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1. Introduction

Let p be a fixed odd prime number. Throughout this paper, the symbols Z,,
Qp, and C,, denote the ring of p-adic integers, the field of p-adic rational numbers,
and the completion of the algebraic closure of Q,, respectively. The p-adic norm
|.|p is defined by |z|, = p~" for z = p’”? with s, t € Z with (p, s) = (p, t) = 1
and r € Q (see [1-8]).

Let C(Zy) be the space of continuous functions on Z,,. The fermionic invariant
measure on Z, is defined by Kim as follows:

p1(a+p"Zp) = (=1)% (1)
where
a+p"Z,={x €Zylr=a (mod p")},
and a € Z with 0 < a < p" (see [3,6,7]). From (1), the fermionic p-adic invariant
integral on Z,, is defined by Kim as follows:

pN—1

1) = [ f@dua@) = Jim 3 107, 2)

=0
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where f € C(Z,) (see [3,6,7,8]).
Let us we assume that w € C, with |1 —w|, < 1. By (1), we get

n

| ettt = P =Y Bty (see 1) )
x=0 ’

wet — 1
P

where E,, ,, is weighted Euler numbers. The weighted Euler polynomials are also
defined by

2 t"
(x+y)t,,y _ xt __ E
/Zp € w dM,l(?J) - U}et . le - =~ En,w (.'L') n| . (4>

By (3) and (4), we get

n

Epu(z) =Y (?) 2" By = (z+ By,

=0

with the usual convention about replacing (E,,)"™ by E, . (see [7]).
The idea for generalizing the fermionic integral is replacing the fermionic Haar
measure with weakly (strongly) ferminoic measure Z, satisfying

u-1(a+p"Zp) = p-r(a+p" ' Zp)| < 6n,  (see [3]), ()

where 6, — 0, a is a element of Z,, and J,, is independent of a (for strongly
fermionic measure, J,, is replaced by Cp~", where C is a positive constant).

Let f(z) be a function defined on Z,. The fermionic integral of f with respect
to a weakly fermionic measure p_q is

p"—1
/Z F@)dpa(@) = lim 3 @) + 2,
P =0

if the limit exists.
If p_y is a weakly fermionic measure on Z,, then we can define Radon-
Nikodym derivative of 1—; with respect to the Haar measure on Z, as follows:

fus@) = T (e +"Z,),  (see [3]). (6)

Note that f, , is only a continuous function on Z,. Let UD(Z,) be the space
of uniformly differentiable functions on Z,. For f € UD(Z,), let us define pu_1 ;
as follows:

Hor g (@4 pT,) = / @) (), (see [3)), (1)

T+pn Ly
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where the integral is the ferminoic p-adic invariant integral. From (7), we can
easily note that 11 is a strongly ferminoic measure on Z,. Since

p"—1 p"
o p (407 2) = poa g o+ 072, =D F@) (=17 =Y fa)(-1)7
=0 =0 p

= ’f(i ) p"l, <Cp™™,

where C' is positive consatnt.
The purpose of this paper is to derive the weighted Lebesgue-Radon-Nikodym’s
type theorem with respect to the fermionic p-adic invariant measure on Z,.

2. The weighted Lebesgue-Radon-Nikodym theorem

In this section, we assume that the weighted function w(z) is defined by
w(z) = w* where w € C, with |1 — w|, < 1. For any positive integer a and
n with ¢ < p™ and f € UD(Z,), we define the strongly weighted ferminonic
measure on Zj, as follows:

prlo ) = [ e ), ¥

where the integral is the fermionic p-adic invariant integral on Z,. From (8), we
note that

pm—1

_ at+p"xz, at+p"x
pf—wla+p"Zy) = n}gnooz fla+p"z)(=1)* " "w
’"'L n 1 (9)
— (_ p"x
(-1 wn}gnotoaerl’( 1w

By (9), we get
prenlat9"2,) = (10" [ flatp 2wt @), (10
ZT’

Thus, by (10), we have

Paf+Bg,—w = QUbf,—w + Blg,—w, (11)

where f,g € UD(Z,) and «, 8 are positive constants. By (8), (9), (10) and (11),
we get

|g—w(a+p"Zp)|, < [l fulloos (12)
where || fulloo = sup |f(x)w”],.

TELy
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Let P(xz) € Cp[lz]] be an arbitrary polynomial. Now we show pp _,, is a
strongly weighted fermionic p-adic invariant measure on Z,. Without a loss of

generality, it is enough to prove the statement for P(z) = z*.

For a € Z with 0 < a < p”, we have

m—n_1

p

pp—wla+p'Zy) = lim (=1)* Y (a+ip")Fw " (~1)".

m—o0 ;
=0

From binomial theorem, we note that

k :
a -+ ip") Zak l( ) ny = gk 4 (1>ak1pni+”.+pnkik.

and
ip™

- n ™
watiP" — 0 ; (”; )(w —Dl=w* (mod p").
Thus, by (13) and (14), we get

pwp,—w(a+p"Z,) = (— %" (mod p™)
= (-1)°P(a)w® (mod p™).

