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ABSTRACT. Let F be a family of meromorphic functions in a domain D, and let k, n(> 2)
be two positive integers, and let S = {a1, a2, ..., an }, where a1, as, ..., an are distinct finite
complex numbers. If for each f € F, all zeros of f have multiplicity at least k + 1, f and
G(f) share the set S in D, where G(f) = P(f™) 4 H(f) is a differential polynomial of f,
then ¥ is normal in D.

1. Introduction

Let C be the whole complex domain. Let D be a domain in € and J a family
of meromorphic functions defined in D. JF is said to be normal in D, in the sense
of Montel, if each sequence {f,} C JF has a subsequence {f,,} which converse
spherically locally uniformly in D, to a meromorphic function or co.(see [3]).

Let f and g be meromorphic functions on a domain D, and let a and b be two
complex numbers. If g(z) = b whenever f(z) = a, we write

f(z) =a=g(z) =b.
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If f(z) =a=g(z) =band g(z) =b= f(z) = a, we write

fz) =aeg(z) =0

If f(2) =a < g(z) = a, we say that f and g share a on D.
Let a;(2),(i = 1,2,...,9 — 1),b;(2),(j = 1,2,...,n) be analytic in D,
ng, N1, - .-, Nk be non-negative integers. g be a positive integer. Set

Pw)=wl+a,1(2)wt™ +... 4+ a1(2)w,

M(f, f'y f) = fro(f)m . (f9)m,
YM =T +n1+ ...+ Ny,
F]V[:n0+2n1+...+(k+1)nk.

M(f, f',...,f®)) is called the differential monomial of F, ~j; the degree of
M(f, f',..., f®)) and T'5; the weight of M(f, f/,..., f*)).
Let M;(f, f',...,f%),(i=1,2,...,n) be differential monomials of f. Set

H(f f o ) = b1()Mi(f, f e ) 4 b () M (f, f o FO),

YH = ma'X{’YM1ﬂfyM27 v a’YM,,L}7
FH = max{l"Ml,FMz,. . .,FMH}.
H(f, f',...,f%®) is called the differential polynomial of f, vz the degree of

H(f, f',...,f®) and T'y the weight of H(f, f',..., f*).

Set I I I r
|H:max{ Mla Mz ) Mn}a

v Y, ’YMQ’ ' YM,,
G(f)y=P(") +H(f, ..., fP).

Schwick [7] discovered a connection between normality criteria and shared values
and proved

Theorem A. Let F be a family of meromorphic functions in a domain D, and a,
b, ¢ be distinct complex numbers, If for each f € F, f and [’ share a, b, ¢, then F
is normal in D.

Pang and Zalcman [6] improved Theorem A as follows.

Theorem B. Let F be a family of meromorphic functions in a domain D, and let
a, b be two distinct complex numbers. If, for each f € F, [ and f’ share a and b in
D, then JF is normal in D.

In 2002, Fang and Zalcman [2] proved

Theorem C. Let F be a family of meromorphic functions in a domain D, let a be
nonzero finite complex number, and let k be a positive integer. If, for each f € F,
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all zeros of f have multiplicity at least k+ 1, and f and f* share a in D, then F
is normal in D.

Let S be a set of complex numbers. If f(z) € S if and only if g(z) € S in a
domain D, then we say f and g share the set S in D.

It is natural to ask that that whether Theorem C is valid or not if f and f*)
share a value a was replaced by f and f*) share a set S?

Recently, Lei, Fang and Yang [4] proved:

Theorem D. Let F be a family of meromorphic functions in a domain D, let
n(> 2), k be two positive integers, and let S = {a1,as,...,an}, where ay,as,...,an
are distinct finite complex numbers. If for each f € F, all zeros of f have multiplicity
at least k+ 1, and f and f*) share the set S in D, then F is normal in D.

Theorem E. Let F be a family of meromorphic functions in a domain D, let n,m, k
be three positive integers, and let S = {a1,as,...,an}, S2 = {b1,ba, ..., b} where
1,02, ..., Gn, b1, b2, ...by, are distinct finite complex numbers. If for each f € F, all
zeros of f have multiplicity at least k, and f and f*) share the sets Si and So in
D, then & is normal in D.

In [4], Lei, Fang and Yang give the examples to show all zeros of f have multi-
plicity are best possible in the above theorems.
In this paper, we extend Theorem D and Theorem E as follows.

Theorem 1. Let F be a family of meromorphic functions in a domain D, let
n(> 2), k be two positive integers, and let S = {ay,as,...,a,}, where ai,as,...,an
are distinct finite complex numbers. If for each f € F, all zeros of f have multiplicity
at least k+ 1, and f and G(f) share the set S in D, where G(f) = P(f*) + H(f)
be a differential polynomial of f satisfying ¢ > ~vm, and %|H < k41, then F is
normal in D.

