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Abstract. In this paper, we investigate soft hemirings by fuzzy theory. Some characteri-

zations of hemirings are introduced by means of soft sets. In particular, the h-hemiregular

hemirings and h-intra-hemiregular hemirings are also characterized.

1. Introduction

To solve complicated problems in economics, engineering, and environment, we
cannot successfully use classical methods because of various uncertainties typical
for those problems. There are three theories: theory of probability, theory of fuzzy
sets, and the interval mathematics which we can consider as mathematical tools for
dealing with uncertainties. Uncertainties cannot be handled using traditional math-
ematical tools but may be dealt with using a wide range of existing theories such as
probability theory, theory of (intuitionistic) fuzzy sets, theory of vague sets, theory
of interval mathematics, and theory of rough sets. However, all of these theories
have their own difficulties which have been pointed out in [21]. Maji et al. [19] and
Molodtsov [21] suggested that one reason for these difficulties may be due to the
inadequacy of the parametrization tool of the theory. To overcome these difficulties,
Molodtsov [21] introduced the concept of soft set as a new mathematical tool for
dealing with uncertainties that is free from the difficulties that have troubled the
usual theoretical approaches. At present, works on soft set theory are progressing
rapidly. Maji et al. [20] discussed the application of soft set to a decision making
problem. Chen et al. [5] presented a new definition of soft set parametrization
reduction. Research and application about soft sets can be also found in [1, 2, 3,
6, 7, 9, 12, 14, 15, 21, 23, 24, 25, 33]. The most appropriate theory for dealing
with uncertainties is the theory of fuzzy sets developed by Zadeh [28, 29], there are
many papers (see [4, 16]) devoted to fuzzify the classical mathematics into fuzzy
mathematics.
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Semirings is also a useful tool dealing with problems in different areas of applied
mathematics and information sciences and have the same properties as rings except
that (S,+) is assumed to be a semigroup. But ideals in semirings don’t coincide with
the usual ring ideals. Consequently some more restricted concepts of ideals such
as k-ideals [10] and h-ideals [11] have been introduced in the study of the semiring
theory. Some researchers have investigated some important results of semirings, the
notions of fuzzy semirings, fuzzy (prime) ideals, fuzzy h-ideals and obtained many
good results (see [13,18,26,30,31,32,34]). Feng et.al [8] have started to investigate
the structure of soft semirings.

Hemiring is a semiring with zero and a commutative semigroup (S,+). In this
paper, we will study soft hemirings by fuzzy set theory and introduce h-idealistic
soft hemirings, h-bi-idealistic soft hemirings and h-quasi-idealistic soft hemirings
generated by soft set theory. Finally, we will give some characterizations of h-
hemiregular hemirings and h-intra-hemiregular hemirings by soft set.

2. Preliminaries

A semiring is an algebra system (S,+, ·) consisting of a non-empty set S together
with two binary operations on S called addition and multiplication such that (S,+)
and (S, ·) are semigroups and the following distributive laws a(b+ c) = ab+ac, and
(a+ b)c = ac+ bc are satisfied for all a, b, c ∈ S.

A zero element of a semiring S is an element 0 such that 0 · x = x · 0, and
0 + x = x+ 0 for all x ∈ S. A hemiring is a semiring with zero and a commutative
semigroup (S,+). Throughtout this paper, H is a hemiring. A subhemiring of H
is a subset A that is a hemiring under the addition and multiplication in H. A left
(right) ideal I of H is a subhemiring such that HI ⊆ I (IH ⊆ I). A subhemiring
I is called an ideal if it is both a left ideal and a right ideal of H.

A subset B of H is called a bi-ideal of H. If B is closed under addition and
multiplication such that BSB ⊆ B. A subset Q of H is called a quasi-ideal of H if
Q is closed under addition and HQ ∩QH ⊆ Q.

A left ideal (right ideal, ideal and bi-ideal) A of H is called a left h-ideal (right
h-ideal, h-ideal and h-bi-ideal) of H if for any x, y ∈ H, and a, b ∈ A, x + a+ z =
b+ z → x ∈ A.

A quasi-ideal Q of H is called an h-quasi-ideal of H if HQ ∩QH ⊆ Q and for
any x, z ∈ H and a, b ∈ Q from x+ a+ z = b+ z, it follows that x ∈ Q.

A fuzzy set µ of a set A is a function µ: A→ [0, 1].

If λ and µ are two fuzzy subsets of A, the intrinsic product λ ∗ µ is a fuzzy
subset of A defined as

(λ ∗ µ)(x) = sup
x=

∑
finite aibi

(min{λ(ai), µ(bi)}).
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A fuzzy subset µ of a set X of the form

µ(y) =

{
t ∈ (0, 1] if y = x,

0 if y ̸= x.

is said to be a fuzzy point with support x and value t and is denoted by xt. A fuzzy
point xt is said to belong to (resp., be quasicoincident with) a fuzzy set µ, written
as xt ∈ µ (resp., xtqµ) if µ(x) ≥ t (resp., µ(x) + t > 1). If xt ∈ µ or xtqµ, then we
write xt ∈ ∨qµ. If µ(x) < t (resp., µ(x) + t ≤ 1), then we call xt∈µ (resp., xtqµ).
We denote that the symbol ∈ ∨q means that ∈ ∨q does not hold.

A fuzzy set µ of H is called a fuzzy subhemiring of H, if for any x, y ∈ H,
the following requirements are met: (1) µ(x + y) ≥ min{µ(x), µ(y)} , and (2)
µ(xy) ≥ min{µ(x), µ(y)}.

A fuzzy set µ of H is called a fuzzy left (right) h-ideal of H if all a, b, x, y, z ∈ H,
the following requirements are met: (1) µ(x + y) ≥ min{µ(x), µ(y)}, (3) µ(xy) ≥
µ(y)(µ(xy) ≥ µ(x)) and (4) x+ a+ z = b+ z → µ(x) ≥ min{µ(a), µ(b)}.

A fuzzy set µ is called a fuzzy h-bi-ideal of H if it satisfies (1), (4) and (5)
µ(xyz) ≥ min{µ(x), µ(y)} for all x, y, z ∈ H.

A fuzzy set µ is called a fuzzy h-quasi-ideal of H if it satisfies (1), (4) and (6)
((µ∗χH)∩(χH ∗µ))(x) ≤ µ(x) for all x ∈ H, where χH is the characteristic function
of H.

Definition 2.1([22]). A pair (F,A) is called a soft set (over U) if and only if F is
a mapping of A into the set of all subsets of the set U .

Definition 2.2([22]). Let (F,A) and (G,B) be two soft sets over U . Then (F,A)
is said to be a soft subset of (G,B) if:

(1) A ⊆ B and

(2) ∀x ∈ A, F (x) ⊆ G(x).

This relationship is denoted by (F,A)⊂̃(G,B).

Definition 2.3([19]). The product of two soft sets (F,A) and (G,B) over U is
the soft set (H,A× B), where H(x, y) = F (x)G(y), for all (x, y) ∈ A× B. This is
denoted by (F,A) ∗ (G,B) = (H,A×B).

