 20124 028 07

exhibit this fixed weighting phenomena because of the inabil-
ity to normalize the weights. Based on their ideas, in this
paper we made an extension to the multiple-inputs, multi-
ple-outputs constant returns to scale with input orientation
to show that 1) The cross-evaluation does not use the column
average of cross-efficiency multipliers as fixed weights in
the multiple-input, multiple-output situation 2) Even though
cross-evaluation doesn’t use the fixed weights, the column
averages of cross-efficiency multipliers can be considered as
the fixed set of weights to each variable without much differ-
ence in many cases 3) Moreover the above difference is
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much smaller in the DMUs that are located among the cluster
of majority DMUs in the sample. Therefore, if a 1™ranker
in cross-evaluation shows very small difference, it can be said
that it is among the majority of DMUs, i.e. winner with many
competitors and almost fixed set of weights (i.e. average val-
ues of each multiplier column) are used for evaluation.

2. Performing a Cross-Evaluation

Cross-evaluation was first proposed by Sexton et al. [12]
and Doyle and Green [3, 4] suggested their cross-evaluation
formulations with signification of the essence of the ranking
criteria. After that, many researchers have applied cross-eval-
uation in their research [6, 8, 10, 11, 13]. Doyle and Green
[3] indicated that decision makers do not always have a rea-
sonable mechanism to choose assurance regions and there-
fore they recommended cross-evaluation for ranking units.
Also Doyle and Green [4] justified the ranking criteria of
cross-evaluation such that “To get a first rank in cross-effi-
ciency evaluation is equivalent to win in a big race with
many competitors. It could be said that coming second in
a race where there were a thousand competitors must surely
be better than coming first in a walkover.” Cross-evaluation
requires the following three-step calculation.

Step 1 : Find the CCR efficiency score 6, for DMU j,.
Step 2 : Find the virtual multipliers (1) by (1) with
restriction that the efficiency score for DMU j,
is set to the CCR efficiency score ¢, , Here input

xz; ; and output y, ; represent input i and output
r of DMU j.

S

A/ﬁn E (:Ler,j E yr,j)

r=1 J#Jo

subject to E(v,_’j > xw) =1,

S m
Dt e 20y <0 Vi gy (1)
r=1 i=1
S m
le’r, J yj(’ B 9],021’01,‘]_ xi,j =0,
P Vi = 0, Vrand i

Step 3 : After making cross-efficiency matrix (where each
element is £,), calculate the cross-efficiency

score by (2)

3. Single-Input, Multiple Outputs Case

3.1 The Case that Each DMU’s Input Value is
Unified to 1

For illustration purpose, we will begin with brief ex-
planation of earlier work and example from Anderson et al. [1].
Cross-efficiency score of DMU k& is calculated as (3).

B = N ()

In the single-input, multiple-output case (when z, , =1),

it becomes (4)

s
n E /Lr.,j Yr ke
r=1

1 1 r=1
CB=— |3 e P2
j=1 =1
Zv77‘r1k Zv7;x7k
i=1 =1
1 w 5 :u’rg' yr.k 1 5 w :u‘rg'
|y et ) B[t
Nk [j=1r=1 Y15 Ny, [ r=1 ""=1\ Y15
] 1 ) (HT‘J)
=D =2 4)
r=1 M‘{”jl V1)

As a result, the multipliers [lZ(h)] for each output

J=1\ Y1

y,; are independent of DMU k. That is, in the following
example, the weights for each output are 0.0323175, 0.05257
respectively. And they also said that these weight results
match those obtained using the standard column average
method to four decimal places of accuracy.