Theorem 2. Let F be a family of meromorphic functions in a domain D, let n,m, k
be three positive integers, and let S1 = {a1,aq,...,an}, Sa = {b1,ba, ..., b, } where
1,02, ..., Gyn, b1, b2, ...by, are distinct finite complex numbers. If for each f € F, all
zeros of f have multiplicity at least k, and f and P(f*®)) share the sets S1 and Sy
in D, where a;(z) in P(f) are constants, then F is normal in D.

By Theorem 1, we immediately deduce

Corollary 1. Let F be a family of meromorphic functions in a domain D, let
n(> 2), k be two positive integers, and let S = {ay,as,...,a,}, where ay,as, ..., an
are distinct finite complex numbers. If for each f € F, all zeros of f have multiplicity
at least k+1, and f and L(f) share the set S in D, where L(f) = f®) 4-a;(2) fF=1+
ag(2) fF D4 dap 1 (2) f +ar(2) f and a;(2), (i = 1,2, ..., k) are analytic in D,
then F is normal in D.

By Theorem 2, we immediately deduce
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Corollary 2. Let F be a family of meromorphic functions in a domain D, let n, m, k
be three positive integers, and let S1 = {a1,a2,...,an}, So = {b1,ba,....;b;} where
a1,02, ..., Ay, b1, b2, ...by, are distinct finite complex numbers. If for each f € F, all
zeros of f have multiplicity at least k, and f and (f*))? share the set S and Sy in
D, where q is a positive integer, then F is normal in D.

2. Preliminaries and lemmas
In order to prove our results, we need the following lemmas.

Lemma 2.1[6,9]. Let F be a family of meromorphic functions in the unit disc A\
with the property that for each f € F, all zeros of multiplicity at least k. Suppose
that there exists a number A > 1 such that | f*) (2)| < A whenever f € F and f = 0.
If F is not normal in A, then for 0 < a < k, there exist

1. a number r € (0,1);

2. a sequence of complex numbers z,, |zn| < r;

3. a sequence of functions f, € F;

4. a sequence of positive numbers p, — 07 ;

such that g, (&) = p;,* fu(zn+pn€) locally uniformly (with respect to the spherical
metric) to a nonconstant meromorphic function g(£) on €, and moreover, the zeros
of g(&) are of multiplicity at least k, g*(¢) < g#(0) = kA + 1. In particular, g has
order at most 2.

lg’ (&)l

Here, as usual, g*(¢) = T+[g(O)7

is the spherical derivative.

Lemma 2.2([1]). Let f(2) be a transcendental meromorphic function of finite or-
der and k be a positive integer, let a be a mon-zero finite complexr number. If all
zeros of f(z) are of multiplicity at least k+1, then f*)(2) assume a infintely often.

Lemma 2.3([8]). Let f(2) = anz™ +an_12""*+, ..., +ao + %, where ag, ay, ..., an

are constants with a, # 0, and q(z) and p(z) are co-prime polynomials with
degq(z) < degp(2); and let k be a positive integer. If fF)(2) # 1, then

fz)= H+, ey +ag +

az+b’

where a(# 0),b, ag, ... are constants.

3. Proof of Theorem 1 and Theorem 2

Proof of Theorem 1. We may assume that S = {a,b}, where a and b are two
distinct constants and D = A = {|z|] < 1}, the unit disk. Now we consider two
cases

Case 1. ab # 0. Suppose that F is not normal in D = A. Withoutloss of generality,
we assume that F is not normal at zgp = 0. Then, by Lemma 2.1, there exist
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1. a number r € (0, 1);

2. a sequence of complex numbers z;, |z;| < 7;

3. a sequence of functions f; € J;

4. a sequence of positive numbers p; — 07

such that g;(§) = W converges uniformly with respect to the spherical
metric to a non-constant Iilermorphic functions ¢(¢) in C. Moreover, g(§) is of
order at most 2, all of whose zeros have multiplicity at least k + 1. Set Q(w) =
w? + ag—1(0)w? 4, ..., +a1 (0)w.

We claim that

(i) Q(g™) #a,

(i) Q(g™) # b.

