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The Nonexistence of Conformal Deformations on Riemannian
Warped Product Manifolds

Yoon-Tae Jung, Jan-Dee Kim, Eun-Hee Choi and Soo-Young Lee'

Abstract

In this paper, when N is a compact Riemannian manifold, we discuss the nonexistence of conformal deformations on
Riemannian warped product manifold M= (a, «0)x; N with prescribed scalar curvature functions.
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1. Introduction

In a recent study™, M.C. Leung has studied the
problem of scalar curvature functions on Riemannian
warped product manifolds and obtained partial results
about the existence and nonexistence of Riemannian
warped metric with some prescribed scalar curvature
function. He has studied the uniqueness of positive solu-
tion to equation

n+2

Ag u () F dyu(x) = dyu(x)"™ (1.1)
where A, is the Laplacian operator for an n-dimen-
sional Riemannian manifold (N, go) and d, = n—2/4(n—
1). Equation (1.1) is derived from the conformal defor-
mation of Riemannian metricl'+68°1,

Similarly, let (N, go) be a compact Riemannian
dimensional manifold. We consider the (#+1)—dimen-
sional Riemannian warped product manifold M=
(a, ©)%; N with the metric g=df* +f(t)* g, where f
is a positive function on (a, ©). Let u(z, x) be a pos-
itive smooth function on M and let g have a scalar
curvature equal to »(z,x). If the conformal metric
ge=u(t,x)*! has a prescribed function R(z, x) as a
scalar curvature, then it is well known that u(¢, x) sat-
isfies equation
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4—nngu(t,x)fr(t,x)u(t,x)+R(t,x)u(t,x)" -
—

(12)

where [, is the d'Alembertian for a Riemannian warped
manifold M= (a, ©)*; N.

In this paper, we study the nonexistence of a positive
solution to equation (1.2). This paper contains the
results of Riemannian version of [3].

2. Main Results

First of all, in order to prove the nonexistence of solu-
tions of some partial differential equations, we need
brief results about Young's inequality. The following
proposition is well known(cf. Theorem 1 in [10, p.48]).

Proposition 1. Let f'be a real-valued, continuous and
strictly increasing function on [0, c¢] with ¢>0. If (0)=0,
a0, c] and be[0, fc)], then

J':f(t)dt+ ij‘(t)dtz ab

where 7! is the inverse function of /. Equality holds if
and only if »=f(a).

Corollary 2. Let a, 5>0 and p>1 such that 1/p+ 1/g
=1. For any >0,

s+ L1z ap
roh
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Proof. In Proposition 1, we choose f(f) = ¢ t*! for
p>1.

From now on, we let (V, g) be a compact Rieman-
nian n—dimensional manifold with »>3 and without
boundary. The following proposition is also well
known(cf. Theorem 5.4 in [2]).

Proposition 3. Let M = (a, ©)%; N have a Rieman-
nian warped product metric g =df* + £(£)* go. Then the
Laplacian [, is given by

O nf(o . 1
O,== Z+—A
" or A a[+f(t)2

where A, is the Laplacian on fiber manifold N.

By Proposition 3, equation (1.2) is changed into the
following equation

Qu(t,x) , nf(0du(t,x) L L aue)
of S o f(t) fay

@.1)

1 0+ R )
4n 4n
If u(z, x) = u(?) is a positive function with only vari-
able #(we call it a time-scale conformal deformation)
and if R(¢, x) = R(?) and r(¢) are also functions of only
variable ¢, then equation (2.1) becomes

n+3

u"(t)+”;f,(’(’;) u' () = h(Oyu(t) - H(tyu(r)""

2.2)

where h(t) = "=1r() and H()="=1R(s).
4n 4n

The proof of the following theorem is similar to that
of Theorem 2 in [4].

Theorem 4. Let u(7) be a positive solution of equa-
tion (2.2). And let A(?), H(¢) satisty the following con-
dition : A(¥)>0 and H(f) <—c;, where ¢, is positive
constant. Assume that there exist positive constants £
and ¢, such that |[/'(£)/f(1)| <C, for all #> t,. Then u(?)
is bounded from above.

