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Abstract 
 
In this paper, we used E-J constitutive law and H-formulation to calculate magnetic field profile, current density, and 

magnetization of high temperature superconductor (HTS) placed in time varying applied magnetic field. Finite element 
method (FEM)-based software, Comsol Multiphysics 3.5a, was employed to simulate 2-dimensional model of a 
superconducting thin strip. The numerical results based on Kim’s critical state model were compared with the case of strip in 
a perpendicular field in the Brandt’s paper as well as experimental data observed by Scanning Hall Probe and SQUID.  
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I. Introduction  
 

In practical applications, type II superconductors 
have many advantages, such as high transition 
temperature, ability to carry large currents, ability to 
operate in an external field and stable levitation 

phenomenon originating from interaction with 
permanent magnets. In order to implement and 
optimize the devices containing high temperature 
superconductors (HTS), it is indispensable to 
understand their electro-magnetic properties. 
Superconductors expel external magnetic field, i.e. the 
field cannot penetrate into them. This phenomenon is 
called Meissner effect. The expelled flux is 
accumulated at the edges of the superconductors 
because supercurrent flows around them. These 
supercurrent and expelled flux vary depending on each 
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other and the applied field intensity and history. This 
hysteretic behavior of the magnetic flux is complicated 
and is a basis of ac loss.  

To describe the field and current distributions of the 
HTS in a critical state, several critical state models 
have been proposed with particular relationships 
between the field and critical current density. The most 
popular one is the concept of critical state introduced 
by Bean [1], which assumes that the critical current 
density is constant and independent of the external 
field. Another original critical state model is Kim’s 
model including field dependence of the critical 
current density [2]. In practical point of view, however, 
those critical state models are too simple to analyze the 
HTS system known to have a highly nonlinear 
property described by E-J power law with a finite 
n-value [3]. The most effective way to handle this 
nonlinearity is to use some iteration, for example, 
finite element method (FEM) with A-V formulation 
(which is based on A-magnetic vector potential and 
V-electric potential difference) [4, 5], unconstrained 
H-formulation (which is based on H-magnetic field) 
[6], or T-Φ formulation (which is based on T-current 
vector potential and Φ-electric potential) [7, 8]. To 
describe the electromagnetic properties of 
superconductors, those formulations include 
Maxwell’s equations combined with the critical state 
model. 

In the present paper, the H-formulation and the E-J 
power law combined with Kim’s critical state model 
were calculated to obtain the field and current density 
distributions and the MH-curves of the HTS thin strip 
under time varying magnetic fields using general time 
dependent partial differential equation mode (PDE 
mode) in FEM-based software, Comsol Multiphysics 
3.5a. 

The model has been constructed in correspondence 
with SmBa2Cu3O7 coated conductor grown on an ion 
beam assisted deposition (IBAD) template by 
co-evaporation method so that the results extracted 
from the simulations can be directly compared with 
the experimental data on SmBa2Cu3O7 coated 
conductor measured with scanning hall probe [9] and 
SQUID. The results show that the demagnetization 

factors are automatically taken into account when the 
governing equations were solved with a given 
geometry. The resultant current density and field 
profiles were not exactly the same as experimental 
data, because the inhomogeneity considered as an 
important feature of a coated conductor [10] was 
ignored in our calculations.  
 
 
II. Superconducting Modeling 
 

Since the coated conductor is long and straight, it 
can be assumed as an infinitely thin slab so that we can 
use 2-dimensional analysis with two dependent 
variables, Hx and Hy. As shown in Fig. 1, the model is 
composed of two domains; domain 1 is a circular 
normal region with radius 2 cm and domain 2 is a thin 
strip shaped superconducting region with dimension 4 
mm × 22 µm (Although the thickness of the real 
sample is 2.2 µm, we used 22 µm, which is the 
thickness limit in the calculation without any 
convergence problem with appropriate time steps of 
10-6 sec order. Because of the thin film geometry, the 
high aspect ratio produces a large number of nodes 
that introduce calculation time and convergence issue 
[11]). Each domain has its own electrical property 
expressed by the E-J relationship. The normal region, 
which we assumed is air, follows Ohm’s law E = ρair⋅J 
and the HTS region has nonlinear property expressed 
by 
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n = 21 was adopted as the exponent value according to 
the fitting result of the I-V-curve of typical type II 
superconductors. Ec = 10 μV/cm is the critical electric 
field and Jc is the critical current density. The external 
field was set in the direction of the y-axis in Figure 1, 
that is, normal to the superconductor surface in the 
form of sinusoidal wave in time. 
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where the frequency is 50 Hz. 
In fact, this method does not consider the creep 

effect, so the frequency related to the flux creep has no 
impact on the results [12]. The magnetization of 
superconductors depends on the previous history of the 
applied field. Therefore we calculated the field 
distribution of the superconductor for at least two 
periods of the time variation of the external field. 
 