Suppose now that Q(g*)(&y)) = a. We claim that Q(g*)) # a. Otherwise, from
the definition of Q(w), there exist a nonzero constant 4 such that ¢*) (¢) = h, g must
be a polynomial of at most degree k, which contradicts the fact that each zero of
g(&) are of multiplicity at least k + 1. Since Q(g™*)(&)) = a. Obviously, g(&y) # oo.
Hence there exists § > 0 such that ¢g(&) is analytic on Gas = {£ : € — &o| < 26}.
Thus g](-z) (&)(i=0,1,2,...,k) are analytic on G5 = {£ : | — &| < d} for large j and
gj(»i)(f) converges uniformly to ¢ (¢) (i =0,1,2,....,k) on G5 = {€ : |¢ — &| < 6}.

As

G(f) (25 + pi€) —a=P(f™ (25 + p;€) + H(fis v S (5 + 0i6) —a,

and
k - (k+1) r k
H(fy £ 1)) 050 = Y bilzs ooy Milgg 597 €).
i=1
Considering b;(z) are analytic on D (i = 1,2,...,n), we have

1
|bi(z; + pi€)| < M <;r,bi(z)> <oo,(i=1,2,...,n)

for sufficiently large j.
Hence we deduce from %| o < k+1 that

n

k+1 —Tar, k
> bilz €0y T Mgy 95 )(E)
i=1
converges uniformly to 0 on Ds = {€:1€-&| < %}

Thus we know that G(f;)(z; + p;€) — a converges uniformly to Q(g*)) — a on
Ds ={¢: |6 &l < ).
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Hence, by Hurwitz’s theorem we deduce that there exist &;, £; — &y such that,
for large j,

k - k=1)ni4,...,+ng— k
P(gi (€)Y by + p&g)el ™M Mg, g 0N (6) = a,
i=1

thus
P(fE(z5 + pi&)) + H( o flv oo ) (25 + ps€5) = a.

It follows from G(f) =a = f =a or b that f;(z; + p;&;) =a or b.
Thus we have g(&y) = lim g;(£;) = oo, which contradicts Q(g™* (&) = a.
j—o0

In a similar fashion, we can prove that Q(g\®))(&) # b. This completes the
proof of (i) and (ii).

By (ii), it follows Q(g®)) # b and the definition of Q(w) that there exist a
non-zero constant d satisfying ¢(*) # d. By Lemma 2.2, we know g is not a tran-
scendental meromorphic function. Since g has zeros of multiplicity at least k + 1
and ¢g*) + d, it follows that g is not a polynomial. Hence by Lemma 2.2, we obtain

that g(&) = d,f—,k 4+ 4ag+ Agﬁv where B, A(# 0), ag, ... are constants. Thus

—1)FK1AF
gy = g 4 DHAT
It follows that ¢(®)(¢) = h has solutions, So Q(¢®)) = @ has solutions, which
contradicts (i). Hence & is normal in D.

Case 2. ab = 0. We may assume that b = 0. Suppose that F is not normal
in D = A. Withoutloss of generality, we assume that F is not normal at zg = 0.
Then, by Lemma 2.1, there exist

1. a number r € (0,1);

2. a sequence of complex numbers z;, |z;| < 7;

3. a sequence of functions f; € J;

4. a sequence of positive numbers p; — 0"

such that g;(¢&) = W converges uniformly with respect to the spherical

metric to a non-constant rilermorphic functions ¢(§) in C. Moreover, g(&) is of
order at most 2, all of whose zeros have multiplicity at least k + 1. Set Q(w) =
w?+ ag_1(0)wi= 1+, ..., +a1 (0)w.

We claim that

(iii) Q(9™) # a,

(iv) Qe™) =0 g=0.

Now we prove (iii). Suppose now that Q(g'*)(&)) = a. We claim that Q(g*)) #
a. Otherwise, from the definition of Q(w), there exist a nonzero constant h such
that g(¥)(¢) = h, g must be a polynomial of at most degree k, which contradicts the
fact that each zero of g(¢&) are of multiplicity at least k 4+ 1. Since Q(g™*)(&)) = a.



Further Results about the Normal Family of Meromorphic Functions and Shared Sets 45

Suppose Qg% (&) = a, by Hurwitz’s theorem, we know that there exists {&1,
& — &o, such that, for j sufficiently large, and the similarly proof about case 1, we
obtain G(f;)(z; + p;&;) converges uniformly to Q(g¥)) on Dy = {€:1€-¢&) < g}
So

G(fi(z + pi&)) = a.
It now follows from G(f) = a = f = a or 0 that f;(z; + p;§;) = a or 0. If
fi(z; + p;j&;) = a, then
_fizi &) a

giley) = LR £
o o o}

So g(&) = jlgrglo g;(&j) = oo, which contradicts Q(g" (&) = a. If f;(2z;+p;&;) =0,

then Q(g®(¢)) = a = g = 0. From the definition of Q(w), similarly the proof of
case 1, there exists a nonzero constant h such that g(*)(¢) = h. So all zeros of
g(k)(f) = h are the zeros of g = 0. By the all zeros of g have multiplicity at least
k + 1, we know all zeros of g are zeros of g*). So all zeros of g(¥)(¢) = h are the
zeros of g®®)(€) = 0, we deduce h = 0, a contradiction.