(13)

(14)

(15)

For x € Z,, let © = z, (mod p") and © = z,41 (mod p™*!), where z,,

Tpy1 € Z with 0 < 2, < p™” and 0 < z,,41 < p" T
Then we have
’ﬂP,—w(a +p"Zp) — pp—w(a +anrlZ]0)|p <Cp,

where C' is positive constant and n > 0.
Let

fup, (@) = m pp _y(a+p"Zy).
Then, by (15) and (16), we see that
fur - (@) = (=1)*wa" = (=1)"w"P(a).
Since f,, _, (2) is continuous function on Z,. For x € Z,, we have
Fup—u(x) = (=1)"w"a", (k € Zy.).
Let g € UD(Z,). Then, by (16), (17) and (18), we get

pr—1

| ot@inp ) = lim 3 gl@)nr e +°Z,)

P =0

p"—1

:TL]LH;O Z g(x)wz*(—1)*
=0

/ g(m)wmxkd,u,l(x).

zZ

P

Therefore, by (19), we obtain the following theorem.

(16)
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Theorem 1. Let P(z) € Cp[[z]] be an arbitrary polynomial. Then pp _,, is a
strongly weighted fermionic p-adic invariant measure on Zy. That is,

Jup—w = (1) w"P(x) forall =€ Z,.
Furthermore, for any g € UD(Z,),
[ st@dunuta) = [ g@P@wtdua).

where the second integral is fermionic p-adic invariant integral on Zy.

Let f(z) = Z an (x) be the Mahler expansion for f € UD(Z,). Then we
n
n=0

: = x
note that lim nla,|, = 0. Now, we get f,(z) = Zai(,> € Cp[[z]]. Thus,

n— o0 pae 1

we have

1f = finlloo < Sl>1p nlan|p. (20)

The function f(x) can be rewritten as f = f,,, + f — fmn. Thus, by (11) and (20),
we get

g, —wa+ 9" Ly) = pymwla+ " Lp)|

< max { |17, wla+ 9"%y) — g, wla+ "%, (21)
(s = i—w(@+ D" L) = pry— g —w(a + " Zp) |p}
From Theorem 1 and (21), we note that
(@ + 9" Z)|) < C7f = falloo < Cap™™, (22)
where C* and C; are positive constants. For m > 0, we have ||f|lcc = || fm]]oo-
So, we see that
|~ (@ + D" L) = g, —wla+ " L) |
n " pn ,wp" n
— ", = | e, (23)
P

< fmw*|loop™™ < Cop™",

where C5 is a positive constant. By (22), we get
(1) f @) — iy -wla+p"Zy)],

< max {0 f(a) = fon(@)w?| [0 fin (@) = po1,0, (0 + p"Z,)

p7
1 pmala+2"Z,)], }

< max{‘f(a) - fm(a)|p7 |fm(a) - /’l/fm7_w(a +anP)|pa ”f - fm“oo}
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Let us assume that fix € > 0, and fix m such that ||f — fn.|| < €. Then we
have

[(—w)*f(a) = pif,—w(a +p"Zp)|p <e for n>0. (24)
Thus, by (24), we have
Furo(@) = T gy (a4 p"Z,) = (~1)*u f(a) (25)

Let m be the sufficiently large number such that || f — fin|lco < p~™. Then we
get

ff,—w(a+p"Zyp) = py,, —wla+p"Zp) + ps—f, —wla+p"Zy)
= (-1)*w*f(a) (mod p").
For g € UD(Z,), we have

/

Let f be the function from UD(Z,) to Lip(Z,). We easily see that w”u_1 (z+
p"Zy) is a strongly weighted p-adic invariant measure on Z, and

’(f’w)ll«—l(a) - wa/ifl(a +anp)’p <Csp™",

9()dpig —u(z) = / F(@)g(@)wdpy (z).

¥

where fy,(z) = f(z)w® and Cs is a positive constant and n € Z..
If p11, 4 is associated with strongly weighted fermionic invarinat measure on
Z,,, then we have

’Ml,—'w(a +p" L) — (fw)uq(a)‘p <Cyp™™,

where n > 0 and Cj is a positive constant.
For n > 0 , we have

|w? p—1(a +p"Zp) — p1,—w(a+ p"Zy) |p

<y (@t p"Zy) — (s @], + (s (@) = 1 —la 972, (26)
<K

)

where K is a positive constant. Hence, wpu_1 — 11, —, is a weighted measure on
Zy,. Therefore, we obtain the following theorem.

Theorem 2. Let wu_q be a strongly weighted p-adic invariant measure on
Zyp, and assume that the fermionic weighted Radon-Nikodym derivative (fuw),_,
on Zy, is uniformly differentiable function. Suppose that (11—, is the strongly
weighted fermionic p-adic invariant measure associated with (fu),_,. Then there
exists a weighted measure 12—, on Z, such that

W p—1(x + p"ZLp) = pa,—w (@ + " Lp) + pi2,—w (% + p"Lp).
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