 
Fig. 1. The 2-dimensional model geometry consisting of 
two subdomains : subdomain 1 is the circular normal 
region (radius = 2 cm) and subdomain 2 represent the HTS 
thin strip cross section of 4 mm - width and 22 µm - 
thickness assumed as the infinite length. 
 
2.1 Equations and Boundary Conditions 

For the analysis of electromagnetic behaviors of 
the HTS thin strip, solutions of Maxwell’s equations 
are required. With quasi-static approximation, 
Faraday law and Maxwell-Ampere law can be 
written as 
 

BE
t

∂
∇× = −

∂
       (3) 

 
H J∇× =                   (4) 

 
and according to the H-B constitutive law, 
 

0B Hμ=                   (5) 

 

Partial differential equations for each domain 
derived from these basic equations can be solved 
with suitable boundary conditions. Dirichlet 
boundary conditions were used to both boundaries: 
the boundary condition between the two domains is 
the continuity of the tangential component of the 
magnetic field. 
 

1 20 n (H H )= × −                (6) 

 
where n is the unit vector normal to the boundary. 

The outer boundary condition is set as 
 

app0 H H= −              (7) 

 
To apply a perpendicular magnetic field in the 

form of Eq. (2) with µ0H0 = 3600 Gauss, outer 
boundary conditions were established as  
 

0 , 0x y appH H H= = −         (8) 

 
2.2 Mesh Properties and Time step 
  With finite element software, one can generate a 
free mesh very easily. The unit mesh shape chosen 
was triangle as shown in Fig. 2. The resolution of the 
mesh in the narrow region (subdomain 2) was 2 in 
the simulation. As mentioned in Section 2, the high 
aspect-ratio of the thin strip geometry increases the 
number of nodes, resulting in extremely long 
computational time and diverging solver. Hence 
optimizing the ratio of width to thickness of the thin 
strip is necessary. Though, for a better comparison, 
we have chosen a relatively high ratio at the cost of 
solving time. 

As can be seen from Fig. 2, the mesh quality near 
the HTS thin strip can be enhanced selectively, 
helping solver to operate more efficiently. The time 
step setting also influences the convergence rate and 
stability of the iterative system. In our model, the 
range of maximum time step ensuring that the solver 
system converges to the reliable solutions was 2 µs to 
10 µs. 
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Fig. 2. Mesh with triangular elements. On the right side, 
the scale bar expresses the mesh quality, which is good in 
general, especially near the subdomain 2, HTS thin strip 
region. The x and y represent the coordinate values of the 
model geometry. 
 
2.3 Sample properties and Kim’s model 
As depicted in Fig. 3, the critical current (Ic) versus 

applied magnetic field (Bapp) obtained from the 
previous experiment in [9] provides the fact that Jc 
has a strong field dependent property. Hence we can 
assume that Jc is well explained by Kim’s critical 
state model 
 

 
Fig. 3. Critical current (Ic) versus applied magnetic field 
(Bapp) measured on the SmB2Cu3O7 coated conductor under 
out-of-plane magnetic field. 
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Fitting the Ic-Bapp curve to Eq. (9), the values of 

parameters, Jc0 = 2 × 106 A/cm2 and Bk = 1800 Gauss 
were obtained.  
 
 
III. Results and Discussion 
 

Initially, the magnetization curves obtained from 
the calculation and the SQUID measurement were 
compared in order to confirm the validity of the 
model, and these are shown in Figures 4 (a) and (b), 
respectively. The magnetic moment, m, of the HTS 
was integrated using the calculated current density 
distributions, which is described as  
 

2

2

1m r J
2Domain

d r= ×∫         (10) 

 
The integration formula over subdomain is easily 

implemented in the software. 
As mentioned in Section 2, due to the convergence 

issue and to minimize the calculation time, the thin 
strip dimensions were determined as 4 mm (width) × 
22 µm (thickness) with infinite length. For the 
calculation, the input value of the critical current 
density was the same as the sample’s Jc. The current 
that can flow in the model is ten times higher than the 
experimental values. Hence it is difficult to compare 
the absolute values of the data obtained from the 
calculation and the SQUID measurement. Instead, 
the simulated magnetization loop in Fig. 4a has a 
qualitatively similar shape to the measured curve in 
Fig. 4b, from which we can assure the validity of this 
approach.  

Next, we compared the field distributions 
measured using a scanning Hall probe system with 
those calculated. For that, the characteristic field 
parameter defined as Hc = Kc/π, was introduced, 
where Kc is sheet current density, (Kc = jc⋅d, where jc 
is critical current density and d is thickness of 
sample). The Kc and Hc values of SmBCO sample are 
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140.3 A/cm and 176.4 gauss, respectively. During the 
experiment, the external field was increased from 0 
to 450 gauss in 90-gauss steps. The maximum 
external field and increment values correspond to 
about 2.5 Hc, and 0.5 Hc, respectively. For the 
simulation, Ha was increased in the same way where 
the Hc of the model was 1764 gauss. 
 