However the weights actually applied for each output in
cross-evaluation (single-input, multiple-outputs case with all
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<Table 1> Example 1 Artificial Data and Cross Efficiency Weights
Data CE Multipliers-Input Oriented
DMU x Y, Y DMU CCR v, B o
1 1 10.7 12.0 1 1 0.2 0.0015 0.0153
2 1 11.6 2.5 2 1 0.2 0.0172 0
3 1 2.8 12.8 3 1 0.2 0 0.0156
4 1 10.5 11.6 4 0.9799 0.2 0.0169 0.0016
5 1 10.1 11.8 5 0.9801 0.2 0.0015 0.0153
6 1 10.2 1.5 6 0.9579 0.2 0.0015 0.0153
mean 0.2 0.0065 0.0105
<Table 2> Cross-Evaluation Results for Example
DMU 1 2 3 4 5 6
1 1.000 0.281 1.000 0.968 0.980 0.958
2 0.922 1.000 0.241 0.905 0.871 0.879
3 0.938 0.195 1.000 0.906 0.922 0.898
4 1.000 1.000 0.339 0.980 0.948 0.954
5 1.000 0.281 1.000 0.968 0.980 0.958
6 1.000 0.281 1.000 0.968 0.980 0.958
CE 0.97664 0.50631 0.76339 0.94915 0.94673 0.93419
input values are unified to 1) is exactly same with the value * Therefore
ﬁr J . T
—=Z That is column average of each output multipliers/ s s
v
. o . . n Z/Lr.j Yok n E/ﬁm‘ Yr ke
column average of input multipliers. This simple error is due cE =L oot _1 PR
kT m - m
. N . . . . n = n|i=1
to the fact. that they (.ildnt shown the following in dffer{ﬂg j Evi,j iy j E“M iy
(4). That is, by the first constraint of cross-evaluation, in- i=1 i=1
put-multipliers for all DMUs should be the same and there- ) 0 .
fore the column mean of input-multipliers is also the same = 7[ i Y| = _[Z Eur.j lm]
L Lo Ny V1 lji=1r=1 " nv |r=1j=1
with input multiplier for each DMU.
Therefore, in the single-input, multiple-output case (when B 2 N B 2 1, .
x,;=1), the above (4) can be developed to (5) as follows. _,~:1y7" Ty _,~:1y7"k = ®)

* By the first constraint of cross-evaluation

E(U”E x/JJ = (n—l)vl_j =1,
i=1 j=1

7% d

thus

(For example, in the following example v, ;=

6—1

=0.2, for all j).

1
n—1

n

— 1 ¢ 1
* Also v= Z;”W: EX — =y

where, j, is the average value of each output weights,

v;=v (for all j ) is the average value of input weights.

vy

After all, the multipliers [TILE( )] for each output
j=1

r

y, . can be expressed as which [ }are independent of

v
DMU k. We will show this by the following example 1.

<Table 1> shows an example 1 data (left table), CCR effi-
ciency score (2“d column in right table) and cross-efficiency
multipliers (3~5" column in right table). <Table 2> shows



<Table 3> Example 2 Artificial Data and Cross Efficiency Weights

Data CE ultipliers-Input Oriented
DMU z Y Yo DMU CCR A 1y 1y
1 1 7 7 1 1 0.0345 0.0031 0.0018
2 5 50 10 2 1 0.0400 0.0040 0.0000
3 5 15 45 3 1 0.0400 0.0000 0.0044
4 8 48 48 4 0.8571 0.0455 0.0041 0.0024
5 10 50 70 5 0.9048 0.0500 0.0024 0.0048
6 1 5 8 6 1 0.0500 0.0024 0.0048
mean 0.04332 0.00265 0.00304
<Table 4> Cross-Evaluation Results for Example 2
DMU 1 2 3 4 5 6
1 1.000 1.000 0.750 0.857 0.821 0.875
2 0.700 1.000 0.300 0.600 0.500 0.500
3 0.778 0.222 1.000 0.667 0.778 0.889
4 1.000 1.000 0.750 0.857 0.821 0.875
5 1.000 0.667 1.000 0.857 0.905 1.000
6 1.000 0.667 1.000 0.857 0.905 1.000
CE 0.91294 0.75925 0.79997 0.78252 0.78834 0.85645
CE' 0.91962 0.75206 0.81538 0.78824 0.79729 0.86750

