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Abstract. In this paper we construct a new type of twisted q-Genocchi

numbers G
(α)
n,q,w and polynomials G

(α)
n,q,w(x). Some interesting results and

relationships are obtained.
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1. Introduction

The classical Genocchi numbers are defined in a number of ways. The way in
which it is defined is often determined by which sorts of applications they are
intended to be used for. The Genocchi numbers have wide-ranging applications
from number theory and combinatorics to numerical analysis and other fields
of applied mathematics. The Genocchi numbers and polynomials possess many
interesting properties and arising in many areas of mathematics and physics. Re-
cently, many mathematicians have studied in the area of the q-Genocchi numbers
and polynomials (see [1-13]). In this paper, we construct a new type of twisted

q-Genocchi numbers G
(α)
n,q,w and polynomials G

(α)
n,q,w(x).

Throughout this paper we use the following notations. By Zp we denote the
ring of p-adic rational integers, Qp denotes the field of p-adic rational numbers,
Cp denotes the completion of algebraic closure of Qp, N denotes the set of natural
numbers, Z denotes the ring of rational integers, Q denotes the field of rational
numbers, C denotes the set of complex numbers, and Z+ = N ∪ {0}. Let νp be

the normalized exponential valuation of Cp with |p|p = p−νp(p) = p−1. When
one talks of q-extension, q is considered in many ways such as an indeterminate,
a complex number q ∈ C, or p-adic number q ∈ Cp. If q ∈ C one normally
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assume that |q| < 1. If q ∈ Cp, we normally assume that |q − 1|p < p−
1

p−1 so
that qx = exp(x log q) for |x|p ≤ 1. Throughout this paper we use the notation:

[x]q =
1− qx

1− q
, [x]−q =

1− (−q)x

1 + q
(cf. [1-13]) .

Hence, limq→1[x] = x for any x with |x|p ≤ 1 in the present p-adic case. For

g ∈ UD(Zp) = {g|g : Zp → Cp is uniformly differentiable function},
the fermionic p-adic q-integral on Zp is defined by

I−q(g) =

∫

Zp
g(x)dµ−q(x) = lim

N→∞
1

[pN ]−q

pN−1∑
x=0

g(x)(−q)x (cf. [3-6]) . (1.1)

Let

Tp = ∪m≥1Cpm = lim
m→∞

Cpm ,

where Cpm = {w|wpm

= 1} is the cyclic group of order pm. For w ∈ Tp, we
denote by φw : Zp → Cp the locally constant function x 7−→ wx. If we take
g1(x) = g(x+ 1) in (1.1), then we easily see that

qI−q(g1) + I−q(g) = [2]qg(0). (1.2)

From (1.2), we obtain

qnI−q(gn) + (−1)n−1I−q(g) = [2]q

n−1∑

l=0

(−1)n−1−lqlg(l), (1.3)

where gn(x) = g(x+ n) (see [1-13]).
As well known definition, the Genocchi polynomials are defined by

F (t, x) =
2t

et + 1
ext = eG(x)t =

∞∑
n=0

Gn(x)
tn

n!
,

with the usual convention of replacing Gn(x) by Gn(x). In the special case,
x = 0, Gn(0) = Gn are called the n-th Genocchi numbers (see [1-11]).

In [9], we introduced analogue of Genocchi numbers and polynomials, which
is called twisted Genocchi numbers and polynomials. We define the twisted
Genocchi numbers Gn,w as follows:

2t

wet + 1
=

∞∑
n=0

Gn,w
tn

n!
.

The twisted Genocchi polynomials Gn,w(x) are defined by means of the gener-
ating function

Fw(t, x) =
2t

wet + 1
ext =

∞∑
n=0

Gn,w(x)
tn

n!
.
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In [11], by using p-adic q-integral, the weighted q-Genocchi numbers G
(α)
n,q and

polynomials G
(α)
n,q(x) are defined by

G(α)
n,q = n

∫

Zp
[x]n−1

qα dµ−q(x) for n ∈ Z+, α ∈ Z

and

G(α)
n,q(x) = n

∫

Zp
[x+ y]n−1

qα dµ−q(y) (1.4)

respectively. We also define twisted q-Genocchi polynomials as follows:

G(α)
n,q,w(x) = n

∫

Zp
φw(y)[y + x]n−1

qα dµ−q(y), for n ∈ N.

