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COMPARISONS OF LOSS FORMULAS FOR A CIRCUIT

GROUP WITH OVERFLOW TRAFFIC†

CHUL GEUN PARK∗ AND DONG HWAN HAN

Abstract. Traditionally, ERM (Equivalent Random Method) is used to
determine number of circuits in an overflow circuit group with rough traf-
fic which has vmr(variance to mean ratio) greater than one. Recently,
IPP(Interrupted Poisson Process) approximate method which represents
the collective feature of the overflow has been introduced. The negative
binomial loss formula can be applied to determine the required number of
circuits in the overflow circuit group. In this paper, we deal with the nega-
tive binomial loss formula and determination method of number of circuits.
We also analyze and compare these three loss formulas.
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1. Introduction

According to the development of Internet and mobile communications, voice
traffic as well as data traffic transfer from the existing circuit networks to the
packet networks. In this change of communication environment, we can foresee
that the circuit network may be removed step by step and reduced gradually. The
loss formulas for circuit groups can be applied to both extension and removal of
circuits. These formulas may become effective tools for operators in the capacity
planning of circuits.

It is well known that Erlang-B and Engset formulas are used to determine
number of circuits under assumption of LCC(Lost Call Cleared) as the loss
formula for high usage group[1]. We use Erlang-B formula for random input
traffic and Engset formula for smooth traffic.
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The overflow traffic from the high usage circuit groups has rough(peaked)
traffic feature with vmr(variance to mean ratio) greater than one. To model
the overflow traffic, IPP(Interrupted Poisson Process) approximate method,
ECM(Equivalent Capacity Method), ERM (Equivalent Random Method) and
AWW(Approximate Wilkinson Walström) are introduced[2].

The determination method of number of circuits for the overflow circuit group
is represented in the ITU-T Rec. E.527[3]. In this paper, we deal with the
determination method of number of circuits by the negative binomial (Pascal)
loss formula which represents well the feature of the overflow traffic. We also
compare the results of Pascal loss formula with the results of ERM and IPP
methods.

In case that the input traffic has Poisson arrivals, Erlang-B formula is used to
determine number of circuits in high usage circuit group. In case that the input
traffic has a binomial distribution which has arrivals from such a small number
of sources as PBX(Private Branch Exchange), we can use Engset formula[4].

The negative binomial loss formula can be applied to the overflow group
with rough traffic such as alternating route and tandem link system when the
input traffic is assumed to have the negative binomial distribution which has
the condition vmr > 1. This formula was introduced most recently among
loss formulas for overflow groups. But it has some measure of the calculation
complexity. Therefore ERM have been used to remove the complexity. It is
known that the negative binomial loss formula is more suitable than ERM in
order to calculate the loss probability of the tandem link system with rough
traffic offered[5].

Erlang-B, ERM, IPP method and the negative binomial loss formulas are
widely known as basic formulas for traffic engineering of the circuit switching
networks. Especially, the blocking probability can be described in terms of the
offered traffic intensity, the number of sources and the number of circuits. But
to apply these formulas to the capacity dimensioning of circuit group, we need
more effective algorithm for the accurate numerical calculation. In this paper,
we focus on this point of view about loss formulas.

The overall organization of this paper is as follows. In the section 2, we
describe the definition of the negative binomial loss formula and the method
of the offered traffic calculation. In the section 3 and 4, we explain the ERM
approximate method and the IPP approximate method, respectively. We give
some numerical results and conclusions in the section 5 and the final section,
respectively.

