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Abstract. Our goal in this paper is to establish inequalities for the moments of new 

better than used in the moment generating function class (NBUmgf). Using these 

inequalities we propose a new test for exponentiality versus NBUmgf  class. Pitman's 

asymptotic relative efficiency, power and critical values of this test are calculated to 

assessthe performance of the test. We proposed also a new test for exponentiality 

versus NBUmgf  in the right censored data. Sets of real dataare used as an example to 

elucidate the use of the proposed test forpractical problems. 
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1.  INTRODUCTION 

 

Nonparametric families of aging distributions have been the subject of investigation 

for more than four decades. Ahmad (2001), one of the authorspresented moments 

inequalities for classes of life distributions including IFR,NBU, NBUE and HNBUE. 

Ahmad and Mugdadi (2004) presented three other classes, IFRA, NBUC and DMRL. 

Also, Abu-Yousef (2002) for DMRL and Abu-Yousef (2004) for NRBU, Al-Ruzaiza et al 

(2003) for HNBUE, Mahmoud et al (2003) for NRBU and (2005) for RNBU, Diab et al 

(2009) for NBUL, and then they use these inequalities to devise new testing procedures 

for exponentiallity against an alternative among the classes indicated above.  

Given two non-negative random variables X and Y, with survival functions F and G, 

respectively, X is said to be smaller than Y in the moment generating function ordering 

(denoted by X ≤mgf Y ) if and only if, 

 
Recently based on this notion, Li (2004) introduced a new aging class of life 

distributions. Given a non-negative random variable X, we say that X is new better than 

used in the moment generating function order (denoted by X ∈NBUmgf) if 
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Equivalently, X ∈ NBUmgf  if and only if, 

          (1.1) 

Some properties of the NBUmgf class including some preservations properties have 

been discussed by Li (2004), while Zhang and Li (2004) showed that the NBUmgf  class is 

preserved under both the non-homogeneous Poissonshock model and the general shock 

model. Some new results are given includingsome closure properties, characterizations 

and testing exponentially against the NBUmgf  class is addressed by Ahmad and Kayid 

(2004). 

 

 

2. MOMENT INEQUALITY  

 

In this section we derive moment inequalities for the NBUmgf class. In this,as well as 

subsequent all moments are assumed to be exist and finite. 

 

Theorem 2.1 If F is NBUmgf, then for all integer r≥0 

                           (2.1) 

proof. Since F is NBUmgf  then from (1.1) we have, 

 
for all integer r≥  0. 

Since 

 
and 

 
then 
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It is easy to show that,  

 
Upon using the integral by parts we get 

 
The theorem is proved. 

 

 

3. HYPOTHESIS TESTING PROBLEM 

 

Here a test statistic based on the moment inequality for testing H0 : F is exponential 

against an alternative that H1 : F is belongs to NBUmgf class and not exponential is 

proposed as follows.Using Theorem (2.1) we may use δ as a measure of departure from 

exponentiality where 

               (3.1) 

Note that under H0 : δ = 0, while underH1: δ >0. 

To estimate δ, let X1,X2,…, Xnbe a random sample from F, so the empirical form of δ 

in (3.1) can be written as follows 

           (3.2) 

To find the limiting distribution of δn,rwe resort to the U-statistic theory. 

Let 
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and define the symmetric kernel 

 
where the sum is over all arrangements of Xi and Xk , this leads that δn,r in (3.2) is 

equivalent to U- statistic given by 

 
 

The next result summarizes the asymptotic properties of δn,r 
 

Theorem 3.1 (i) As n→∞,  n (δn,rㅡδ) is asymptotically normal with mean 0 and 

variance σ2 as given in (3.6). 

(ii) Under H0, the variance is reduced to σ0
2 in (3.7). 

 

Proof. Let 

                     (3.3) 

and 

                                (3.4) 

 

Making use of (3.3) and (3.4) yields.Define η(X) = 𝜂1(X1) + 𝜂2(X1), 

           (3.5) 

 

In view of (3.5), the variance is 

     (3.6) 

 

Under H0 it is easy to prove that μ0 = E[η(X)] = 0 and the variance 𝜎0
2 reduce to 
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 (3.7) 

 

for all λs make 𝜎0
2 positive. 

 

 

4. THE PITMAN ASYMPTOTIC EFFICIENCY (PAE) FOR NBUmgf 

 

This section includes the calculations of the asymptotic efficiencies of the NBUmgf 

test statistic. This calculation are done using the following alternativefamilies 

(i) Linear failure rate family (LFR):  F1(x) = exp  −x−
θ

2
x2  , x >0 , θ≥0. 