Next, we prove(iv). Suppose now that Q(g*)(&)) = 0. We claim that
Q(g™™) # 0. Otherwise, from the definition of Q(w), we get ¢*)(¢) = 0, g must
be a polynomial of at most degree k — 1, which contradicts the fact that each zero
of g(&) are of multiplicity at least k + 1. Since Q(g'¥)(&)) = 0. By Hurwitz’s
theorem, we know that there exists {{;}, {; — &o, such that, for j sufficiently large,
and the similarly above proof, we obtain G(f;(z; + p;&;)) = 0. It now follows from
G(f) = 0= f =aor 0 that fj(z; + p;&) = a or 0. If f;(z; + p;&;) = a, then
g(&) = ‘liﬁm g;(&;) = oo, which contradicts Q(g™* (&)) = 0.

J (o ]

Hence f;(z; + p;&;) = 0, so that g(&) = lim g¢;(&;) = 0. Thus we deduce that
j—oo
Q(g™) =0 = g = 0. Obviously, g = 0 = ¢g*) = 0= Q(¢g®¥) = 0. This proves

(iv).

By (iii), it follows Q(g®)) # a and the definition of Q(w) that there exist
a non-zero constant h satisfying ¢*) # h. By Lemma 2.2, We know g is not a
transcendental meromorphic function. Since g has zeros of multiplicity at least
k+1 and g®) # h, it follows that ¢ is not a polynomial. Hence by Lemma 2.3, we

obtain that g(§) = %k +-4ap+ Agﬁ’ where B, A(# 0), ag, ... are constants.
By the condition that g has zeros of multiplicity at least k + 1, thus g(§) has only

a zero. On the other hand, ¢(*) (&) = h + %. Obviously, g**) = 0 has k+ 1

distinct solutions, which contradicts ¢*) = 0 = Q(g(k)) =0= g =0. Hence F is
normal in D. The proof of Theorem 1.1 is complete. O

Proof of theorem 2. We may assume that S; = {a,b}, So = {c¢} where a, b, c are
three distinct constants and D = A = {|z| < 1}. Suppose that F is not normal
in A. Then by Lemma 2.1, we can find f; € &, z; € A and p; — 07 such that
9; (&) = fi(zj+p;§&) converges locally uniformly with respect to the spherical metric
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to a nonconstant meromorphic function g on C, all of whose zeros have multiplicity
at least k.
We claim that

(1) g™ #0,

(ii) g # a,g # b, and g # c.

Suppose now that g*)((£&y)) = 0. Obviously, g(£y) # co. We claim that g(®) # 0.
Otherwise, g must be a polynomial of degree less than k, which contradicts the fact
that each zero of g(¢) are of multiplicity at least k. Similarly above the proof
of theorem 1, there exist a constant h’ satisfying ¢*) = b/ = P(¢*)) = a, and
g](-k) &) — p?h’ — g™ (€) on a neighborhood of &p; also there exists &;, £ — &, such
that (for j sufficiently large)

0=g"™(&) = 9§k)(€j) —phh = Pf(f;k)(zj +p;&) — 1)

Thus f](k)(zj + p;&;) = 1. So we obtain P(f;k)(gj)) =a.
It follows from P(f*")) = a = f = a or b that f;(z; + p;&;) = a or b, and so
9(&o) = lim g;(&;) = a or b. In a similar fashion, there exist a constant p satisfying
j—o0o

g*) =p = P(g™) = c. Using ggk) &) — p;?p, and the similarly above the proof, we
obtain that g(£p) = ¢, which contradicts a # ¢ and b # c. This completes the proof
of (i).

Next, we prove (ii). Suppose that g(§,) = a. Then there exists {; — &o, such
that(for j sufficiently large)

a=g(&) = g;(&;) = fi(z; + p;&5).

Thus P(f;k)) = @ or b. So there exist two constants b’ and d such that g(-k)(ﬁj) =h

J
or d. Therefore, g*) (&) = lim p?gJ(k)({j) = 0, which contradicts (i).
j—o0

In a similar fashion, we obtain that g # b and g # c.
Now by Picard’s Theorem and (ii), g is a constant, a contradiction. Thus ¥ is
normal in D. Theorem is proved. O
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