Definition 2.4([19]). If (F,A) and (G,B) are soft sets over U , then (F,A) AND
(G,B) is denoted (F,A) ∧ (G,B), where (F,A) ∧ (G,B) is defined as (H,A × B),
where H(x, y) = F (x) ∩G(y), x, y ∈ A×B.

Lemma 2.5([32]). A fuzzy set µ defined on U has the property ψ if and only if all
non-empty level subsets U(µ; t) have the property ψ.

Theorem 2.6([17]). A fuzzy set µ of H is a fuzzy h-ideal (fuzzy left h-ideal,
fuzzy right h-ideal, fuzzy h-bi-ideal, fuzzy h-quasi-ideal) of H if and only if each
non-empty level subset U(µ; t) is an h-ideal (left h-ideal, right h-ideal, h-bi-ideal,
h-quasi-ideal) of H, respectively.
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Given a fuzzy set µ of H and A ⊆ [0, 1], consider two set-valued functions

F : A→ P (H), t 7→ {x ∈ H|xt ∈ µ}

and
Fq : A→ P (H), t 7→ {x ∈ H|xtqµ}.

Then (F , A) and (Fq, A) are called an ∈-soft set and q-soft set over H, respec-
tively.

3. Some kinds of h-idealistic soft hemirings

This section will be divided into three subsections. In section 3.1, we study
h-idealistic soft hemirings. In section 3.2, we consider h-quasi-idealistic soft hemir-
ings. Finally, we investigate h-bi-idealistic soft hemirings in section 3.3.

3.1. h-idealistic soft hemirings

In this subsection, we define the notion of h-idealistic soft hemirings and inves-
tigate some properties of them.

Definition 3.1.1. Let (F,A) be a soft set over H. Then (F,A) is said to be a left
(right) h-idealistic soft hemiring over H if and only if F (x) is a left (right) h-ideal
of H for all x ∈ A, (F,A) is said to be an h-idealistic soft hemiring over H if and
only if (F,A) is both a right h-idealistic soft hemiring over H and a left h-idealistic
soft hemiring over H.

Example 3.1.2. Let H and A be the set of all non-negative integers, H is a
hemiring with respect to the usual addition and multiplication of integers. ∀x ∈ A,
let F (x) = {y | yρx ⇔ y = 2xa, a ∈ A}. If y1, y2 ∈ F (x), then there exist a1,
a2 ∈ A such that y1 = 2xa1, y2 = 2xa2, y1 + y2 = 2xa1 + 2xa2 = 2x(a1 + a2),
then y1 + y2 ∈ F (x). Let z1 ∈ H, y1z1 = 2xa1z1 = 2x(a1z1) ∈ F (x). Similarly,
z1y1 ∈ F (x), so F (x) is an ideal of H. It is easy to check that x + a + z = b + z
implies x ∈ F (x) for any x, z ∈ H and a, b ∈ F (x), then F (x) is an h-ideal of H
and (F,A) is an h-idealistic soft hemiring.

Proposition 3.1.3. Let µ be a fuzzy set of H and A = [0, 1]. Then (F , A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is a fuzzy left (right)
h-ideal of H.

Proof. The proof is from Theorem 2.5. 2

Proposition 3.1.4. Let µ be a fuzzy set of H and A = [0, 1]. Then (Fq, A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is a fuzzy left (right)
h-ideal of H.

Proof. We only prove the case of left ideals, the other is similar.
Assume that (Fq, A) is a left h-idealistic soft hemiring. Then Fq(t) is a left

h-ideal of H. If there exist x, y ∈ H such that µ(x+ y) < min{µ(x), µ(y)}, then we
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can select t ∈ A such that µ(x+y)+t ≤ 1 < min{µ(x), µ(y)}+t, hence µ(x)+t > 1,
µ(y)+ t > 1 and µ(x+y)+ t ≤ 1, i.e., x, y ∈ Fq(t), x+y∈Fq(t), but x+y ∈ Fq(t),
this is a contradiction. So µ(x+ y) ≥ min{µ(x), µ(y)} for all x, y ∈ H. In the same
way, we can also prove that µ(xy) ≥ µ(y) for all x, y ∈ H. On the other hand, if
there exist x, z, a, b ∈ H such that x+a+z = b+z, we have µ(x) < min{µ(a), µ(b)},
there exists t such that µ(x) + t ≤ 1 < min{µ(a), µ(b)} + t, hence µ(a) + t > 1,
µ(b) + t > 1, µ(x) + t ≤ 1, i.e., a ∈ Fq(t), b ∈ Fq(t) and x∈Fq(t), but x ∈ Fq(t),
it is a contradiction, so µ(x) ≥ min{µ(a), µ(b)}. Therefore µ is a fuzzy left h-ideal
of H.

Conversely, µ is a fuzzy left h-ideal of H. Let t ∈ A and x, y ∈ Fq(t), then
µ(x+ y) + t ≥ min{µ(x), µ(y)}+ t > 1, i.e., x+ y ∈ Fq(t). Let z ∈ H, x ∈ Fq(t),
µ(zx) + t ≥ µ(x) + t > 1, then zx ∈ Fq(t), so Fq(t) is a left ideal of H. As
x + a + z = b + z → µ(x) ≥ min{µ(a), µ(b)}, it is clear that a, b ∈ Fq(t) implies
x ∈ Fq(t), so Fq(t) is a left h-ideal of H and (Fq, A) is a left h-idealistic soft
hemiring. 2

Definition 3.1.5([17]). A fuzzy set µ of H is called an (∈,∈ ∨q)-fuzzy left (right)
h-ideal of H if for all t, r ∈ (0, 1] and a, b, x, y, z ∈ H, the following conditions are
satisfied:

(A1) xt ∈ µ and yr ∈ µ imply (x+ y)min{t,r} ∈ ∨qµ;
(A2) yt ∈ µ(xt ∈ µ) implies (xy)t ∈ ∨qµ;
(A3) at ∈ µ and br ∈ µ imply xmin{t,r} ∈ ∨qµ with x+ a+ z = b+ z.

Lemma 3.1.6([17]). A fuzzy set µ of H is an (∈,∈ ∨q)-fuzzy left (right) h-ideal
of H if and only if for all a, b, x, y, z ∈ H, the following conditions are satisfied:

(B1) µ(x+ y) ≥ min{µ(x), µ(y), 0.5};
(B2) µ(xy) ≥ min{µ(y), 0.5} (µ(xy) ≥ min{µ(x), 0.5});
(B3) µ(x) ≥ min{µ(a), µ(b), 0.5} with x+ a+ z = b+ z.

Theorem 3.1.7. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (F , A) is a left
(right) h-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy left
(right) h-ideal of H.

Proof. We only prove the case of left ideals.