2. Negative binomial loss formula

2.1. Definition of negative binomial loss formula. The negative binomial
loss formula can be used to determine number of circuits, to calculate loss proba-
bility and available offered load in overflow circuit groups with rough traffic. For
the practical use of the formula, we have some assumptions as follows. First, the
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call arrival rate is proportion to the number of busy sources. That is, according
to the increase of the traffic intensity, the arrival rate increases and so the vari-
ance becomes bigger than the mean (vmr > 1). Secondly, the number of circuits
in the overflow group is finite. Thirdly, the lost call is cleared without holding
time on the system. Finally, the circuit holding time of call has the exponential
distribution. We define some notations to introduce the negative binomial loss
formula as

n : number of circuits in a full available circuit group,
k : number of virtual traffic sources,
q : offered traffic per traffic source,
α : mean offered traffic(traffic intensity),
ν : variance of offered traffic,
B : blocking(loss) probability(call congestion),
f : offered traffic per idle traffic source.

By the above notations, the negative binomial blocking probability that an
arriving call is lost owing to no existence of available idle circuits is as follows

B(k, n, f) =
n+k+1

α

(
n+k
k

)
fn+1

∑n
i=0

(
i+k
k

)
f i

, (1)

where the total mean offered load α becomes the mean of a random variable X
which has the negative binomial distribution with parameters k and q as follows

(
x+ k − 1

k − 1

)
qx(1− q)k, x = 0, 1, 2, · · · .

The mean and variance are given respectively by[6]

α = kq/(1− q), ν = kq/(1− q)2. (2)

Especially, the offered load per idle source f is given by

f = q/(1− qB). (3)

From the equations (2) and (3), we have

α = kf/[1− f(1−B)].

The lost load αo is given by

αo = αB = kqB/(1− q).

Next, we consider the numerical algorithm to calculate the blocking probability
B for given numbers of circuits n, and virtual sources k and the offered traffic
per source q. We assume that f is given, then we have the following recursive
relation

B(k, n, f) =
(n+ k − 1)fB(k, n− 1, f)

n+ αB(k, n− 1, f)
. (4)
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If we define I(k, n, f) ≡ B(k, n, f)−1 as the inverse of B(k, n, f), then we can
rewrite (4) as follows

I(k, n, f) =
α+ nI(k, n− 1, f)

(n+ k + 1)f
. (5)

The equation can be expressed in a form of summation as

I(k, n, f) =

n∑

j=0

Tj(k, n, f), (6)

where Tj(k, n, f) can be easily obtained by the recursion as follows

Tj(k, n, f) = Tj−1(k, n, f)
n− j + 1

(n− j + k + 1)f
, (7)

where the initial value is given by

T0(k, n, f) =
kq

(1− q)(n+ k + 1)f
.

Up to now, we dealt with the recursive relation to find the blocking probability
for a given value f . But f is also a function of B and so we cannot obtain f
exactly at the start. Therefore we have to choose the iterative method. We can
use the fixed point iteration as follows

Bi+1 = f(Bi), (8)

where f(Bi) is an estimate obtained from the equation (4) with fi = q/(1−qBi).
The initial value B0 must be chosen under the following conditions in order for
f not to deviate in the interval [0,1].

0 ≤ B0 ≤ 1 (0 ≤ q < 1/2),

0 ≤ B0 ≤ (1− q)/q (1/2 ≤ q ≤ 1).

The iteration of the equation (8) should be continued until the condition |Bi+1−
Bi| < ε is satisfied for a given tolerance ε. To use the negative binomial loss
formula, we have to know k and q from (2) instead of the mean and variance.

From now on, we discuss the problem of determining the number of circuits,
that is, how to find the required number of circuits n in order to handle the
offered traffic α generated from k virtual traffic sources for a given grade of
service B(blocking probability).

Since we cannot obtain the derivatives of the equation (1) with respect to n
and k expressly, we have to find the solution in the integer number based on
the repetitions of calculating B(k, n, f) for increasing n = 1, 2, · · · . At first, for
given k, q and B, we find f by the equation (3). On the other hand, for given
k, α and B, we can find f by the following equation.

f = α/[k + α(1−B)].