Similarly, we have the generating function of twisted q-Genocchi polynomials
Gn,q,w(x) as follows:

Fq,w(t, x) = [2]qt

∞∑
m=0

(−1)mqmwme[m+x]qt (cf. [1-11]). (1.5)

Our aim in this paper is to define twisted q-Genocchi numbers G
(α)
n,q,w and

polynomials G
(α)
n,q,w(x) with weight α. We investigate some properties which are

related to twisted q-Genocchi numbers G
(α)
n,q,w and polynomials G

(α)
n,q,w(x) with

weight α. We also derive the existence of a specific interpolation function which

interpolate twisted q-Genocchi numbers G
(α)
n,q,w and polynomials G

(α)
n,q,w(x) with

weight α at negative integers.

2. Twisted q-Genocchi numbers and polynomials with weight α

Our primary goal of this section is to define twisted q-Genocchi numbers

G
(α)
n,q,w and polynomials G

(α)
n,q,w(x) with weight α. We also find generating func-

tions of twisted q-Genocchi numbers G
(α)
n,q,w and polynomials G

(α)
n,q,w(x).

For α ∈ Z and q ∈ Cp with |1− q|p ≤ 1, twisted q-Genocchi numbers G
(α)
n,q,w

are defined by

G(α)
n,q,w = n

∫

Zp
φw(x)[x]

n−1
qα dµ−q(x). (2.1)

By using p-adic q-integral on Zp, we obtain,

n

∫

Zp
φw(x)[x]

n−1
qα dµ−q(x)

= n lim
N→∞

1

[pN ]−q

pN−1∑
x=0

[x]n−1
qα wx(−q)x

= n[2]q

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)l

1

1 + wqαl+1
.

(2.2)
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By (2.1), we have

G(α)
n,q,w = n[2]q

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)l

1

1 + wqαl+1
.

We set

F (α)
q,w (t) =

∞∑
n=0

G(α)
n,q,w

tn

n!
.

By using above equation and (2.2), we have

F (α)
q,w (t) =

∞∑
n=0

G(α)
n,q,w

tn

n!

= [2]q

∞∑
n=0

(
n

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)l

1

1 + wqαl+1

)
tn

n!

=

∞∑
n=0

(
n[2]q

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)l

( ∞∑
m=0

(−wq)mqαlm

))
tn

n!

=

∞∑
n=0

(
n[2]q

(
1

1− qα

)n−1 ∞∑
m=0

(−wq)m(1− qαm)n−1

)
tn

n!

=

∞∑
n=0

( ∞∑
m=0

n[2]q(−wq)m[m]n−1
qα

)
tn

n!
.

(2.3)
Hence, we get the following form

G(α)
n,q,w = n[2]q

∞∑
m=0

(−1)mwmqm[m]n−1
qα .

Also, since
∞∑

n=0

n[m]n−1
qα

tn

n!
= te[m]qα t.

F (α)
q,w (t) = [2]qt

∞∑
m=0

(−1)mwmqme[m]qα t.

Thus twisted q-Genocchi numbers G
(α)
n,q,w are defined by means of the gener-

ating function

F (α)
q,w (t) = [2]qt

∞∑
n=0

(−1)nwnqne[n]qα t. (2.4)
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By using (2.1), we have
∞∑

n=0

G(α)
n,q,w

tn

n!
=

∞∑
n=0

n

∫

Zp
φw(x)[x]

n−1
qα dµ−q(x)

tn

n!

=

∫

Zp
φw(x)

∞∑
n=0

n[x]n−1
qα

tn

n!
dµ−q(x)

= t

∫

Zp
φw(x)e

[x]qα tdµ−q(x).

(2.5)

From (2.3) and (2.5), we have
∞∑

n=0

G(α)
n,q,w

tn

n!
= t

∫

Zp
φw(x)e

[x]qα tdµ−q(x)

= [2]qt

∞∑
m=0

(−1)mwmqme[m]qα t.

Next, we introduce twisted q-Genocchi polynomials G
(α)
n,q,w(x) with weight α.

The twisted q-Genocchi polynomials G
(α)
n,q,w(x) are defined by

G
(α)
n,q,w(x)

n
=

∫

Zp
φw(y)[y + x]n−1

qα dµ−q(y). (2.6)

When w = 1, above (2.1) and (2.6) will become the corresponding definitions of

the weighted Genocchi numbers G
(α)
n,q and polynomials G

(α)
n,q(x).