Assume that (F , A) is a left h-idealistic soft hemiring over H, then F (t)
is a left h-ideal for all t ∈ A. If there exist x, y ∈ H such that µ(x + y) <
min{µ(x), µ(y), 0.5}, then we can select t ∈ A such that µ(x + y) < t ≤
min{µ(x), µ(y), 0.5}. Thus 0 < t ≤ 0.5, µ(x) ≥ t, µ(y) ≥ t, µ(x + y) < t.
i.e., x, y ∈ F (t), x + y∈F (t), but x + y ∈ F (t), this is a contradiction, so
µ(x + y) ≥ min{µ(x), µ(y), 0.5} for all x, y ∈ H. In the same way, we can prove
that µ(xy) ≥ min{µ(y), 0.5} and µ(x) ≥ min{µ(a), µ(b), 0.5} with x+ a+ z = b+ z
for all a, b, x, y, z ∈ H, so µ is an (∈,∈ ∨q)-fuzzy left h-ideal of H.

Conversely, suppose that µ is an (∈,∈ ∨q)-fuzzy left h-ideal of H. Let t ∈ A, by
Lemma 3.1.6, ∀a, b, x, y, z ∈ H, we can get µ(x+y) ≥ min{µ(x), µ(y), 0.5}, µ(xy) ≥
min{µ(y), 0.5} and µ(x) ≥ min{µ(a), µ(b), 0.5} with x + a + z = b + z. If x, y ∈
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F (t), then µ(x) ≥ t, µ(y) ≥ t. It follows that µ(x + y) ≥ min{µ(x), µ(y), 0.5} ≥
min{t, 0.5} = t, and so x + y ∈ F (t). Let z ∈ H, x ∈ F (t), then µ(zx) ≥
min{µ(x), 0.5} ≥ min{t, 0.5} = t, so zx ∈ F (t) and F (t) is a left ideal of H. It is
easy to check that F (t) is a left h-ideal of H, so (F , A) is a left h-idealistic soft
hemiring over H. 2

Definition 3.1.8([17]). A fuzzy set µ of H is said to be an (∈,∈ ∨ q)-fuzzy left
(right) h-ideal ofH if for all t, r ∈ (0, 1] and a, b, x, y, z ∈ H, the following conditions
are satisfied:

(C1) (x+ y)min{t,r}∈µ implies xt∈ ∨ qµ or yr∈ ∨ qµ;
(C2) (xy)t∈µ implies yt∈ ∨ qµ (xt∈ ∨ qµ);
(C3) xmin{t,r}∈µ implies at∈ ∨ qµ or br∈ ∨ qµ with x+ a+ z = b+ z.

Lemma 3.1.9([17]). A fuzzy set µ of H is an (∈,∈ ∨ q)-fuzzy left (right) h-ideal
of H if and only if the following conditions hold for all a, b, x, y, z ∈ H:

(D1) max{µ(x+ y), 0.5} ≥ min{µ(x), µ(y)};
(D2) max{µ(xy), 0.5} ≥ µ(y) (max{µ(xy), 0.5} ≥ µ(x));
(D3) x+ a+ z = b+ z implies max{µ(x), 0.5} ≥ min{µ(a), µ(b)}.

Theorem 3.1.10. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (F , A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨ q)-fuzzy
left (right) h-ideal of H.

Proof. We only prove the case of left ideals.
Assume that (F , A) is a left h-idealistic soft hemiring over H, then F (t) is a

left h-ideal for all t ∈ A. If there exist x, y ∈ H such that max{µ(x+ y), 0.5} < t ≤
min{µ(x), µ(y)}, then t ∈ A, x, y ∈ F (t), but x + y∈F (t), this is a contradiction,
so max{µ(x + y), 0.5} ≥ min{µ(x), µ(y)} for all x, y ∈ H. In the same way, we
can prove that max{µ(xy), 0.5} ≥ µ(y) and max{µ(x), 0.5} ≥ min{µ(a), µ(b)} with
x+ a+ z = b+ z for all a, b, x, z ∈ H. Therefore µ is an (∈,∈∨ q)-fuzzy left h-ideal
of H, so µ is an (∈,∈ ∨ q)-fuzzy left h-ideal of H.

Conversely, suppose that µ is an (∈,∈ ∨ q)-fuzzy left h-ideal of H. Then for
all a, b, x, y, z ∈ H, max{µ(x+ y), 0.5} ≥ min{µ(x), µ(y)}, max{µ(xy), 0.5} ≥ µ(y)
and x + a + z = b + z implies max{µ(x), 0.5} ≥ min{µ(a), µ(b)}. Let t ∈ A,
x, y ∈ F (t), then µ(x) ≥ t > 0.5, µ(y) ≥ t > 0.5, hence, max{µ(x + y), 0.5} ≥
min{µ(x), µ(y)} ≥ t, i.e., µ(x + y) ≥ t, so x + y ∈ F (t). If z ∈ H, x ∈ F (t),
max{µ(zx), 0.5} ≥ µ(x) ≥ t, i.e., µ(zx) ≥ t, then zx ∈ F (t), F (t) is a left ideal of
H. It is easy to prove F (t) is a left h-ideal of H, so (F , A) is a left h-idealistic soft
hemiring over H. 2

Theorem 3.1.11. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (Fq, A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨ q)-fuzzy
left (right) h-ideal of H.

Proof. We only prove the case of left ideals.
Assume that (Fq, A) is a left h-idealistic soft hemiring over H, then Fq(t) is

a left h-ideal for all t ∈ A. If there exist x, y ∈ H such that max{µ(x + y), 0.5} <
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min{µ(x), µ(y)}, then we can select t ∈ A, such that max{µ(x+ y), 0.5}+ t ≤ 1 <
min{µ(x), µ(y)} + t, then x, y ∈ Fq(t), x + y∈Fq(t), but x + y ∈ Fq(t), it is a
contradiction, so max{µ(x + y), 0.5} ≥ min{µ(x), µ(y)}. In the same way, we can
prove that max{µ(xy), 0.5} ≥ µ(y) and x+ a+ z = b+ z implies max{µ(x), 0.5} ≥
min{µ(a), µ(b)} for all a, b, x, y, z ∈ H, so µ is an (∈,∈ ∨ q)-fuzzy left h-ideal of H.

Conversely, suppose that µ is an (∈,∈ ∨ q)-fuzzy left h-ideal of H. Then
∀a, b, x, y, z ∈ H, max{µ(x + y), 0.5} ≥ min{µ(x), µ(y)}, max{µ(xy), 0.5} ≥ µ(y)
and x + a + z = b + z implies max{µ(x), 0.5} ≥ min{µ(a), µ(b)}. Let t ∈ A,
x, y ∈ Fq(t), then µ(x) + t > 1, µ(y) + t > 1, hence, max{µ(x + y), 0.5} + t ≥
min{µ(x), µ(y)} + t > 1, i.e., µ(x + y) + t > 1, so x + y ∈ Fq(t). If z ∈ H,
x ∈ Fq(t), max{µ(zx), 0.5} + t ≥ µ(x) + t > 1, i.e., µ(zx) + t > 1, zx ∈ Fq(t),
Fq(t) is a left ideal of H. It is easy to prove Fq(t) is a left h-ideal of H, so (Fq, A)
is a left h-idealistic soft hemiring over H. 2

Theorem 3.1.12. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (Fq, A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy
left (right) h-ideal of H.