across-efficiency matrix and cross-efficiency scores repre- 3.2 The Case that Each DMU's Input Value is
sented as CF in the last row. From the above (3), cross-effi- not Unified to 1
ciency scores of DMU 1 and 2 are calculated as follows.
However unlike the above example, if the input variables
1, - - are not unified to 1 and have different values, then above
CE, = T[ynﬂuymlh] . . .
v (4) should be modified as (6). Because input variables are
not unified to 1, the input multipliers and input values
=0%(3/11(0.0064635)+y21(0.010514)) have different values and cannot be extracted out of the

bracket. Therefore we cannot simply get the fixed weights

= 0.97664 as above example.
1 _ _ S S
CEy = =yt 1 +Ynatt) 1| 2—]1”7"‘7 Yrk 1| 2—:1”7"' 3 Uk
° Ch=— | = |
j=1 j=1
1 ! Z'Uz.j Tik ! Zvi.j T
= 0—2(y12(0.0064635) +15,(0.010514)) =1 =1
1 s n lu‘r,j )] s [1 n ( ,ur.,j ]
- ==\ 2 Y =D | =20l ———]| (6
0.50631 n [,21 k/zl( V1,5 1k r=1 . njzzl V1,j Tk ©)
As a conclusion, in the case that single-input, multiple-out- <Table 3> shows an example 2 data (left table), CCR effi-

puts with all input values are equal to 1, cross-evaluation  ciency score (2" column in right table) and cross-efficiency
uses the fixed weights, which are exactly same as the column  multipliers (3"~5" column in right table). <Table 4> shows

mean of the multipliers. across-efficiency matrix and efficiency scores as represented
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as mean in the second last row. The last row of <Table 4>
represented as CE’ is calculated by (7) using the column
mean as the fixed common set of weights to each variable.

CE ="

IIZ’LJ’U

(™)

where, v, u, is the mean value of input and multipliers.
When we compare the results of example 2 with those in
which all input values are changed to 1 (i.e. if input value
of DMU | is multiplied by k, each output value is also multi-
plied by & respectively), 1) CCR efficiency scores and the
final cross-efficiency scores (mean) are the same. 2)
However, the results of CE (real cross-efficiency score) and
CE"(scores using fixed set of weights) are not the same.
Even though we cannot find the common fixed weights in
this case, column means of each multiplier values can be
served as a good indicator in this example too. Since the
values from those two methods are very similar to each other.
Until this we have examined the single-input, multiple-out-
puts case, and from next section we will extend this to the
multiple-input, multiple-output case to see the characteristics

of fixed weighting nature in cross-evaluation.

4. Multiple-Input, Multiple-Output Case

Like the single-input, multiple-output case (if z;, is not
all changed to 1), cross-evaluation doesn’t use each column
mean of multiplier values as the fixed weights in the multi-
ple-input, multiple-output case. However, when we assume
that the cross-evaluation uses each column mean as the fixed
set of weights and calculate the efficiency score by (8), the
result is very similar with the real cross-efficiency score
(CE) in many cases.

CE*: 77—”1 (8)

Moreover the difference is much smaller in the DMUs
that are located among the cluster of majority DMUs in the
sample. To confirm that we will compare two equations, one
is an equation to find the real cross-efficiency score ( CFE)
and the other is (6) using the column mean of multipliers

YT

as the fixed set of weights (CE").
The real cross-efficiency score of DMU k with multi-
ple-input, multiple-output case is calculated as (9)

1 n ZN” yr,k
CE=—|1"—

Vij Tik

i=1

L[ Yk T Yk Hea TYsa Haa T Y M b(1)
N\ @y 401 T 8o Vg TTg Uy T T80, Uy a(1)

N Yot Yoo T Ys i aot =Ygk Moo b(2)

Ty g Vg T To g Voo T Ty Vo0 T0,, 1V, a(2)

4.

+[ Yik T Yanbo s st Yor by } .
Ty Uy T o Vg T 3,051 YT, 0,5

4+ e+

where, a(j) = virtual input when we use DMU /s input
multipliers

b(j) = virtual output when we use DMU /’s output
multipliers

And when we assume that cross-evaluation would use each
multiplier column mean values as the fixed set of weights,
cross-efficiency score of DMU k(8) can be restated by (10).