Proof. From equation (2.2) we have
+3

(f;” ) _ h(tyu—H(Ou"” 2.3)

Let y € Cy((a,)) be a cut-off function. Multiplying
both sides of equation (2.3) by 72!y and then using
integration by parts we obtain

2n+ 1) 2(n+]
—f”(f"u) dt*h(t)Jw;( Y ldr
.4)

2(n+1) 2n+2

~["H@x " u" dt
Since A(f) >0 and H(f) <—c; where ¢, is a positive
constant, equation (2.4), implies

2(nt+1
i‘_z n+l! 2n+2

dt>c1J' 2w

_r"(f

From the left side of the above equation, we have

21n+1!
nl 2nt 1)
() 2 ==
f” n—1
2n+1 2n+1) ,
-1 | 2 n—1 ,
-z Ty T uut
f

Applying the Cauchy inequality, we get

n+3 2
2Antl) z'u’=—2{2(”+1)z"~'uz’}
n—1

n—1

n+l 2(n+1
{lln u } 4((” 1)) ‘- 5 wly P+~ Z "

and

2n+1) ntl ntl
ny " uu’fz 2l ny! A l)("flu’
f f\2
2(n+1) 2n+1

2 -l 20001 500, e
<n (/f) u +-= u'
X 7 ] Jur'|

Together with the above equations, we obtain

e PL
2(n+1) 2(n+1) 2(nt1)

chj'w;("]u"]dﬂr rznlluldt

dt+4(n+1) (7 1u2|)(| dt
(n-
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Applying Corollary 2 and using the bound %, <C,,

we have
21r1+1! 2

L u’dt = ro;(" 1;(zuzdt<gT1

2(ntl) 2(m+l)
7 n—1 u n—1 dt

2+ 1)
[ dr—"—
a -

and
4 —2n+6

n n—1_2 1 2 2
dt = udr< e——
ardh jlxlz V4 —

. . 2n+1) 2(n+1)
gnt1 n—1 @ n-1 n—1
! =

n—-1

—(n+1)(n-3)

'.:OZ n—1

For large £>0 we obtain

2n+1) 2(n+1)

C'rq;(” "u

2(n+1) —(n+H(n=3)
SC"J;(Z S Iz'l"”jdt

2n+1)
Vdr+= J';( 1Iu'lzdt

2.5)

where C', C” are positive constants. Let y=0 on (a, r)
Ulr+ 3, o] withr>1z,and y=1on[r+1,r+2], y>0
on [a,»] and || < 1/2. From equation (2.5) we have

2(n+1)
r+2  p—1
u

<]

dt+lJ'+2|u'|2dtS c"

r+1 29r+1

for all »>#,, where C" is a constant independent on 7.
Therefore u is bounded from above.

Theorem 5. Let (M, g) be a Riemannian manifold
with scalar curvature equal /(7). Assume that there exist
positive constants #, and Cy such that |/ (#)/f7)| < C, for
all > ¢,. For a smooth function H(¥), let A(7), H(?) satisfy
the following condition : A(f) > 0, H(?) < —c;, where ¢,
is positive constant. Then equation (2.2) has no positive
solution.

Proof. If u=u(f) is a positive solution of equation
(2.2), then by Theorem 4 u(¢) is bounded from above
on (a, ©) Then, by Omori-Yau maximum principle(c.f.
[11]), there exists a sequence {#} such that kl% u(t )=
SUPte(a, ) U(D), |t'(t)| < 1/k and u"(t,) < 1/k Since supie(y, )

ZARARS=EH A5E A1E, 2012

u(f) = ¢, > 0, there exist a number £> 0 and K such that

n+

h(tu(t,)—H(tu(t)"

w

for all £ > K, which is a contradiction to the fact that

W) 140G,
iy TR

for all k£ > K. Therefore equation (2.2) has no positive
solution.

The following corollary is derived easily from the
previous theorems.

u"(t) +

Corollary 6. Let (M, g)=((a, ©)%s N, g) be a Rie-
mannian manifold with scalar curvature equal to (7).
Assume that there exist positive constants ¢, and Cy such
that | f(0)/f(1)| < Cy for all > #,. For a smooth function
let R(?), let r(¢), R(?) satisfy the following condition :
r(#) = 0, R(f) < —cy where ¢ is positive constant. Then
there does not exist a time-scale conformal deformation
on M with scalar curvature R(?).
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