Proof. The proof is similar to the proof of Theorem 3.1.11. 2

Definition 3.1.13([17]). Let α, β ∈ (0, 1] and α < β. Then a fuzzy set µ of H is
called an (α, β)-fuzzy h-ideal of H if for all a, b, x, y, z ∈ H, the following conditions
are satisfied:

(E1) max{µ(x+ y), α} ≥ min{µ(x), µ(y), β};
(E2) max{µ(xy), α} ≥ min{µ(y), β}(max{µ(xy), α} ≥ min{µ(x), β});
(E3) x+ a+ z = b+ z implies max{µ(x), α} ≥ min{µ(a), µ(b), β}.

Theorem 3.1.14. Let µ be a fuzzy set of H and A = (α, β]. Then (F , A) is a
left (right) h-idealistic soft hemiring over H if and only if µ is an (α, β)-fuzzy left
(right) h-ideal of H.

Proof. We only prove the case of left ideals.

Assume that (F , A) is a left h-idealistic soft hemiring over H, then F (t) is
an h-ideal of H for all t ∈ A. If there exist x, y ∈ H such that max{µ(x +
y), α} < min{µ(x), µ(y), β}, then we can select t ∈ (α, β], such that max{µ(x +
y), α} < t ≤ min{µ(x), µ(y), β}, thus µ(x) ≥ t, µ(y) ≥ t, and µ(x + y) < t,
i.e., x, y ∈ F (t), x + y∈F (t), but x + y ∈ F (t), this is a contradiction, so
max{µ(x + y), α} ≥ min{µ(x), µ(y), β}. In the same way, we can prove that
max{µ(xy), α} ≥ min{µ(y), β} and ∀a, b, x, z ∈ H, x + a + z = b + z implies
max{µ(x), α} ≥ min{µ(a), µ(b), β}. Hence, µ is an (α, β)-fuzzy h-ideal of H.

Conversely, suppose that µ is an (α, β)-fuzzy h-ideal of H. Let t ∈ A, x, y ∈
F (t), then µ(x) ≥ t, µ(y) ≥ t, hence max{µ(x + y), α} ≥ min{µ(x), µ(y), β} ≥
t,max{µ(xy), α} ≥ min{µ(y), β}. Thus, µ(x+y) ≥ t, i.e., x+y ∈ F (t). Let z ∈ H,
x ∈ F (t), max{µ(zx), α} ≥ min{µ(x), β} ≥ t, i.e., µ(zx) ≥ t, then zx ∈ F (t), so
F (t) is a left ideal of H. It is easy to check that F (t) is a left h-ideal of H, so
(F , A) is a left h-idealistic soft hemiring over H.



68 Huajun Wu and Jianming Zhan

3.2. h-quasi-idealistic soft hemirings

In this subsection, we define the notion of h-quasi-idealistic soft hemirings and
investigate some properties of them.

Definition 3.2.1. Let (F,A) be a soft set over H. Then (F,A) is said to be an
h-quasi-idealistic soft hemiring over H if and only if F (x) is an h-quasi-ideal of H
for all x ∈ A.

Example 3.2.2. Let N and P be the set of all non-negative integers and non-

negative real numbers. Let H be the set of all 2× 2 matrices

(
a11 a12
a21 a22

)
(aij ∈

N). Then H is a hemiring. Let Q be the set of all 2 × 2 matrices of the form(
a 0
0 0

)
(a ∈ N), A = P. ∀x ∈ A, let F (x) = {y|yρx ⇔ y = xq, q ∈ Q}.

Let y1, y2 ∈ F (x), then there exist q1, q2 ∈ Q such that y1 = xq1, y2 = xq2,
y1+y2 = xq1+xq2 = x(q1+ q2) ∈ F (x), so F (x) is closed under addition. It is easy
to check that HF (x)∩F (x)H ⊆ F (x), HF (x)∩F (x)H ⊆ F (x) and x+a+z = b+z
implies x ∈ F (x) for all x, z ∈ H and a, b ∈ F (x). So (F,A) is an h-quasi-idealistic
soft hemiring.

Since any left (right) h-ideal is an h-quasi-ideal of H and any h-quasi-ideal of
H is an h-bi-ideal of H. We can easily deduce the following proposition.

Proposition 3.2.3. Any left (right) h-idealistic soft hemiring over H is an h-
quasi-idealistic soft hemiring over H.

Proposition 3.2.4. Any h-quasi-idealistic soft hemiring over H is an h-bi-
idealistic soft hemiring over H.

Proposition 3.2.5. Let µ be a fuzzy set of H and A = [0, 1]. Then (F , A) is an
h-quasi-idealistic soft hemiring over H if and only if µ is a fuzzy h-quasi-ideal of
H.

Proof. The proof is from Theorem 2.5 and Theorem 2.6. 2

Proposition 3.2.6([17]). Let µ be a fuzzy set of H and A = [0, 1]. Then (Fq, A)
is an h-quasi-idealistic soft hemiring over H if and only if µ is a fuzzy h-quasi-ideal
of H.

Proof. The proof is similar to the proof of Theorem 3.1.4. 2

Definition 3.2.7([17]). A fuzzy set µ of H is said to be an (∈,∈ ∨q)-fuzzy h-
quasi-ideal of H if for all t, r ∈ (0, 1] and a, b, x, y, z ∈ H, the following conditions
hold:

(J1) xt ∈ µ and yr ∈ µ imply (x+ y)min{t,r} ∈ ∨qµ;
(J2) at ∈ µ and br ∈ µ imply xmin{t,r} ∈ ∨qµ with x+ a+ z = b+ z;
(J3) ∀t ∈ (0, 1] and x ∈ H, xt ∈ (µ⊙h χH) ∩ (χH ⊙h µ) implies xt ∈ ∨qµ.
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Lemma 3.2.8([17]). A fuzzy set µ of H is an (∈,∈ ∨q)-fuzzy h-quasi-ideal of H
if and only if it satisfies:

(K1) ∀x, y ∈ H, µ(x+ y) ≥ min{µ(x), µ(y), 0.5};
(K2) ∀a, b, x, z ∈ H,x+ a+ z = b+ z implies µ(x) ≥ min{µ(a), µ(b), 0.5};
(K3) µ(x) ≥ min{((µ⊙h χH) ∩ (χH ⊙h µ))(x), 0.5} for all x ∈ H.

Definition 3.2.9([17]). A fuzzy set µ of H is said to be an (∈,∈ ∨ q)-fuzzy h-
quasi-ideal of H if it satisfies:

(L1) (x+ y)min{t,r}∈µ, implies xt∈ ∨ qµ or yr∈ ∨ qµ;
(L2) xmin{t,r}∈µ implies at∈∨qµ or br∈∨qµ for all a, b, x, z ∈ H with x+a+z =

b+ z;

(L3) ∀t ∈ (0, 1] and x ∈ H, xt∈µ implies xt∈ ∨ q(µ⊙h χH) ∩ (χH ⊙h µ).