1 1
yl.kxz(y‘l.l + o +#1.j)+y2‘k><g(#2.1 + - +N2‘j)
1
N + o +ys‘k:><z(us.l + o +N’91)

CE =

1 1
Ty XE('UM oty ), Xz(’l)zl oty )

1
oy, X,

m,k \

+vm.j)

(yl‘k L i /Y M5.1)+(y1.k Mgty I%,Q)

oty Pyt Y Us.j)
(Il,k: vyt vm‘l)+(l‘1‘k: Vgt ta, Um,.Q)

+e +(931,k vty vm.j)

[ 0(1) +b(2) +6(3) +--- +b(4) (10)
B a(1)+a(2)+a(3)+~~- +a(j) i

After all, it is clear from above two equations (9) and
(10) that the results are not the same. The purpose of deriving
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(10) is not to show that the results from two equations (9)
and (10) is the same but to show the characteristics of differ-
ences according to DMUs.

When we evaluate the cross-efficiency score of DMU &,
if most values of b(j)/a(j) (j=1,---,n) are close to the
DMU k’s CCR efficiency score ¢, = b(k)/a(k), then the dif-
ference in results of above two equations should be very
small. For example when we assume that DMU 1’s CCR
efficiency score is 1.0, then b(1)/a(1) =1. If all the other
values of b(2)/a(2), --
two equation values should be very similar

-, b(4)/a(3) are very close to 1, above

5. The Characteristics of Differences
between Two Equations

When we let DMU k’s CCR efficiency score as ¢, then

we can say

(11)

=CL, =0t oy

(For example, DMU 3’s CCR efficiency score in the fol-

b(1)

lowing FMS data is ¢, =0.982, and PO =0.982

—a, =0.630. Therefore «; =0.352).

Therefore (10) becomes

~ £b(7)
- Fa(j)

CE, =

k

[{a(D)e,—a(l)ay} + - +{alj)e,—alj)a;}
a(l)+a(2)+a(3)+ - +a(y)

k

_ a(l)a, + - +a(j)aj

il K G IO Gy et ey e +a(j)]k (12)
On the other hand, (9) becomes

_1[p(1) | b(2) b)) b()
Ch = n{am Ta) Ta® T Ay,

1 a(l)ck*a(l)oz1 a(])ck*a(j)a]

‘E[ oy oy,

:{ _Ocl‘l" +a (13)

Ck n
k

Finally, when we subtract equation (12) from equation (13)

B apt o oy a<1>0<1+"' a(j)a]
CE,— CE, = [cw " Lf{ a(l)+ - +a(j) |,
N R TCORM & ) -1
‘“‘[a<1)+~~+u<,j> n]+ B I ) ] (14)

In the single input, multi outputs case (z,, =1, vy; =1/

n—1=constant Y j)

a(k) _ T3V, _ 1
a(l)+ - +a(yh) Tyt Ty n’
therefore CE.—CE, =0 (15)

Therefore, (15) verifies the result of (5).

We cannot directly see from (14) that the difference be-
tween two results is small. The fact that the final cross-effi-
ciency scores are not much different with those obtained
from assuming fixed set of weights in many cases will be
shown in next section through some application examples.
However we can see from (14) that for a certain DMU &,
; are zero or very small, then the
difference between the results from two equations (9) and
(10) should be very small. And for a certain DMU £, “many

values of «; are zero or very small” means that DMU Klo-

when many values of «

cates very close to the majority of DMUs, not located far
apart from other DMUs. Therefore, we can say that using
fixed weights (column mean of each multipliers), we can
get closer results from two equations when DMU is located
in a cluster of majority of DMUs, than located far apart.
If a Istranker in cross-evaluation shows very small difference
between the results, it can be said that it is among them
ajority of DMUs, i.e. winner with many competitors and al-
most fixed weights (average values of each multiplier col-
umn) are used for evaluation.

Also, we can define average difference, maximum differ-
ence between the results as follows (16), (17).

T 1 n .
D=Y,d,=—>,(CE.— CE,) (16)
k=1 =1
max (d,) =max (CE, — CE}j) (17)

<Figure 1> shows the characteristics of differences be-

tween two equations.
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(a) shows the sparse data and seems to have a larger D
value than (D).

