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SYMMETRIC SOLUTIONS FOR A FOURTH-ORDER
MULTI-POINT BOUNDARY VALUE PROBLEMS WITH
ONE-DIMENSIONAL p-LAPLACIAN AT RESONANCE'

AIJUN YANG AND HELIN WANG*

ABSTRACT. We consider the fourth-order differential equation with one-
dimensional p-Laplacian (¢p (2 (¢)))” = f(t, z(¢), 2’ (t), 2" (t)) a.e. t € [0,1],
subject to the boundary conditions z’/(0) = 0, (¢p(z’(t))) |t=0 = O,
2(0) = Y0y (&), alt) = a(l — 1), ¢ € 0,1, where ¢,(s) = [s/P~s,
P>1,0<& << <&< 3 mERI=1,2-,n " p=1
and f:[0,1] x R? = R is a L!-Carathéodory function with f(t,u,v,w) =
f(1 —t,u, —v,w) for (t,u,v,w) € [0,1] x R3. We obtain the existence of
at least one nonconstant symmetric solution by applying an extension of
Mawhin’s continuation theorem due to Ge. Furthermore, an example is
given to illustrate the results.

AMS Mathematics Subject Classification : 34B18, 34B27.
Key words and phrases : Multi-point boundary value problem, Resonance,
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1. Introduction

In this paper, we are interested in the fourth-order symmetric multi-point
BVP with the one-dimensional p-Laplacian

(¢p(2"(1))" = f(t,x(t), (), 2" (1)), a.e. t €][0,1], (L.1)

2"(0) = 0, (¢p(x" (1)) le=o = 0, x(0) = Y _ piw(&), (1.2)
i=1

xz(t) =x(1 —t) ae. t €0,1], (1.3)
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where ¢,(s) = [s[P72s,p>1,0< & <& < - <& < i, R,

i=1,2,---,n, with
Z'“i =1. (1.4)
i=1

Throughout we assume:
(A1) f:]0,1] x R® — R is symmetric on [0, 1], i.e.
ftu,v,w) = f(1—t,u,—v,w) forte|0,1]
and satisfies the L!-Carathéodory conditions, and f(¢,b,0,0) # 0, Vb € R;
(A2) 3701, piki(2q — (26;)*71) #0.

Due to the condition (1.4), the differential operator on the left side of (1.1) is
not invertible. In the literature, BVPs of this type are referred to as problems
at resonance.

Boundary value problems with a p-Laplacian have received a lot of attention
in recent years. They often occur in the study of the n-dimensional p-Laplacian
equation, non-Newtonian fluid theory and the turbulent flow of a gas in porous
medium. Many works have been carried out to discuss the existence of solu-
tions or positive solutions, multiple solutions for the local or nonlocal BVPs
3,5,14,16,19].

Multi-point BVPs of ordinary differential equations arise in a variety of differ-
ent areas of Applied Mathematics and Physics. The study of multi-point BVPs
for linear second-order ordinary differential equations was initiated by II'in and
Moiseev [6]. Since then many authors have studied more nonlinear multi-point
BVPs [10-19]. The methods used therein mainly depend on the degree theory,
fixed-point theorems, upper and lower techniques, and monotone iteration.

Recently, there is an increasing interest in considering some higher order
BVPs, we refer the readers to [3-5,19] for details. However, as far as we know,
the study of symmetric solutions for fourth-order p-Laplacian BVPs has rarely
appeared.

Motivated by the papers mentioned above, we aim at studying the BVPs
(1.1)-(1.3) at resonance. Due to the fact that the classical Mawhin’s continua-
tion theorem can’t be directly used to discuss the BVP with nonlinear differential
operator, in this paper, we investigate the multi-point BVP (1.1)-(1.3) by apply-
ing an extension of Mawhin’s continuation theorem due to Ge [2]. Furthermore,
an example is given to illustrate the result.

2. Preliminaries

For the convenience of readers, we present here some background definitions
and lemmas.

Definition 2.1. f:[0,1] x R® — R is called a L'-Carathéodory function, if the
following conditions hold:

(B1) for each (u,v,w) € R3, the mapping t + f(t,u,v,w) is Lebesgue measur-
able;



Symmetric solutions for multi-point BVP at resonance 163

(B2) for a.e. t € [0, 1], the mapping (u,v,w) — f(t,u,v,w) is continuous on R?;
(B3) for each r > 0, there exists o, € L'[0,1] such that for a.e. t € [0,1] and
every (u,v, w) such that max{|ul,|v|, |w|} < r, we have |f(t,u, v, w)| < a.(t).