Lemma 3.2.10([17]). A fuzzy set µ of H is an (∈,∈∨ q)-fuzzy h-quasi-ideal of H
if and only if for all x, y, a, b, z ∈ H, the following conditions hold:

(M1) max{µ(x+ y), 0.5} ≥ min{µ(x), µ(y)};
(M2) x+ a+ z = b+ z implies max{µ(x), 0.5} ≥ min{µ(a), µ(b)};
(M3) max{µ(x), 0.5} ≥ ((µ⊙h χH) ∩ (χH ⊙h µ))(x).

Definition 3.2.11([17]) Let α, β ∈ (0, 1] and α < β. Then a fuzzy set µ of H
is called an (α, β)-fuzzy h-quasi-ideal of H if for all x, y, z, a, b ∈ H, the following
conditions hold :

(N1) max{µ(x+ y), α} ≥ min{µ(x), µ(y), β};
(N2) x+ a+ z = b+ z implies max{µ(x), α} ≥ min{µ(a), µ(b), β};
(N2) max{µ(x), α} ≥ min{((µ⊙h χH) ∩ (χH ⊙h µ))(x), β}.

Theorem 3.2.12. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (F , A) is
an h-quasi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy
h-quasi-ideal of H.

Proof. The proof is similar to the proof of Theorem 3.1.7. 2

Theorem 3.2.13. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (F , A) is
an h-quasi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨ q)-fuzzy
h-quasi-ideal of H.

Proof. The proof is similar to the proof of Theorem 3.1.10. 2

Theorem 3.2.14. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (Fq, A) is
an h-quasi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨ q)-fuzzy
h-quasi-ideal of H.

Proof. The proof is similar to the proof of Theorem 3.1.11. 2

Theorem 3.2.15. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (Fq, A) is
an h-quasi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy
h-quasi-deal of H.

Proof. The proof is similar to the proof of Theorem 3.1.12. 2
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Theorem 3.2.16. Let µ be a fuzzy set of H and A = (α, β]. Then (F , A) is an
h-quasi-idealistic soft hemiring over H if and only if µ is an (α, β)-fuzzy h-quasi-
ideal of H.

Proof. The proof is similar to the proof of Theorem 3.1.14. 2

Theorem 3.2.17. Let (F,A) and (G,B) be a right h-idealistic soft hemiring and
a left h-idealistic soft hemiring over H, respectively. Then (F,A) ∧ (G,B) is an
h-quasi-idealistic soft hemiring over H.

Proof. Let (F,A) and (G,B) be a right h-idealistic soft hemiring and a left h-
idealistic soft hemiring over H, respectively. ∀x ∈ A, y ∈ B, F (x) and G(y) are a
right h-ideal and a left h-ideal over H, respectively, then F (x)∩G(y) is an h-quasi-
ideal over H (see[19]), so (F,A) ∧ (G,B) is an h-quasi-idealistic soft hemiring over
H. 2

3.3. h-bi-idealistic soft hemirings

In this subsection, we define the notion of h-bi-idealistic soft hemirings and
investigate some properties of them.

Definition 3.3.1. Let (F,A) be a soft set over H. Then (F,A) is said to be an
h-bi-idealistic soft hemiring over H if and only if F (x) is an h-bi-ideal of H for all
x ∈ A.

Example 3.3.2. We denote by N and P the sets of all positive integers and positive

real numbers. Let H be the set of all 2 × 2 matrices of the form

(
a 0
b c

)
(a, b ∈

P, c ∈ N) and

(
0 0
0 0

)
, H is a hemiring with respect to the usual addition and

multiplication of matrices. Let

R =

{(
a 0
b c

)
| a, b ∈ P, a < b, c ∈ N

}
∪
(

0 0
0 0

)
, A = P, ∀x ∈ A,F (x) ={

y | xρy ⇔ y = r +

(
0 0
x 0

)
, r ∈ R

}
∪
(

0 0
0 0

)
.

It is easy to check that F (x) is an h-bi-ideal, so (F,A) is an h-bi-idealistic soft
hemiring.

Proposition 3.3.3. Let µ be a fuzzy set of H and A = [0, 1]. Then (F , A) is an
h-bi-idealistic soft hemiring over H if and only if µ is a fuzzy h-bi-ideal of H.

Proof. The proof is straight from Theorem 2.6. 2

Proposition 3.3.4. Let µ be a fuzzy set of H and A = [0, 1]. Then (Fq, A) is an
h-bi-idealistic soft hemiring over H if and only if µ is a fuzzy h-bi-ideal of H.

Proof. The proof is similar to the proof of Proposition 3.1.4. 2
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Definition 3.3.5 [17]. A fuzzy set µ of H is said to be an (∈,∈ ∨q)-fuzzy h-bi-ideal
of H if for all t, r ∈ (0, 1] and a, b, x, y, z ∈ H, the following conditions hold:

(E1) xt ∈ µ and yr ∈ µ imply (x+ y)min{t,r} ∈ ∨qµ;
(E2) xt ∈ µ and yr ∈ µ imply (xy)min{t,r} ∈ ∨qµ;
(E3) at ∈ µ and br ∈ µ imply xmin{t,r} ∈ ∨qµ with x+ a+ z = b+ z;

(E4) xt ∈ µ and zr ∈ µ imply (xyz)min{t,r} ∈ ∨qµ.

Lemma 3.3.6([17]). A fuzzy set µ of H is an (∈,∈ ∨q)-fuzzy h-bi-ideal of H if
and only if for all a, b, x, y, z ∈ H, the following conditions hold:

(F1) µ(x+ y) ≥ min{µ(x), µ(y), 0.5};
(F2) µ(xy) ≥ min{µ(x), µ(y), 0.5};
(F3) x+ a+ z = b+ z implies µ(x) ≥ min{µ(a), µ(b), 0.5};
(F4) µ(xyz) ≥ min{µ(x), µ(z), 0.5}.

Definition 3.3.7([17]). A fuzzy set µ of H is said to be an (∈,∈ ∨ q)-fuzzy h-
bi-ideal of H if for all t, r ∈ (0, 1] and a, b, x, y, z ∈ H, the following conditions
hold:

(G1) (x+ y)min{t,r}∈µ implies xt∈ ∨ qµ or yr∈ ∨ qµ;
(G2) (xy)min{t,r}∈µ implies xt∈ ∨ qµ or yr∈ ∨ qµ;
(G3) xmin{t,r}∈µ implies at∈ ∨ qµ or br∈ ∨ qµ with x+ a+ z = b+ z;

(G4) (xyz)min{t,r}∈µ implies xt∈ ∨ qµ or zr∈ ∨ qµ.