(b) has a majority (cluster) DMUs and seems to have a
smaller D value than (a).

Among the DMUs in (b), If DMUs A, B and C are CCR
efficient, DMU A will show the smaller difference in results
from two equations than those of DMU B or C.

(a) Dis large (b) Dis small
L] L] -
. . . s e,
- - -
- L] L] .
.. L]
- en - -

<Figure 1> The Characteristics of Difference between
Two Equations

6. Application Examples

To confirm above derivations, we compared the cross-
evaluation results between (9) and (10) of FMS data from
[13]. Also to show the fact that the final cross-efficiency
scores are not much different with those obtained from as-
suming fixed set of weights in many cases, we compared
the results of 5 more application examples, which can be
found in previous DEA literature. However for simplicity,
each data and more detailed results of these 5 application
examples are not shown in this paper except the results of
(16) and (17).

<Table 5> FMS Datal13]

(FMS) @ Ty Y Yy Y Yy
1 1702 5.0 42 453 142 301
2 1646 45 39 40.1 130 298
3 11.76 6.0 26 396 138 245
4 10.52 4.0 22 36.0 11.3 25.0
5 9.50 3.8 21 342 120 204
6 4.79 54 10 20.1 5.0 16.5
7 6.21 6.2 14 26.5 7.0 19.7
8 112 6.0 25 35.9 9.0 24.7
9 3.67 8.0 4 17.4 0.1 18.1
10 8.93 7.0 16 343 6.5 20.6
11 1774 11 43 456 140  3L1
12 1485 62 27 387 138 254

<Table 5> shows the FMS data, which have two inputs
and 4 outputs. <Table 6> shows the CCR efficiency scores,
input/output cross efficiency multipliers of each DMU. The
final cross-efficiency scores for each DMU are represented
as CFE in the <Table 7> (second from last row), which is
calculated by (9) in previous section. Each DMU’s self-effi-
ciency score (CCR) is the corresponding diagonal elements
of cross-efficiency matrix. The final row (CE") in <Table 6>
represents the efficiency score by (10) in previous section.

Among 12 DMUs, 7 DMUs (1, 2, 4, 5, 6, 7, and 9) are
evaluated as CCR efficient (58.3%). DMU 5 is the 1st ranker
and DMU 9 is ranked the last. Also it is interesting to see
that the results by (10), i.e. CE" shows very similar to CF
through all DMUs while some of the DMUs have very close
scores and the others show relatively big differences.

DMU 5 (1" ranker) shows the smallest difference (0.0029)

between CFE and CE among the CCR efficient DMUs, and
DMU 9 (12th ranker) shows the largest difference (0.2089)
between those scores. This represents that DMU 5 is located
among the cluster of majority DMUs and DMU 9 located
apart from the majority of DMUs. When we compare the
DMUs 5 and 9 in detail, 6 DMUs (1, 2, 6, 7, 9 and 11)
are the cause of difference in results of DMU 5 and 9 DMUs
(1, 2, 3,4,5,8, 10, 11 and 12) are the cause of difference in
results of DMU 9. Especially we can see that DMUs 1, 2, 3,
4, 5 would cause large difference in results of DMU 9 while
only DMU 9 cause large difference in results to DMU 5.

The average difference by (16) among all DMUs is
D=0.0386. Only three DMUs of 6, 7 and 9 have more than
average values of d, (d, =0.2089, dy =0.0947, d, =0.0731)
and all the other DMUs have the value of d, less than average.

Above (14) can be confirmed by the followings.