By using p-adic q-integral, we obtain

G
(α)
n,q,w(x)

n
=

n−1∑

l=0

(
n− 1

l

)
[x]n−1−l

qα qαlx
G

(α)
l+1,q,w

l + 1
. (2.7)

Observe that, if q → 1, w = 1, then G
(α)
n,q,w → Gn and G

(α)
n,q,w(x) → Gn(x). Note

that, if q → 1, then G
(α)
n,q,w → Gn,w and G

(α)
n,q,w(x) → Gn,w(x). From(2.6), we

note that

F (α)
q,w (t, x) =

∞∑
n=0

G(α)
n,q,w(x)

tn

n!

=

∞∑
n=0

n

∫

Zp
wy[x+ y]n−1

qα dµ−q (y)
tn

n!

= [2]q

∞∑
n=0

n

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)lqαxl 1

1 + wqαl+1

tn

n!

= [2]q

∞∑
m=0

(−1)mwmqm
∞∑

n=0

n[x+m]n−1
qα

tn

n!

= [2]qt

∞∑
m=0

(−1)mwmqme[x+m]qα t.

(2.8)
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Therefore, we obtain the following theorem.

Theorem 2.1. For α ∈ Q, we have

F (α)
q,w (t, x) = [2]qt

∞∑
m=0

(−1)mwmqme[x+m]qα t

and

G(α)
n,q,w(x) = n[2]q

(
1

1− qα

)n−1 n−1∑

l=0

(
n− 1

l

)
(−1)lqαxl

∞∑
m=0

(−wqαl+1)m

= n[2]q

∞∑
m=0

(−1)mwmqm[x+m]n−1
qα .

(2.9)

By(2.9), we have the following distribution relation:

Theorem 2.2. For any positive integer m ≡ 1 (mod 2), we have

G(α)
n,q,w(x) =

[2]q
[2]qm

[m]nqα

m−1∑

i=0

(−1)iqiwiG
(α)
n+1,qm,wm

(
i+ x

m

)
, n ∈ Z+.

Let g(x) = tφw(x)e
[x]qα t. By (1.3), (2.1) , and (2.6), left-hand side is the

following form

qnI−q(gn) + (−1)n−1I−q(g)

= qn
∫

Zp
tφw(x+ n)e[x+n]qα tdµ−q(x)

+ (−1)n−1

∫

Zp
tφw(x)e

[x]qα tdµ−q(x)

= qnwn
∞∑

m=0

m

∫

Zp
φw(x)[x+ n]m−1

qα dµ−q(x)
tm

m!

+ (−1)n−1
∞∑

m=0

m

∫

Zp
φw(x)[x]

m−1
qα dµ−q(x)

tm

m!

=

∞∑
m=0

(
qnwnG(α)

m,q,w(n) + (−1)n−1G(α)
m,q,w

) tm

m!
.

(2.10)

and right-hand side is the following form

q

n−1∑

l=0

(−1)n−1−lqltwle[l]qα t = [2]q

n−1∑

l=0

(−1)n−1−lqltwl
∞∑

k=0

[l]kqα
tk

k!

=

∞∑
m=0

[2]q

n−1∑

l=0

(−1)n−1−lqlwlm[l]m−1
qα

tm

m!
.

(2.11)
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By comparison between (2.10) and (2.11), we have the following form.

m[2]q

n−1∑

l=0

(−1)n−1−lwlql[l]m−1
qα = wnqnG(α)

m,q,w(n) + (−1)n−1G(α)
m,q,w.

Hence, we have the following theorem.

Theorem 2.3. Let m ∈ Z+. If n ≡ 0 (mod 2), then

wnqnG(α)
m,q,w(n)−G(α)

m,q,w = m[2]q

n−1∑

l=0

(−1)l+1wlql[l]m−1
qα .

If n ≡ 1 (mod 2), then

wnqnG(α)
m,q,w(n) +G(α)

m,q,w = m[2]q

n−1∑

l=0

(−1)lwlql[l]m−1
qα .

From (1.2), we note that

[2]qt = q

∫

Zp
tφw(x+ 1)e[x+1]qα tdµ−q(x) +

∫

Zp
tφw(x)e

[x]qα tdµ−q(x)

=

∞∑
n=0

(
nqw

∫

Zp
φw(x)[x+ 1]n−1

qα dµ−q(x) + n

∫

Zp
φw(x)[x]

n−1
qα dµ−q(x)

)
tn

n!