Lemma 3.3.8([17]). A fuzzy set µ of H is an (∈,∈ ∨ q)-fuzzy h-bi-ideal of H if
and only if for all a, b, x, y, z ∈ H, the following conditions hold:

(H1) max{µ(x+ y), 0.5} ≥ min{µ(x), µ(y)};
(H2) max{µ(xy), 0.5} ≥ min{µ(x), µ(y)};
(H3) x+ a+ z = b+ z implies max{µ(x), 0.5} ≥ min{µ(a), µ(b)};
(H4) max{µ(xyz), 0.5} ≥ min{µ(x), µ(z)}.

Theorem 3.3.9. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (F , A) is an
h-bi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy h-bi-ideal
of H.

Proof. The proof is similar to the proof of Theorem 3.1.7 2

Theorem 3.3.10. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (F , A) is an
h-bi-idealistic soft hemiring over H if and only if µ is an (∈,∈∨ q)-fuzzy h-bi-ideal
of H.

Proof. The proof is similar to the proof of Theorem 3.1.10. 2

Theorem 3.3.11. Let µ be a fuzzy set of H and A = (0, 0.5]. Then (Fq, A) is an
h-bi-idealistic soft hemiring over H if and only if µ is an (∈,∈∨ q)-fuzzy h-bi-ideal
of H.

Proof. The proof is similar to the proof of Theorem 3.1.11. 2

Theorem 3.3.12. Let µ be a fuzzy set of H and A = (0.5, 1]. Then (Fq, A) is an
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h-bi-idealistic soft hemiring over H if and only if µ is an (∈,∈ ∨q)-fuzzy h-bi-deal
of H.

Proof. The proof is similar to the proof of Theorem 3.1.13. 2

Definition 3.3.13([17]). Let α, β ∈ (0, 1] with α < β. Then a fuzzy set µ of H
is called a fuzzy h-bi-ideal with thresholds (α, β] of H if for all a, b, x, y, z ∈ H, the
following conditions are satisfied:

(I1) max{µ(x+ y), α} ≥ min{µ(x), µ(y), β};
(I2) max{µ(xy), α} ≥ min{µ(x), µ(y), β};
(I3) x+ a+ z = b+ z implies max{µ(x), α} ≥ min{µ(a), µ(b), β};
(I4) max{µ(xyz), α} ≥ min{µ(x), µ(z), β}.

Theorem 3.3.14. Let µ be a fuzzy set of H and A = (α, β]. Then (F , A) is an
h-bi-idealistic soft hemiring over H if and only if µ is an (α, β)-fuzzy h-bi-ideal of
H.

Proof. The proof is similar to the proof of Theorem 3.1.14. 2

Theorem 3.3.15. For any fuzzy subset µ of H. If µ is a fuzzy left h-ideal (right h-
ideal, h-quasi-ideal, h-bi-ideal) of H, then soft set (F,A) over H is a left h-idealistic
(right h-idealistic, h-quasi-idealistic, h-bi-idealistic) soft hemiring over H.

Proof. We only prove the case of left h-ideal, the others are similar. Since any µ
is a fuzzy left h-ideal, the characteristic function χF (x) of F (x) for all x ∈ A is a
fuzzy left h-ideal, so F (x) is a left h-ideal, therefore (F,A) is a left h-idealistic soft
hemiring over H. 2

Theorem 3.3.16. Let (F,A) and (G,B) be a right h-idealistic soft hemiring and
a left h-idealistic soft hemiring over H, respectively. Then (F,A) ∗ (G,B) is an
h-bi-idealistic soft hemiring over H.

Proof. Let (F,A) and (G,B) be a right h-idealistic soft hemiring and a left h-
idealistic soft hemiring over H, respectively. ∀x ∈ A, y ∈ B, F (x) and G(y) are a
right h-ideal and a left h-ideal over H, respectively, then F (x)G(y) is an h-bi-ideal
(see[19]) over H, so (F,A) ∗ (G,B) is an h-bi-idealistic soft hemiring over H. 2

4. h-hemiregular hemirings

The notion of h-hemiregularity of a hemiring was first introduced by Zhan et
al. in [32]. In this section, we investigate the characterizations of h-hemiregular
hemirings by soft set theory.

Definition 4.1([32]). A hemiring H is said to be h-hemiregular if for each x ∈ H,
there exist a, a′, z ∈ H such that x+ xax+ z = xa′x+ z.

The h-closure A of A in a hemiring H is defined as A={x ∈ H|x+a1+z = a2+z
for some a1, a2 ∈ A, z ∈ H}.

Lemma 4.2([32]). For a hemiring H, we have
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(1) A ⊆ A, ∀{0} ⊆ A ⊆ H;
(2) If A ⊆ B ⊆ H, then A ⊆ B;

(3) A = A, ∀A ⊆ H;

(4) AB = A B, ∀A, B ⊆ H.
It is clear that if A is a left (right) ideal of H, then A is the smallest left (right)

h-ideal of H containing A.

Let (F,A) and (G,A) be soft sets over H. (G,A) is called a soft h-closure of
(F,A) if G(x) is an h-closure of F (x) for all x ∈ A, denoted by (F,A). Similarly,
if (F,A) is a left (right) idealistic soft hemiring over H, then (F,A) is the smallest

left (right) h-idealistic soft hemiring over H containing (F,A), (F,A) = (F,A) for
every soft set over H.

Lemma 4.3([32]). Let A and B be any right h-ideal and left h-ideal of H, then
AB ⊆ A ∩B.

Lemma 4.4([32]). H is h-hemiregular if and only if for every right h-ideal A and
for every left h-ideal B satisfying AB = A ∩B.

Theorem 4.5. H is h-hemiregular if and only if (F,A) ∗ (G,B) = (F,A) ∧ (G,B)
for every right h-idealistic soft hemiring (F,A) over H and every left h-idealistic
soft hemiring (G,B) over H.

Proof. Assume that H is h-hemiregular. Let (F,A) and (G,B) be a right h-
idealistic soft hemiring and a left h-idealistic soft hemiring, respectively. ∀x ∈ A,
y ∈ B, F (x) is a left h-ideal and G(y) is a right h-ideal over H, respectively. Then
F (x)G(y) = F (x) ∩G(y), so (F,A) ∗ (G,B) = (F,A) ∧ (G,B).

Conversely, let M be a right h-ideal and N a left h-ideal of H, respectively. Let
M = F (x) for all x ∈ A, N = G(y) for all y ∈ B, then (F,A) is a right h-idealistic
soft hemiring and (G,B) is a left h-idealistic soft hemiring, then F (x)G(y) = F (x)∩
G(y) because of (F,A) ∗ (G,B) = (F,A) ∧ (G,B), so MN = M ∩ N . Then H is
h-hemiregular. 2

Theorem 4.6. H is h-hemiregular if and only if (F,A) ∗ (G,B) = (F,A) ∧ (G,B)
for every right idealistic soft hemiring (F,A) over H and every left idealistic soft
hemiring (G,B) over H. Proof. Since (F,A) is a right idealistic soft hemiring,
F (x) is a right ideal of H for all x ∈ A. In similarly, G(y) is a left ideal of H
for all y ∈ B, so F (x) and G(y) are a right h-ideal over H and a left h-ideal over

H, respectively. That H is h-hemiregular implies F (x) G(y) = F (x) ∩ G(y) =
F (x)G(y), so (F,A) ∗ (G,B) = (F,A) ∧ (G,B).