Proposition 2.1 ([7]). ¢, satisfies the following properties
(C1) ¢, is continuous, monotonically increasing and invertible.
Moreover, (;5;1 = ¢q with p > 1 a real constant satisfying % + % =1,
(C2) for Yu,v >0, ¢p(u+v) < ¢p(u) + ¢p(v), if 1 < p < 2;
Pp(u+v) < 2P72(p(u) + 6p(v)), if p = 2.

Definition 2.2 ([2]). Let X and Z be two Banach spaces with norms || - ||x
and || - ||z, respectively. A continuous operator M : domM — Z is said to be
quasi-linear if

(D1) ImM is a closed subset of Z;

(D2) ker M = {x € domM : Mz = 0} is linearly homeomorphic to R", n < oco.

Definition 2.3 ([7]). Let X be a Banach spaces and X; C X a subspace. A
linear operator P : X — X, is said to be a projector provided that P2 = P.
The operator Q : X — X is said to be a semi-projector provided that Q% = Q
and Q(Az) = AQx for x € X, A € R.

Let X7 = ker M and X, be the complementary space of X; in X, then
X = X1 & X5. On the other hand, suppose Z; is a subspace of Z and Zs is the
complementary of Z; in Z, so that Z = Z; & Z5. Let P : X — X3 be a projector
and Q) : Z — Z; be a semi-projector, and {2 C X an open and bounded set with
the origin 6 € Q, where 6 is the origin of a linear space.

Suppose Ny : Q — Z, A € [0,1] is a continuous operator. Denote N; by N.
Let >, = {z € Q: Mz = N)z}.

Definition 2.4 ([2]). N, is said to be M-compact in Q if
(D3) there is a vector subspace Z; of Z with dimZ;= dimX; and an operator
R:Q x[0,1] — X5 continuous and compact such that for A € [0, 1],

(I-Q)NA(Q) cImM c (I-Q)Z, (2.1)

QNyz =0, A€ (0,1) = QNz =0, (2.2)
R(-,0) is the zero operator and

R, Mz, =T =Py, (2.3)

MIP + R(, \)] = (I — Q)Ny. (2.4)

Theorem 2.1 ([2]). Let X and Z be two Banach spaces with norms || - ||x and
[|-1|z, respectively, and Q C X an open and bounded set. Suppose M : domM —
Z is a quasi-linear operator and Ny : Q — Z, A € [0,1] is M-compact. In
addition, if
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(E1) Mz # Nyz, for A € (0,1), x € domM N 0LY;

(E2) deg{JQN,Q2Nker M,0} #£ 0,

where N = Ny and J : Zy — X1 is a homeomorphism with J(0) = 0, then the
abstract equation Mx = Nz has at least one solution in .

3. Related lemmas

Let AC|0, 1] denotes the space of absolutely continuous functions on the in-
terval [0,1]. We work in the spaces

X = {m € C?[0,1] : x(t) =2(1 —t) for t € [0,1] and

(602" () € AC.1L (6, (1)) € L'[0,1]}
with the norm ||z||x = max{||Z||co, ||Z'||cos ||Z"||cc }, Where ||Z||cc = sup |z(t)]
te[0,1]
and Z = {z € L'0,1] : 2(t) = 2(1 —t), t € [0,1]} with the usual Lebesgue norm
denoted by || - [|1-
Define M : domM — Z by Mz(t) = (¢,(2”(t)))” with

domM = {a: €X : a"(0) =0, (6" (1)) [izo =0, 2(0) = > uia:(éi)} .

For any open and bounded Q C X, we define Ny : Q — Z by Nyz(t) =
M(t, x(t), «'(t), "(t)), t €[0,1]. Then the BVP (1.1)-(1.3) can be written as
Mz = Nz.

Lemma 3.1. The operator M : domM — Z is quasi-linear.