=

∞∑
n=0

(
qwG(α)

n,q,w(1) +G(α)
n,q,w

) tn

n!
.

Therefore, we obtain the following theorem.

Theorem 2.4. For n ∈ Z+, we have

G
(α)
0,q,w = 0 and qwG(α)

n,q,w(1) +G(α)
n,q,w =

{
[2]q, if n = 1,
0, if n > 1.

From (2.6) and (2.7), we derive the following binomial form.

G
(α)
n+1,q,w(x)

n+ 1
=

∫

Zp
wy[x+ y]nqαdµ−q (y)

=

n∑

l=0

(
n

l

)
[x]n−l

qα qαlx
G

(α)
l+1,q,w

l + 1

=
q−αx

n+ 1

(
[x]qα + qαxG(α)

q,w

)n+1

.

Hence, we have the following form.

qαxG
(α)
n+1,q,w(x) =

(
[x]qα + qαxG(α)

q,w

)n+1

. (2.12)

Also by Theorem 2.4 and (2.12), we have the following corollary.
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Corollary 2.5. For n ∈ Z+, we have

G
(α)
0,q,w = 0 and qw(1 + qαG(α)

q,w)
n + qαG(α)

n,q,w =

{
qα[2]q, if n = 1,
0, if n > 1,

with the usual convention of replacing (G
(α)
q,w)n by G

(α)
n,q,w.

3. The analogue of the Genocchi zeta function

By using twisted q-Genocchi numbers and polynomials, twisted q-Genocchi
zeta function and twisted Hurwitz q-Genocchi zeta functions are defined. These
functions interpolate the twisted q-Genocchi numbers and twisted q-Genocchi
polynomials, respectively. In this section we assume that q ∈ C with |q| < 1.
Let ω be the pN -th root of unity. From (2.4), we note that

dk+1

dtk+1
F (α)
q,w (t)

∣∣∣∣
t=0

= (k + 1)[2]q

∞∑
n=1

(−1)nwnqn[n]kqα

= G
(α)
k+1,q,w, (k ∈ N).

By using the above equation, we are now ready to define twisted q-Genocchi
zeta functions.

Definition 3.1. Let s ∈ C.

ζ(α)q,w(s) = [2]q

∞∑
n=1

(−1)nwnqn

[n]sqα
. (3.1)

Note that ζ
(α)
q,w(s) is a meromorphic function on C. Note that, if q → 1, then

ζ
(α)
q,w(s) = ζ(s) which is the Genocchi zeta functions. Relation between ζ

(α)
q,w(s)

and G
(α)
k,q,w is given by the following theorem.

Theorem 3.2. For k ∈ N, we have

ζ(α)q,w(−k) =
G

(α)
k+1,q,w

k + 1
.

Observe that ζ
(α)
q,w(s) function interpolates G

(α)
k,q,w numbers at non-negative in-

tegers. By using (2.9), we note that for k ∈ N
dk+1

dtk+1
F (α)
q,w (t, x)

∣∣∣∣
t=0

= (k + 1)[2]q

∞∑
n=0

(−1)nwnqn[n+ x]kqα

= G
(α)
k+1,q,w(x).

(3.2)

and by (3.2),(2.9)
(

d

dt

)k+1
( ∞∑

n=0

G(α)
n,q,w(x)

tn

n!

)∣∣∣∣∣
t=0

= G
(α)
k+1,q,w(x), for k ∈ N. (3.3)
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By (3.2) and (3.3), we are now ready to define the twisted Hurwitz q-Genocchi
zeta functions.

Definition 3.3. Let s ∈ C.

ζ(α)q,w(s, x) = [2]q

∞∑
n=0

(−1)nwnqn

[n+ x]sqα
. (3.4)

Note that ζ
(α)
q,w(s, x) is a meromorphic function on C. Obverse that, if q → 1,

then ζ
(α)
q,w(s, x) = ζ(s, x) which is the Hurwitz Genocchi zeta functions. Relation

between ζ
(α)
q,w(s, x) and G

(α)
k,q,w(x) is given by the following theorem.

Theorem 3.4. For k ∈ N, we have

ζ(α)q,w(−k, x) =
G

(α)
k,q,w(x)

k + 1
.

Observe that ζ
(α)
q,w(−k, x) function interpolatesG

(α)
k,q,w(x) numbers at non-negative

integers.
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