Conversely, let M , N be a right h-ideal and a left h-ideal over H, respec-
tively. Since (F,A) and (G,B) are a right idealistic soft hemiring and a left idealis-
tic soft hemiring, respectively. F (x) and G(y) are a right ideal and a left ideal
over H, respectively. so F (x) and G(y) are a right h-ideal and a left h-ideal
over H, respectively. Let M = F (x) for all x ∈ A, N = G(y) for all y ∈ B.
Since (F,A) ∗ (G,B) = (F,A) ∧ (G,B), F (x)G(y) = F (x) ∩ G(y), in addition,
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F (x)G(y) = F (x) G(y), we have F (x) G(y) = F (x) ∩G(y), and MN =M ∩N , so
H is h-hemiregular. 2

Lemma 4.7([27]). Let S be a hemiring. Then the following statements are equiv-
alent:

(1) S is h-hemiregular ;

(2) B ∩A = BAB for every h-bi-ideal B and every h-ideal A of S;

(3) Q ∩A = QSQ for every h-quasi-ideal Q and every h-ideal A of S.

Theorem 4.8. If (F,A)∧ (G,B)∧ (F,A) = (F,A) ∗ (G,B) ∗ (F,A) for every h-bi-
idealistic soft hemiring (F,A) and every h-idealistic soft hemiring (G,B) over H.
Then H is h-hemiregular.

Proof. Let Q and T be any h-bi-ideal and h-ideal of H, F (x) = Q for all x ∈ A,
G(y) = T for all y ∈ B, then (F,A) is an h-bi-idealistic soft hemiring and (G,B) is
an h-idealistic soft hemiring, then (F,A)∧(G,B)∧(F,A) = (F,A) ∗ (G,B) ∗ (F,A),
i.e., Q ∩ T ∩Q = Q ∩ T = QTQ. So H is h-hemiregular. 2

Corollary 4.9. If (F,A) ∧ (G,B) ∧ (F,A) = (F,A) ∗ (G,B) ∗ (F,A) for every h-
quasi-idealistic soft hemiring (F,A) and every h-idealistic soft hemiring (G,B) over
H. Then H is h-hemiregular.

Proof. The proof is similar to the proof of Theorem 4.8. 2

Definition 4.10. Let (F,A) be a soft set over H. Then (F,A) is said to be an
absolute soft hemiring over H if and only if F (x) = H for all x ∈ A.

Corollary 4.11. If (F,A) ∧ (G,B) ∧ (F,A) = (F,A) ∗ (G,B) ∗ (F,A) for every
h-quasi-idealistic soft hemiring (F,A) and every absolute soft hemiring (G,B) over
H. Then H is h-hemiregular.

Proof. The proof is similar to the proof of Theorem 4.8. 2

Corollary 4.12. If (F,A) ∧ (G,B) ∧ (F,A) = (F,A) ∗ (G,B) ∗ (F,A) for every
h-bi-idealistic soft hemiring (F,A) and every absolute soft hemiring (G,B) over H.
Then H is h-hemiregular.

Proof. The proof is similar to the proof of Theorem 4.8. 2

Theorem 4.13. H is h-hemiregular if and only if (F,A) ∧ (G,B) ∧ (N,C) =
(F,A) ∗ (G,B) ∗ (N,C) for every right h-idealistic soft hemiring (F,A), every h-
idealistic soft hemiring (G,B) and every left h-idealistic soft hemiring (N,C) over
H.

Proof. Since H is h-hemiregular, for all a∈ F (x) ∩ G(y) ∩ N(z), a + ax1a + r =
ax2a+r, x1, x2 ∈ H, and ax1a+ax1ay1ax1a+r

′ = ax1ay2ax1a+r
′, y1, y2, r

′ ∈ H. It
is clear that ax1 ∈ F (x), ay1a ∈ G(y), x1a ∈ N(y), so ax1ay1ax1a ∈ F (x)G(y)N(z),
similarly, ax1ay2ax1a ∈ F (x)G(y)N(z). Thus ax1a ∈ F (x)G(y)N(z), and a ∈
F (x)G(y)N(z) = F (x)G(y)N(z), so F (x) ∩G(y) ∩N(z) ⊆ F (x)G(y)N(z). On the
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other hand, for all x ∈ A, y ∈ B, z ∈ C, F (x) is a right h-ideal, G(y) is an h-ideal
and N(z) is a left h-ideal over H. F (x)G(y)N(z) ⊆ F (x)HH ⊆ F (x) = F (x).
Similarly, F (x)G(y)N(z) ⊆ G(y), F (x)G(y)N(z) ⊆ N(z), then F (x)G(y)N(z) ⊆
F (x) ∩G(x) ∩N(z). Hence, (F,A) ∧ (G,B) ∧ (N,C) = (F,A) ∗ (G,B) ∗ (N,C).

Conversely, let (F,A), (G,B) and (N,C) be any right h-idealistic soft hemiring,
any h-idealistic soft hemiring and any left h-idealistic soft hemiring over H, then
(F,A) ∧ (G,B) ∧ (F,A) = (F,A) ∗ (G,B) ∗ (F,A). Let x ∈ A, z ∈ C, we have
F (x) ∩ N(z) = F (x) ∩ H ∩ N(z) = F (x)HN(z) ⊆ F (x)N(z), by Lemma 4.2,
F (x)N(z) ⊆ F (x) ∩ N(z). So F (x)N(z) = F (x) ∩ N(z) and (F,A) ∗ (N,C) =
(F,A) ∧ (N,C). It follows that H is h-hemiregular. 2

Corollary 4.14. Let H be a hemiring, then the following conditions are equivalent:
(1) H is h-hemiregular ;
(2) (F,A)∧ (G,B)⊂̃(F,A) ∗ (G,B) for every h-bi-idealistic soft hemiring (F,A)

and every left h-idealistic soft hemiring (G,B) of H;
(3) (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B) for every h-quasi-idealistic soft hemiring

(F,A) and every left h-idealistic soft hemiring (G,B) of H;
(4) (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B) for every right h-idealistic soft hemiring

(F,A) and every h-bi-idealistic soft hemiring (G,B) of H;
(5) (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B) for every right h-idealistic soft hemiring

(F,A) and every h-quasi-idealistic soft hemiring (G,B) of H;
(6) (F,A)∧ (G,B)∧ (N,C)⊂̃(F,A) ∗ (G,B) ∗ (N,C) for every right h-idealistic

soft hemiring (F,A), every h-bi-idealistic soft hemiring (G,B) and every left h-
idealistic soft hemiring (N,C) of H;

(7) (F,A)∧ (G,B)∧ (N,C)⊂̃(F,A) ∗ (G,B) ∗ (N,C) for every right h-idealistic
soft hemiring (F,A), every h-quasi-idealistic soft hemiring (G,B) and every left
h-idealistic soft hemiring (N,C) of H.