Proof. 1t is clear that X; = ker M = {z €domM : = = a € R}.
Let € domM and consider the equation (¢,(z"(t)))” = z(t) subject to (1.2)
and (1.3), then z € Z. It follows from (1.2) and the symmetric conditions that

2 (t) = — /té bq (/Os(s - T)Z(T)d’]’) ds, (3.1)

a(t) = — /Ot / b4 (/OT(T - k)z(k)dk) drds + z(0). (3.2)

n
In view of (1.3) and Y p; = 1, we get

iﬂi /0g /f Pq (/Os(s - T)Z(T)dT) dsdt = 0. (3.3)
Thus,

o { cz: z [ /f ou ([t~ rstorie) s = o}  64)

and then
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Conversely, if (3.3) holds for z € Z, we take z € dom M as given by (3.2) and
establish that it is symmetric and (¢,(2”(-)))" is absolutely continuous along
with derivative, then (¢,(z"(¢)))” = z(t) for ¢t € [0,1] and (1.2) and (1.3) are
satisfied. Together with (3.4), we have

ImM = {z €Z: i,ui /O&i /f 0q (/03(8 - T)Z(T)dT) dsdt = 0} . (3.5)

So, dimker M = 1 < oo, ImM C Z is closed. Therefore, M is a quasi-linear
operator. O

Lemma 3.2. The operator Ny : Q — Z is M-compact in Q.

Proof. We recall the condition (A2) and define the continuous operator @ : Z —
Zl by

QZ(t) :2¢P n 22qq<2q — 1) (b;DX

> i (20 — (26:)2971) (3.6)

(iu /O& /f bq </Os(s - T)Z(T)dT) dsdt) .

It is easy to check that Q%2 = Qz and Q(\z) = AQz for z € Z, ) € R, that is,
@ is a semi-projector and dimX;=dimZ;=1. In addition, (3.5) and (3.6) imply
that ImM=ker Q.

Let 2 C X be an open and bounded subset with 6 € Q. For Vz € , we have
QI — Q)Na(x)] =0. So (I — Q)Nx(x) € ker@ = ImM. For Vz € ImM, one
gets Qz =0. Thus, z=2—-Qz= (I —Q)z € (I — Q)Z. Therefore, (2.1) holds.
Obviously, (2.2) is satisfied.

Define R : Q x [0,1] — X5 by

reNw=- [ ", ( / "~ k) (f(kw(k),x'(k),w"(k))—(Qf)(k))dk) drds, (3.7)

where X5 is the complementary space of X; = ker M in X. Clearly, R(-,0) = 6.
Now we prove that R : 2 x [0,1] — X5 is compact and continuous.

We first show that R is relatively compact for VA € [0,1]. Since Q C X is
a bounded set, then there exists r > 0 such that @ C {z € X : [[z||[x < r}.
Because the function f satisfies the L!-Carathéodory conditions, there exists
a, € LY0,1] such that for a.e. t € [0,1], |f(t,z(t),2'(t),2"(t))| < a.(t) for
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x € Q. Then for any x € Q, X € [0,1], we obtain

Rz, \) (1)) < /

/ f ( / " = WA (ks k), @' (K), 2" (K)) — (Qf)(k))dk> dr

< [[o( [ tartolas+ [ 1@noias) a

=q(llerlls + [1QFI11) := L,

1

/t K (/ (s = DA 2(r), 2 (), 2 (1) - (Qf)(T))dT> ds

0

<[ o (/ arods+ [ 1@D(s)ids ) di = L.

R, A) ()] =6 ( = s (o) 60 o) - (Qf)(s))ds)

<o.( arlas+ [ @lis)
—pu(llonls + Q1) = L.

ds

| R (2, M) (1) =

that is, R(-, \)Q2 is uniformly bounded. Meanwhile, for V,,t5 € [0, 1],

|]‘2(.%‘7 A)(tg) — R(x,)\)(tl)| = S L|t2 — tl‘ — 0, as |t2 — t1| — 0.

/;2 R'(z,)\)(s)ds

Similarly,

|R(z, A) (t2) — R(z,\)'(t1)| =

/:2 R"(z,)\)(s)ds

< L‘tz —t1‘ — 0, as |t2 — t1| — 0.
Also,
|op(R" (2, A)(t2)) — ¢p(R" (2, X)(t1))]
- ’/0 2(152 —$)A(f(s,x(s),2'(s),2"(s)) — (Qf)(s))ds
- [Nt = 9 siats). 6.0 ) ~ (@)
< ’/0 "ty — LN (s, 2(5), 2/(5), 2" (5)) — (@1)(s))ds|

+

/t (h — A (5. 2(s), ' (5). 2" (5)) — (QF)(5))ds

< / (ar(s) + (@) ()] ds - [t — ta] + / "t — 8) (0 (s) + [(QF)(5)]) ds.