Then we can find the solution in the integer for increasing n by using (7).
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2.2. Calculation of the offered traffic allowance. In this subsection, we
deal with the problem of calculating the offered traffic allowance α, when n
circuits, k virtual traffic sources and the blocking probability B are given. This
computational problem can be applied to the capacity dimensioning. From the
equation (1), we can see that an algebraic expression of α is possible for n = 1.
Then by the equations (2) and (3), we have the following,

f =
βk −

√
β2
k − 4kB(1−B)(k + 2)/(k + 1)

2(1−B)(k + 2)
,

where βk = k + 2− kB.
To find α for n > 1, we have to use Newton iteration with a given f by using

the equations (2) and (3). Then we have the following equations for the i-th
estimate of α and the (i+ 1)-th estimate of f

α(i) =
kfi

1− fi(1−B)
,

fi+1 = fi − G(fi)

dG(fi)/dfi
,

(9)

where G(f) is expressed as follows

G(f) =
1

B
− 1

B(k, n, f)
.

By the equation (6), we can rewrite the equation above

G(f) =
1

B
−

n∑

j=0

Tj(k, n, f). (10)

In the equation (7), Tj(k, n, f) can be expressed in terms of f as follows

Tj(k, n, f) = Cj(k, n)αf
−(j+1), (11)

where Cj(k, n) is defined by

Cj(k, n) =
(n+ k − j)!n!

(n+ k + 1)!(n− j)!
.

From the equations (10) and (11), we can derive G′(f) as follows

G′(f) =
n∑

j=0

Cj(k, n)

[
j + 1− α

kf

]
αf−(j+2).

By the equation (11), we can rewrite the equation above

G′(f) =
n∑

j=0

Tj(k, n, f)

[
j + 1− α

kf

]
f−1. (12)
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Finally, by the substitution of (10) and (12) into (9), we obtain the (i + 1)-th
estimate of f as follows

fi+1 = fi −
B−1 −

n∑

j=0

Tj(k, n, fi)

f−1
i

n∑

j=0

Tj(k, n, fi)(j + 1− α(i)/kfi)

. (13)

The initial value f0 of the above iteration can be taken in the interval (0,1). The
process of the iteration is continued until the condition |α(i+1) −α(i)| < ε about
α in (9) is satisfied for a given error tolerance ε.

3. ERM approximate method

In general we assume that the traffic generated by the subscriber’s call de-
mands forms a random distribution. When AHT(Average Holding Time) has an
exponential distribution, we can easily obtain the mean and variance of overflow
traffic from the LCC system with the Poisson arrivals. The subscriber’s traffic
offered to the high usage group is well modeled as random traffic. We assume
that S independent high usage groups have mi (i = 1, 2, · · · , S) circuits and
ai traffic intensities, respectively, then the overflow traffic from the respective
group is as follows[7],

αi = aiB(mi, ai), i = 1, 2, · · · , S,
νi = αi [1− αi + ai/(mi + 1 + αi − ai)] .

On the other hand, since the overflow traffic from the high usage group has
the condition vmr > 1, it is not proper to model the overflow traffic as random
traffic. R. Wilkinson developed the ERM to determine the required number
of circuits for the final circuit group by characterizing the non-random traffic
as two moments(mean and variance). The final circuit group(route) means the
ultimate circuit lines which the overflow traffic can choose to bypass.

Figure 1 shows the principle of the ERM which regards S independent high
usage groups with random traffic as one equivalent random group. We calculate
the ratio Per of the lost traffic α to the overflow traffic αo from the equivalent
high usage group. In this case, we must select the offered traffic α and m while

the mean and variance satisfy the equality α =
∑S

i=1 αi and ν =
∑S

i=1 νi. By
the assumption of the ERM, α and ν satisfy the following equalities

α = aBe(m, a),

ν = α [1− α+ a/(m+ 1 + α− a)] ,

αo = aBe(m+ n, a).