Proof. (1)⇒(2). Assume that (1) holds. Let x ∈ A, y ∈ B, then F (x) is an
h-bi-ideal, G(y) is a left h-ideal. Since H is h-hemiregular, ∀a ∈ F (x) ∩ G(y),
there exist x1, x2, z ∈ H such that a + ax1a + z = ax2a + z. It is clear that
axia ∈ F (x)G(y)(i = 1, 2), so a ∈ F (x)G(y). Then (F,A)∧ (G,B)⊂̃(F,A) ∗ (G,B).

(2)⇒(1). Assume that (2) holds. Let (F,A) and (G,B) be any right h-idealistic
soft hemiring and any left h-idealistic soft hemiring. Then ∀x ∈ A, y ∈ B,
F (x) and G(y) are a right and left h-ideal of H, respectively, by Lemma 4.2,
F (x)G(y) ⊆ F (x)∩G(y), hence (F,A) ∗ (G,B)⊂̃(F,A)∧ (G,B). It is easy to check
that (F,A) is an h-bi-idealistic soft hemiring, so (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B),
we have (F,A) ∧ (G,B) = (F,A) ∗ (G,B). It follows that H is h-hemiregular by
Theorem 4.4. Similarly, we can show that (1)⇔(3), (1)⇔ (4), (1)⇔(5).

(1)⇔(6) and (7)⇒(1). The proof is similar to the proof of Theorem 4.13.
It is clear that (6) implies (7). 2

5. h-intra-hemiregular hemirings

In this section, we investigate the characterizations of h-intra-hemiregular
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hemirings by soft set theory.

Definition 5.1([27]). H is h-intra-hemiregular if and only if for each x ∈ H, there

exist ai, a
′
i,bj , b

′
j , z ∈ H such that x+

m∑
i=1

aix
2a′i + z =

n∑
j=1

bjx
2b′j + z.

Equivalent definitions: (1) x ∈ Sx2S, ∀x ∈ S, (2) A ⊆ SA2S, ∀A ⊆ S.

Lemma 5.2([27]). Let H be a hemiring. Then the following conditions are equiv-
alent:

(1) H is h-intra-hemiregular ;

(2) L ∩R ⊆ LR for every left h-ideal L and every right h-ideal R of H.

Theorem 5.3. H is h-intra-hemiregular if and only if for any left h-idealistic soft
hemiring (F,A) and any right h-idealistic soft hemiring (G,B) over H, we have
(F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B).

Proof. Assume that H is an h-intra-hemiregular hemiring. Let (F,A) and (G,B)
be any left h-idealistic soft hemiring and right h-idealistic soft hemiring over H,
respectively. Then ∀x ∈ A, y ∈ B, F (x) is a left h-ideal of H and G(y) is a right
h-ideal of H, and F (x) ∩G(y) ⊆ F (x)G(y), thus (F,A) ∧ (G,B)⊂̃(F,A)(G,B).

Conversely, suppose that L and R are any left h-ideal of H and any right h-ideal
of H, respectively. Let F (x) = L for all x ∈ A, and G(y) = R for all y ∈ B, by the
assumption, we have F (x) ∩ G(y) ⊆ F (x)G(y), then L ∩ R ⊆ LR. Therefore H is
h-intra-hemiregular. 2

Lemma 5.4([27]). Let H be a hemiring. Then the following conditions are equiv-
alent:

(1) H is both h-hemiregular and h-intra-hemiregular ;

(2) B = B2 for every h-bi-ideal B of H;

(3) Q = Q2 for every h-quasi-ideal Q of H.

Theorem 5.5. For a hemiring H. If (F,A) = (F,A) ∗ (F,A) for every h-bi-
idealistic soft hemiring (F,A) over H. Then H is h-hemiregular and h-intra-
hemiregular.

Proof. Assume that B is any h-bi-ideal of H, let F (x) = B for all x ∈ A, then (F,A)
is an h-bi-idealistic soft hemiring over H. Since (F,A) = (F,A) ∗ (F,A), B = B2,
it follows that H is h-hemiregular and h-intra-hemiregular. 2

Corollary 5.6. For a hemiring H. If (F,A) = (F,A) ∗ (F,A) for every h-quasi-
idealistic soft hemiring (F,A) over H. Then H is h-hemiregular and h-intra-
hemiregular.

Proof. The proof is obvious. 2

Theorem 5.7. Let H be a hemiring. Then the following conditions are equivalent :

(1) H is both h-hemiregular and h-intra-hemiregular ;

(2) (F,A)∧ (G,B)⊂̃(F,A) ∗ (G,B) for any h-bi-idealistic soft hemirings (F,A)
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and (G,B) over H;
(3) (F,A)∧ (G,B)⊂̃(F,A) ∗ (G,B) for every h-bi-idealistic soft hemiring (F,A)

and every h-quasi-idealistic soft hemiring (G,B) over H;
(4) (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B) for every h-quasi-idealistic soft hemiring

(F,A) and every h-bi-idealistic soft hemiring (G,B) over H;
(5) (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B) for any h-quasi-idealistic soft hemirings

(F,A) and (G,B) over H.

Proof. (1)⇒(2). Let (F,A) and (G,B) be any h-bi-idealistic soft hemirings over
H, then ∀x ∈ A and y ∈ B, F (x) and G(y) both are h-bi-ideals over H. We show
that F (x) ∩ G(y) is an h-bi-ideal. It is clear that F (x) ∩ G(y) is closed under ad-
dition and multiplication. (F (x) ∩ G(y))H(F (x) ∩ G(y)) ⊆ F (x)HF (x) ⊆ F (x),
(F (x) ∩ G(y))H(F (x) ∩ G(y)) ⊆ G(y)HG(y) ⊆ G(y), so (F (x) ∩ G(y))H(F (x) ∩
G(y)) ⊆ F (x) ∩ G(y), ∀a, b ∈ F (x) ∩ G(y) and s, z ∈ H, it is easy to check that
s + a + z = b + z implies s ∈ F (x) ∩ G(y), so F (x) ∩ G(y) is an h-bi-ideal. If (1)
holds, by Lemma 5.4, F (x) ∩G(y) ⊆ (F (x) ∩G(y))(F (x) ∩G(y)) ⊆ F (x)G(y) and
so (F,A) ∧ (G,B)⊂̃(F,A) ∗ (G,B).

The proof of (2)⇒(3), (2)⇒(4), (3)⇒(5) and (4)⇒(5) is obvious.
(5)⇒(1). Assume Q is any h-quasi-ideal over H. Let F (x) = Q for all

x ∈ A, then (F,A) is an h-quasi-idealistic soft hemiring over H and (F,A) ∧
(F,A)⊂̃(F,A) ∗ (F,A), so Q = Q2, by Lemma 5.4, (1) holds.

Finally, we can get that (3)⇔(4) by the above proof.
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