< (ol + 1QF I —t1|+/t2(a7-(s)+l(Qf)(s)l)ds—>0 as [t — t1] = 0.
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In view of the continuity of ¢,, we have |R”(x, X)(t2) —R" (x, X)(t1)| = 0, as [to—
t1] — 0. So, R(-,\)Q is equicontinuous on [0,1]. Thus, Arzela-Ascoli Theorem
implies that R(-, \)§2 is relatively compact.

Since f is a L!-Carathéodory function, the continuity of R on Q follows from

the Lebesgue dominated convergence theorem.
Define P : X — Xy by (Pz)(t) = =(0) for t € [0,1]. Vz € _,, we have
Af(t,a(t),2' (), z"(t) = (¢p(z"(1)))"” € ImM = ker Q. So
1
3

/ / (/ A (f (b 2(k), 2’ (), 2" (k) = (QF)(K)) dk) drds

/ / % ( | k)(d’p(l‘”(k)))”dk) drds
’/o ()ds = a(t) = 2(0) = [(Z = P)a]t),

which implies (2.3). V € Q, we have

)
M[Pz + R(z, N)](t)

/ / % (/ = R)A(f(k,x(k), 2 (), 2" (k)) — (Qf)(k:))dk) drds}

=A[f(t2(t),2' (1), 2" (1) — QF (¢, z(t), 2’ (t), 2" (1))]
=[((I = Q)N (@)](1),
which yields (2.4). Therefore, Ny is M-compact in €. O

4. Main results

Theorem 4.1. Suppose that

(H1) there exists a constant A > 0 such that for Vo €domM\ ker M satisfying
|x(t)| > A for all t € [0,1], we have QNz # 0;

(H2) there exist functions o, 3,7, p € L'[0,1] such that for ¥(z,y,z) € R® and
a.e. t €10,1], we have

[f(t @y, 2)| < a()aP~ + BE)|yP~ +(1)]P7 + (1), (4.1)

we denote ay = [fl1, B1 = [|Bll, 1 = [, pr = [lpl]1;
(H3) there exist a constant B > 0 such that for ¥b € R with |b|] > B, we have

either

_ &
b 2%9q(2g — 1) p / / bq (/ s_Tf(T,b,o,o)dT) dsdt <0 (4.2)
Z wiki(2q — (26;)%971) =1

or

I
b — . i 13 (s —7)f(r,b,0,0)dr ) dsdt > 0; (4.3)
3 witi(2q - (2611) o e )

2973 (qy + By + 207y )T < 1 forp < 2, (4.4)
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1 p—2 p—1, g1
5(2 a1+ B +2P7 )7 <1 forp > 2. (4.5)

Then the BVP(1.1)-(1.3) has at least one nonconstant symmetric solution.
Lemma 4.1. Uy = {x € domM : Mx = Nyz for some A € (0,1)} is bounded.

Proof. For Vx € Uy, we have Nyx = Mz € ImM = ker () and then QNz = 0.
It follows from (Hl) that there exists ¢ty € [0,1] such that |z(¢p)] < A. Now,
lz(t)] = |=(to) Jrfto s)ds| < A+ ||2'|]|0, that is, ||z]|cc < A+ ||2||0o- Since x
is symmetric on [0, 1], then

(0] = o' (3) + / dﬂfM‘ )ds] < 212" .

that is, [[2]]oc < 3l[2”||oc- And then [la]lso < A+ ]|zl
Also,

a”(t) = %(/0 (t = s)Af(s,2(s),2'(s), 2" (s))ds).