(DMU 5)
. a(l)a1+~~~ +a(j)aj a(l)+ - +aly)
CEk*CEk_[ a)+Fa(G) n i
_[0.111247 159757
B {0.854493 1= 000

This results is exactly equal to CE,— CE], =0.86684—
0.86978 = —0.0029

(DMU 9)
0.4796066 _ 5.233927

0.743540 1| 02088t

CE,— CE, =

This results is exactly equal to CE,— CE, =0.56384—
0.35479 = 0.20887
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<Table 6> Cross Efficiency Multipliers of FMS Data
Efficiency Input weights Output weights
(FMS) (CCR) 2 Vy Hy Hy Hs My
1 1 0.0024 0.0112 0.0023 0 0 0
2 1 0 0.0155 0.0018 0 0 0
3 0.9824 0.0083 0 0.0028 0 0.0016 0.0001
4 1 0.0006 0.0142 0 0 0.0029 0.0012
5 1 0 0.0153 0 0 0.0048 0
6 1 0.0078 0 0 0 0.0023 0.0016
7 1 0.0079 0 0 0.0009 0.0015 0.0007
8 0.9614 0.0070 0.0024 0.0019 0.0004 0 0.0011
9 1 0.0078 0 0 0 0 0.0016
10 0.9536 0.0069 0.0024 0 0.0022 0 0
11 0.9831 0.0087 0 0.0032 0 0 0.0005
12 0.8012 0.0072 0.0023 0.0020 0 0.0006 0.0014
mean 0.00539 0.00527 0.00117 0.00029 0.00115 0.00067
<Table 7> Cross Efficiency Results of FMS Data
DMU 1 2 3 4 5 6 7 8 9 10 1" 12
1 1.000 1.000 0.630 0.725 0.742 0.322 0.384 0.615 0.094 0.371 0.813 0.593
2 0.969 1.000 0.500 0.634 0.638 0.214 0.260 0.481 0.058 0.264 0.699 0.502
3 1.000 0.959 0.982 0.927 1.000 0.932 1.000 0.927 0.422 0.760 0.977 0.801
4 0.957 1.000 0.758 1.000 1.000 0.434 0.482 0.610 0.190 0.418 0.703 0.732
5 0.899 0.915 0.728 0.895 1.000 0.293 0.358 0.475 0.004 0.294 0.624 0.705
6 0.601 0.597 0.764 0.794 0.804 1.000 0.970 0.685 1.000 0.678 0.585 0.617
7 0.630 0.599 0.807 0.820 0.857 1.000 1.000 0.732 1.000 0.795 0.610 0.637
8 1.000 0.977 0.949 1.000 1.000 0.962 1.000 0.961 0.753 0.833 0.951 0.794
9 0.359 0.367 0.422 0.482 0.435 0.698 0.643 0.450 1.000 0.468 0.355 0.347
10 0.764 0.704 0.904 0.956 1.000 0.951 1.000 0.860 0.849 0.953 0.714 0.720
11 1.000 0.966 0.924 0.896 0.927 0.954 1.000 0.945 0.672 0.783 0.983 0.759
12 1.000 0.985 0.953 1.000 1.000 0.968 1.000 0.950 0.724 0.796 0.953 0.801
CE 0.848 0.839 0.777 0.844 0.867 0.727 0.758 0.724 0.564 0.618 0.747 0.667
CE' 0.837 0.820 0.781 0.848 0.870 0.633 0.685 0.727 0.355 0.587 0.755 0.671
Also from the results (16), (17) of the following applica- 2 input 3 output) D = —0.010, d, = —0.065 [9]

tion examples which can be found in previous DEA liter-
ature, we can confirm the fact that the final cross-efficiency
scores are not much different with those obtained from as-

suming fixed set of weights in many cases.

* Evaluating regions in Serbia (30 DMUs, 4 input 4 out-
put variables) D =0.030, d, =0.090 [6]

* Location of solid waste system (22 DMUs, 5 input 3
output variables) D =0.010, d, =0.022 [8]

* Car selection problem (28 DMUs, 4 input 2 output vari-
ables) D =0.043, d, = 0.104 [5]

* Economic performance of Chinese cities (18§ DMUs,

* Location of hydro-electrical power station (6 DMUs, 4
input 2 output variables) D = 0.183, d,, = 0.415 [2, 5, 7]

Among the 6 cases including FMS data, the average differ-
ences D (16) in 5 cases are very small and only the result
of case 5 (Location of hydro electrical power station) shows
are latively large difference. It can be said that case 5 has
very small number of DMUs compared to that of variables
and we can see from the biplot that each DMU locates very
sparse. Therefore we can say that even though cross- evalua-
tion doesn’t use the fixed weights, the column averages of
cross-efficiency multipliers can be considered as the fixed
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set of weights to each variable without much difference in
many cases. Moreover the above difference is much smaller
in the DMUs that are located among the cluster of majority
DMUs in the sample. If a 1st ranker in cross- evaluation
shows very small difference, it can be said that it is among
the majority of DMUs, i.e. winner with many competitors
and almost fixed set of weights (i.e. average values of each
multiplier column) are used for evaluation.