(ii) Weibull family: F2(x) = exp(ㅡxθ) , x >0 , θ >0. 

Consider 

 
then 

 
 

It is easy to prove that 
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where γ = 0.57720… (Eular constant). 

Table 4.1 gives the efficiencies of our proposed test δncomparing with the tests given 

by Kango (1993)(Un) and Mugdadi and Ahmad (2005)(𝛿3). 

 

Table 4.1. Pitman asymptotic efficiencies for various values of λ and r 

 
 

Note that our test outperforms the others for most values of λ and r. 

 

 

5. MONTE CARLO NULL DISTRIBUTION CRITICAL POINTS 

 

Many practitioners, such as applied statisticians, and reliability analysts areinterested 

in simulated percentiles. Table (5.1) gives these percentile pointsof the statistic δn,r  given 

in (3.2) at r = 1 and the calculations are based on1000 simulated samples of sizes n = 

2(1)50. 
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Table 5.1. Critical values of statistic δ n  at λ = 0.1 & r = 1 

 



 
 

 

64 Moment inequalities of NBUmgf with testing hypotheses application 

 

6. THE POWER ESTIMATES 

 

Table 6.1 shows the power estimate of the test statistic δn,r  given in (3.2) at the 

significant level 0.05 using LFR and Weibull distributions. The estimateare based on 1000 

simulated samples for sizes n = 10, 20 and 30. 

 

Table 6.1. Power estimates using α = 0.05 at r = 1 

 
 

From Table 6.1 we can show that our test has very good power. 

 

 

7. TESTING HYPOTHESIS AGINST NBUmgf ALTERNATIVE  

FOR CENSORED DATA 

 

In this section a test statistic is proposed to test H0 versus H1 with randomly right-

censored samples. Such a censored data is usually the only data availablein life testing 

model where patients may be lost before the completing of a study. Using the censored 

data (Zi ,δi), i= 1, 2, 3, …, n then the product limit estimator of survival function is given 

by 

 
Kaplan and Meier (1958). 

In this case the proposed test statistic is 

          (7.1) 

 

where ck= 
n−k

n−k+1
, and 

 
Table 7.1 gives the critical values percentiles of δn

c test for sample sizesn = 5(1)50 

based on 1000 replications. 
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Table 7.1. Critical values of statistic δ n
c  at λ = 0.1 & r = 1 
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7.1 The power estimates 

 

In this section we present an estimation of the power for testing exponentiality 

Versus NBUmgf. Using significance level α = 0.05with suitable parameter values of θ at 

n=10, 20 and 30, and for commonly used distributions in reliabilitysuch as LFR and 

Weibull alternatives which include in Table 7.2. 

 

Table 7.2. Power estimates 

 
 

It is clear from Table 7.2 that our test has excellent power. 

 

 

8. APPLICATIONS 

 

In this section we calculate the δn,r test statistic for real examples to illustratethe 

application of our test. 

 

Example 8.1.The data set of 40 patients suffering from blood cancer (Leukemia)from one 

of ministry of health hospitals in Saudi Arabia sees Abouammoh et al. (1994). The 

ordered life times (in years) are 

 
 

It was found that the value of test statistic for the data set by formula (3.2) δn,1=13.156, 

which is greater than the critical value in Table (5.1). Then wereject the null hypothesis of 

exponentially and accept H1which states that the data set has NBUmgf property. 

 

Example 8.2. Let us consider the data of Susarla and Vanryzin (1978),which represent 81 

survival times (in months) of patients melanoma. Out ofthese 46 represents non-censored 

data and the ordered values are 
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The ordered censored data are 

 
 

Now taking into account the whole set of survival data (both censored 

anduncensored).It was found that the value of test statistic for the data set by formula (7.1) 

is given byδn
c =175.29 and this value greater than the tabulated criticalvalue (see Table 7.1). 

There is enough evidence to accept H1which states thatthe data set has NBUmgf property. 

 

 

9. CONCLUSIONS 

 

Moments inequalities of NBUmgf class of life distributions are deduced.Based on 

these inequalities a new test for exponentiality versus NBUmgf class is constructed. The 

PAREs, powers and critical values of this test arecalculated. Based on PAEs comparison 

between our test and tests of Kango (1993)(Un) and Mugdadi and Ahmad (2005)(δ3) are 

given. Our study showedthat our test performs higher PAE with respect to Unand δ3 tests 

for all valuesof λ and r. Our test gives high powers for LFR and Weibull alternatives. 

Based on right censored data a test for exponentiality versus NBUmgf class is also given. 

Finally setsof real data are used to elucidate the proposed testfor practical problems. 
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