(I) For 1 < p < 2, from (H2) and Proposition 2.1, one gets
t
[|2”|]oc = sup |¢q(/ (t = 5)Af(s,2(s),2"(s), 2" (5))ds)]
t€[0,1] 0
1
S(bg(/ (a®lz@)FP~ + BBl O + (OO + p(t))dt)
0
<gglon|lz|Bs + Bulla’[B + mlla"[[E5" + 1]

<dglar (AP +

1
+ I8 + s Bl 12+l |2 + ]

- 2" |00 \p _
=dql(c1 + 1 +2° wl)(%y’ (A )]
<297 (a4 Br + 2P )T [ oo 4+ 27 2 AP py) T

Noticing (H4), one arrives at

|| LS )
- 1 A 3(011+51+2p Lyp)a—t

= L, (4.6)

which yields [|2/||oc < $L1 and ||2|[cc < A+ £Ly. Let Ly = max{Ly, A+ 1L}



Symmetric solutions for multi-point BVP at resonance 169
(IT) For p > 2, similarly, we have
t
"l = sup [g( [ (¢ = AF(s,2(5),2'(5) " (5))ds)
te[0,1] 0

<@glanlz|[B + Bul|2'[[B5H +mllz" (155 + pa]

_ _ _ 1 _ _
<627 Paa (AP + {218 + g Bl BT + (12715 + o)

2p—1

"
=627 o + 81+ 2 (@R )

<572+ By + 2770 o o+ (PR AP 4 )
From (H4), we have
(2P 2o AP~ 4 py)a”! .4
10 ey + 5y 2 i
which leads to [|2/]|oc < M7 and |[#]|ec < A+ M.

Let M2 = max{Ml,A + %Ml}
Thus, ||z||x < max{Ls, Ms}, i.e. U; is bounded. O

lo”loe < 1= M,

Lemma 4.2. IfUs={x € ker M : =Xz + (1 = N\)JQNz =0, € [0,1]}, where
J : ImQ — ker M is a homomorphism, then Us is bounded.

Proof. Define J : ImQ — ker M by J(b) = b. Then for Vb € Us,

224g(2q — 1)
; 1i€i(2g — (26;)20-1)

(i i /0g /f Pq </Os(s —7)f(r, b,0,0)dT) dsdt) .

If A=1, then b= 0. In the case A € [0,1), if |b| > B, then by (4.2), we have

b =2(1 — \)g, by

9204(2q — 1
0.< A2 =2(1 — \bo, | — 929 1) bpx

> 1i&i(2q — (26)%11)

=1
(22 Wi /0& /t bq (/Os(s —7)f(T, b,O,O)dT) dsdt> <0,

which is a contradiction. Thus, ||z||x = |b] < B for Vz € Us, that is, Uz is
bounded. O

Proof of Theorem 4.1. Let U = {z € domM : ||z||x < max{Ly, M>, B} +
1}, then U D U; UU; be a bounded and open set, then from Lemmas 4.1 and
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4.2, we have

(i) Mx # Nyz for ¥(z,\) € [ domM N U] x (0,1);

(ii) Let H(x,\) = =Xz + (1 — \)JQNz, J is defined as in Lemma 4.2. and we
can see that H(xz,\) # 0, Vo € domM N OU. Therefore,

deg {JQN |grger pr» U Nker M, 0} =deg {H(-, 0), U Nker M, 0}
=deg {H(:, 1), UNker M,0}
=deg {—1I, Unker M, 0}
#0.

Theorem 2.1 yields that Mz = Nz has at least one symmetric solution x* €
domM NU. Observe that x*(¢) is not a constant. Otherwise, suppose z* = 0,
then from (1.1) we have f(¢,b,0,0) = 0, which contradicts (Al). The proof is
completed. O

Remark 4.1. When the second part of condition (H3) holds, if we choose
Uy={zckerM : Az + (1—-)\)JQNz = 0,\ € [0,1]} and take homomorphism
H(z,\) = A& + (1 — \)JQNz. Then by a similar argument, we can complete
the proof.

Example 4.1. Consider
d3(2" ()" = f(t,x(t),2'(t),2"(t)), a.e. t €]0,1],
2"(0) = 0,( p(2”(0))) =0 (4.7)
z(0 )7256( ) —z(y), 2(t) =2(1-1).

Corresponding to the BVP (1.1)-(1.3), we have p = 3, ¢ = %, H1 =2, up = —1,
5176’52713'11(1

1 1
F(t,u,v,w) = 2t(1 — 1)t 4 it(l —t)u? + (t 2) v? 4+ t3(1 — t)*w?.
We can easily verify that (A1)-(A2) hold. Let a(t) = 3t(1—t), ( ) = t 2+ 55,
v(t) = t3(1—1)2, p(t) = 2¢(1—1)e' =, then oy = &, 61 i = 2. Also, we
can check that (H1)-(H4) are all batlsﬁed Thus, BVP (4.7) h nonconstant

symmetric solution, by using Theorem 4.1.
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