After all, by the above equations with Erlang-B formula Be, we have [1]

Per =
ao
α

=
Be(m+ n, a)

Be(m, a)
.
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Figure 1. Principle of ERM

4. IPP approximate method

The IPP is in ON-period for an exponential time whose mean duration is
1/γ and is in OFF-period for another exponential time whose mean duration is
1/ω. This may be thought of as a Poisson process with arrival rate λ during
ON-period and no arrivals during OFF-period. To model the overflow traffic as
the IPP, we assume that the overflow traffic from the high usage group with the
traffic intensity a and m circuits flows into the final circuit group with infinite
circuits. Let Y be a random variable which represents number of busy circuits
in the infinite circuit group in steady state, then the factorial moments M(j) of
Y are given by [8]

M(j) = E
[
Y j

]
= ajσ0(m)/σj(m),

where M(0) = 1 and σ0(m) = am/m!, σj(m), j = 1, 2, · · · , is given by

σj(m) =

m∑

i=0

(
j + i− 1

i

)
am−i

(m− i)!
.

Then the factorial moment M(j) satisfies the following

M(j+1) = M(j)
λ(ω + j)

γ + ω + j
, j = 0, 1, 2, · · · .

Consequently, the required parameters of IPP are given as follows [1,8]

λ = a
δ2(δ1 − δ0)− δ0(δ2 − δ1)

(δ1 − δ0)− (δ2 − δ1)
,

ω =
δ0
λ

λ− aδ1
δ1 − δ0

,

γ =
ω

a

λ− aδ0
δ0

,

where δj , j = 0, 1, 2, · · · , are given by

δj(m) = M(j+1)a
−1/M(j) = σj(m)/σj+1(m).
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In addition, for Erlang-B formula Be = Be(m, a) we define the followings

B1 = Be(m+ 1, a),

B2 = Be(m+ 2, a).

Then we have another expression as follows

δ0 = Be,

δ1 =
B−1

e a−1

B−1
1 −B−1

2

,

δ2 =
2a−1δ−1

0 δ−1
1

B−1
2 − 2B−1

1 +B−1
e

.

To find the loss formula of IPP method, that is, the loss probability of the
IPP/M/n/n queue, we consider the final circuit group corresponded to the
IPP/M/n/n queue in the figure 1. To describe the input traffic, let Q be defined
as the infinitesimal generator of a Markov process which represents the transi-
tion of IPP arrival process, and let Λ be an arrival rate matrix. Then the IPP
can be represented entirely as (Q,Λ) and has the matrix form as follows.

Q =

(−γ, γ
ω,−ω

)
, Λ =

(
λ, 0
0, λ

)

To find the steady state probability of the number of busy circuits, let

{(X,Z)} = {(k, l) | 0 ≤ k ≤ n, l = 1, 2}
be the Markov process which represents the system state of the considered queu-
ing model. Here Z = l means arrival phase of IPP with an infinitesimal generator
Q and X = k means the number of busy circuits in the system at an arbitrary
time. If we define Q∗ as the infinitesimal generator of the process {(X,Z)}, then
we have a linear system πQ∗ = 0, πe = 1, where π is the steady state vector and
is defined as follows

π = (π0, π1, π2, · · · , πn) with πk = (πk1, πk2).

The required probability is the steady state probability of the number of busy
circuits at a call arrival epoch, which is given by

qk =
πkΛe∑n
k=0 πkΛe

, k = 0, 1, 2, · · · , n. (14)

Therefore the blocking(loss) probability is given by

Pip =
πnΛe∑n
k=0 πkΛe

. (15)

To calculate the probabilities of equations (14) and (15) and other performance
measures, we have to solve the following leaner system

π0(Q− Λ) + π1 = 0,

πk−1Λ + πk(Q− Λ− kI) + (k + 1)πk+1 = 0, 1 ≤ k < n,
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πn−1Λ + πn(Q− nI) = 0.