To understand the characteristics of these differences more
clearly, biplot of FMS data is presented in <Figure 2>. This biplot
is made using correlation of the following relation (18) of

variables. All variables are made to have maximizing criteria.
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<Figure 2> Biplot of the FMS data

From above variable relations (18), we have 8 variables
in this case. And the proportion of variance explained from
this biplot is 88.1% of total variance due to two principal
components. Biplot permits the visual inspection of one
DMU relative to another and the relative importance of each
of the two variables to the position of any DMU.

Above biplot shows well the relative position of each
DMU to changed variables. Even though the variables are
changed according to relation (18), this biplot can satisfy
our major interest of hoping to see the relative position
among DMUs. It is also interesting to see that all of the
CCR efficient DMUs (1, 2, 4, 5, 6, 7, 9) are positioned rela-
tively at the end of each variable and all of CCR inefficient
DMUs (3, 8, 10, 11, 12) are positioned near the origin of
each variable. We explained in the previous section that 6
DMUs (1, 2, 6, 7, 9 and 11) are the cause of difference
in results of DMU 5 and 9 DMUs (1, 2, 3, 4, 5, 8, 10,

11 and 12) are the cause of difference in results of DMU
9 in which DMUs 1, 2, 3, 4, 5 would cause large difference
in results of DMU 9 while only DMU 9 cause large differ-
ence in results to DMU 5. As expectedly, DMUs 1, 2, 6,
7, and 9 (the major cause to difference to DMU 5) are posi-
tioned most apart from DMU 5 in the above biplot too. For
DMU 09, it is positioned far apart from most of the DMUs,
and especially DMUs 1, 2, 3, 4, 5 in the above biplot.
After all the relative positions among DMUs in the biplot
coincide the results from the calculation of cross-evaluation.
From above biplot, we can see that among CCR efficient
DMUs (1, 2, 4, 5, 6,7, 9), DMUs 6, 7, 9, are positioned
relatively apart from the majority of DMUs and all of them
have relatively low cross-efficiency score than other DMUs
(1, 2, 4, 5). Biplot in Figure 3 includes another variable,
which represents the direction of cross-evaluation with fixed
weights. That is (V7 Vy, -+, V,, V, 14).

s

Z yr,jﬁ T
r=1

m

V;1+1 = OE*:

T;
i=1

where, V;,V,,---,V, are the same as (18)

In <Figure 3>, V, ., = V, represents the direction of cross-
efficiency evaluation with fixed weights. From the biplot with
additional variable, we can see more clearly that DMUs 5,
1, 4, 2, 3 can be positioned higher rankers, DMUs 7, 6 are
middle rankers and DMU 9 should be the lowest ranker among
CCR efficient DMUs when we use cross-evaluation with fixed
weights. And even though this biplot cannot display total
variance (proportion of variance is 89.1% in this case) these
look to pretty well coincide with the calculation results.
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<Figure 3> Biplot of the FMS Data with Showing the
Direction of Fixed Weights
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7. Conclusion

In this paper, we have derived and demonstrated the
weighting characteristics of cross-evaluation in multiple- in-
put, multiple-output case with input orientation under con-
stant returns to scale. It is true that the same process also
can be applied to output orientation under constant returns
to scale. Anderson et al. [1] noted that the reasonability and
acceptability of this model’s fixed weights in single-input,
multiple-output case depends on the judgment of the modeler.

However, when we recall the basic assumption of many
DEA ranking models, i.e. there is no given preferences (criteria)
from decision makers and which is often the case in real
life applications, cross-evaluation can be a useful tool to se-
lect the winner with many competitors or at least can suggest

useful information to decision makers.
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