 
Fig. 4. (a) The magnetization loop from the Kim’s model 
combined simulation of the HTS thin strip under the 
out-of-plane field. (b) Measured magnetization loop of the 
SmBa2Cu3O7 coated conductor. 
 

Figure 5 (a) and (b) show the results of field 
distributions obtained from the calculation and SHP 
measurement, respectively. 

The field distribution in Figure 5(c) was predicted 
theoretically by Brandt and Indenbom [13]. As 
shown in Figure 5, the simulated results agreed with 
those from the measurement and theoretical 
calculations overall. In Fig. 5a, the resulting field 

profiles, H(x), of the simulation at y = 0 are shown. 
Fig. 5a shows that, under the applied field, the 
magnetic flux penetrates from the edges to the 
critical state region and decay inside the sample, 
forming a Meissner state region with no flux. By 
increasing the applied field, the penetration depth 
extends further inside the sample as can be seen from 
Fig 5a.  
 

 
Fig. 5. The distributions of the magnetic field component 
perpendicular to the surface of the HTS tape when 
subjected to the out-of-plane field increased from 0.5Hc to 
2.5Hc (where Hc of the SmB2Cu3O7 coated conductor is Hc 
= Jc0·d/π) obtained from (a) the FEM-based simulation, (b) 
the measurements using the scanning hall probe method [9] 
and (c) the Brandt and Indenbom’s analytical solutions [13]. 
(From the bottom to the top of the data, the external field 
applied is 0.5, 1.0, 1.5, 2.0, 2.5 Hc) 
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Fig. 6. The distributions of z-component sheet current 
density in the same condition with Fig. 5 resulting from (a) 
the simulation, (b) the experiment, and (c) Brandt’s paper. 
 

These features appeared in the measurements 
performed in [9] as well as Brandt and Indenbom’s 
analytical solutions [13] illustrated in Fig. 5b and c, 
respectively. The differences in the detailed curvature 
of the field profiles can become explicit by 
calculating the current density distributions. Since the 
thin strip in our model has a non-trivial thickness, 
current density distributions in various y-positions in 
the superconducting region were extracted and 
integrated to calculate the sheet current densities 
shown in Fig. 6a. Comparing the current distributions, 
it becomes evident that the field dependence of Jc is 
necessary for analysis of the current profiles. In 
Brandt and Indenbom’s solution assuming constant Jc 
in Fig. 6c, the sheet current density profiles remain 
constant in the entire critical state region. In the case 
of the simulation based on Kim’s model, on the 

contrary, the decrease of J(x) near the edges appears 
clearly. It is due to the Jc decrease in magnetic field, 
hence in the experimental results in Figure 6(b), the 
decrease of the Jc values at the edges might arise not 
only from the poor quality of the edges [14], but also 
from the field dependence of Jc. Secondly, the 
measured current densities have the most intense 
values at the boundaries between the Meissner and 
the critical state, as can be seen in detail in Fig. 7. 
The Jc (x) maximum, for example, in the case of the 
Ha = 2.5 Hc is exhibited at x = ± 1 mm, which is the 
boundaries of two regions. That is because the 
current density was caused by the field gradient as 
well as the curvature, that is, J = ∇ × B = (∇B) × n̂  
+ B(∇ × n̂ ). Clearly, ∇B and ∇ × n̂  have the 
maximum values at the boundaries of the Meissner 
and the critical region. 
 

 
Fig. 7. Numerical results of the field and the sheet current 
distributions and, at the bottom, the 2-dimensional plot of 
the current density when H0 = 1.5Hc is applied in y 
direction. 
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However, there are several features in the 
measurement that we could not understand solely 
from the field dependence of Jc. For example, in 
contrast to the simulated J(x), the measured J(x) has 
many detailed curves and has its maximum values 
becoming higher with increasing external field. We 
conjecture that this feature of measured J(x) might be 
caused by the granular structure of the coated 
conductor because we have disregarded the granular 
structure of the coated conductor in our modeling. 
Nevertheless, in general, the HTS properties were 
calculated successfully in the simulation. 
 
 
IV. Conclusions  
 

In conclusion, we have completed 2-dimensional 
numerical studies on an HTS thin strip under time 
varying out-of-plane magnetic field using 
FEM-based software, Comsol Multiphysics 3.5a. 
Combining the E-J power law and Kim’s critical 
state model, the calculated magnetization curve was 
in good agreement with the measured data, which 
confirms the accuracy of the present method. We 
have found that, based on the concept of the field 
dependent property of the critical current density, the 
decreases near the edges of the current densities 
measured by the scanning hall probe can be 
explained.  
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