To solve the above linear system, we can use the matrix-geometric analytic
method[10,11]. On the other hand, in the suitable iterative form, we can rewrite
the above linear system as follows

π0 = (nπ0 + π1)M,

πk = [πk−1Λ + (n− k)πk + (k + 1)πk+1]M,

πn = πn−1Λ + πnΛ,

where M = −(Q − Λ − nI)−1. To find the π = (π0, π1, π2, · · · , πn), we can use
the block Gauss-Seidel iteration[12].

5. Numerical results

In this section, we investigate the blocking probabilities of the three loss
formulas when the mean and vmr of overflow traffic from the high usage circuit
groups vary for some given numbers of circuits. We also analyze the respective
results of the required numbers of circuits for a grade of service when the mean
and vmr of overflow traffic vary.

Table 1 shows the blocking probabilities when the mean (α) and vmr (z) of
overflow traffic vary for a given number n of the final circuit group in the ERM
system of Figure 1. In the table, B1 indicates the probability by the negative
binomial loss formula, B2 indicates the probability by the ERM and B3 indicates
the probability by the IPP method.

Table 1 : Blocking probabilities (n = 50)
Mean Vmr and loss probabilities
(α ) z 1.5 2.0 2.5 3.0 3.5

B1 0.0002 0.0012 0.0030 0.0055 0.0084
25.35 B2 0.0001 0.0006 0.0017 0.0037 0.0066

B3 0.0002 0.0005 0.0015 0.0031 0.0056
B1 0.0110 0.0185 0.0257 0.0329 0.0401

35.35 B2 0.0111 0.0203 0.0305 0.0410 0.0515
B3 0.0126 0.0205 0.0300 0.0399 0.0500
B1 0.0715 0.0834 0.0948 0.1070 0.1220

45.35 B2 0.0782 0.0959 0.1116 0.1257 0.1387
B3 0.0808 0.0965 0.1114 0.1252 0.1379

As shown in Table 1, in case of small mean(α = 25.35), the negative binomial
loss formula overestimates the blocking probabilities more than ERM and IPP
method. In case of large mean(α = 45.35), the negative binomial loss formula
underestimates the blocking probabilities more than ERM and IPP method.

Table 2 shows the required number of circuits for a grade of service (B = 0.01).
In the table, n1, n2 and n3 indicate the required numbers of circuits by the
negative binomial loss formula, ERM and IPP method, respectively.
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Table 2: The required number of circuits (B = 0.01)
Mean Vmr and loss probabilities
(α ) z 1.5 2.0 2.5 3.0 3.5

n1 39 42 45 47 49
25.35 n2 39 42 44 46 49

n3 40 42 44 46 48
n1 62 65 68 70 72

45.35 n2 62 65 68 71 74
n3 63 66 68 71 73
n1 79 82 84 87 89

60.35 n2 79 83 86 89 92
n3 79 83 86 88 91
n1 89 93 95 98 100

70.35 n2 79 83 86 88 91
n3 90 94 97 100 103

As shown in Table 2, when the mean traffic is not large (α ≤ 45.35), the
required numbers of circuits are similar for all 3 methods. But in case of large
mean(α = 70.35), ERM underestimates the required number of circuits more
than the negative binomial loss formula and IPP methods. In addition, we can
see that the negative binomial loss formula and IPP methods are similar for all
cases.

6. Conclusions

In this paper, we investigated the numerical algorithms for calculating the
blocking probabilities and the required number of circuits for the final circuit
group with rough input traffic by using the negative binomial loss formula, ERM
and IPP method. The numerical results showed that when the traffic intensity
is not large, the required numbers of circuits are similar for all 3 methods. But
in case of large traffic intensity, ERM underestimates the required number of
circuits more than the negative binomial loss formula and IPP methods. We
can also see that the negative binomial loss formula and IPP methods have the
similar results for the problem of finding the number of circuits. In addition,
the realistic model for the circuit dimensioning of large circuit group remains for
further study.
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