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INTEGRAL REPRESENTATIONS FOR SRIVASTAVA’S

HYPERGEOMETRIC FUNCTION HA

Junesang Choi, Anvar Hasanov and Mamasali Turaev

Abstract. While investigating the Lauricella’s list of 14 complete
second-order hypergeometric series in three variables, Srivastava
noticed the existence of three additional complete triple hypergeo-
metric series of the second order, which were denoted by HA, HB

and HC . Each of these three triple hypergeometric functions HA,
HB and HC has been investigated extensively in many different
ways including, for example, in the problem of finding their inte-
gral representations of one kind or the other. Here, in this paper, we
aim at presenting further integral representations for the Srivatava’s
triple hypergeometric function HA.

1. Introduction and Preliminaries

In the theory of hypergeometric functions of several variables, a re-
markably large number of triple hypergeometric functions have been
introduced and investigated. A comprehensive table of 205 distinct
triple hypergeometric functions is provided in the work of Srivastava
and Karlsson [15, Chapter 3]. Out of these 205 distinct triple hyperge-
ometric functions, Lauricella [8, p. 114] introduced fourteen complete
triple hypergeometric functions of the second order. He denoted his
triple hypergeometric functions by the symbols F1, ..., F14 of which
F1, F2, F3 and F9 correspond, respectively, to the three variable Lau-

ricella functions F
(3)
A , F

(3)
B , F

(3)
C and F

(3)
D that are the three-variable

cases of the n-variable Lauricella functions F
(n)
A , F

(n)
B , F

(n)
C and F

(n)
D
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(cf. [8, p. 113]; see also [1, p. 114, Equations (1) to (4)], [15, p. 33
et seq.] and [5, 6]). Saran [10] initiated a systematic study of these ten
triple hypergeometric functions from Lauricella’s set. Exton [4] intro-
duced 20 distinct triple hypergeometric functions, which he denoted by
X1, . . . , X20, and investigated their twenty Laplace integral representa-
tions whose kernels include the confluent hypergeometric functions 0F1

and 1F1, and the Humbert function hypergeometric functions Ψ2 and Φ2

of two variables. The four Appell hypergeometric functions F1, . . . , F4

of two variables are simply the special case of Lauricella’s n-variable
functions when n = 2, that is,

F1 = F
(2)
D , F2 = F

(2)
A , F3 = F

(2)
B and F4 = F

(2)
C .

While transforming Pochhammer’s double-loop contour integrals as-
sociated with the functions F8 and F14 (that is, FG and FF , respectively)
belonging to Lauricella’s set of hypergeometric functions of three vari-
ables, Srivastava [11, 12] discovered the existence of three additional
complete triple hypergeometric functions HA, HB and HC of the second
order, of which HA is defined as follows (see also [15, p. 43, Equation
1.5(11)]):

(1.1)

HA (a1, a2, a3; c1, c2;x, y, z)

=

∞∑
m,n,p=0

(a1)m+p (a2)m+n (a3)n+p
(c1)m (c2)n+p

xm

m!

yn

n!

zp

p!

(|x| =: r < 1; |y| =: s < 1; |z| =: t < (1− r)(1− s)) ,

where, with C and Z−0 denoting the set of complex numbers and the set
of nonpositive integers, respectively, (λ)n is the Pochhammer symbol
defined (for λ ∈ C) by
(1.2)

(λ)n :=
Γ(λ+ n)

Γ(λ)
=

{
1 (n = 0)

λ(λ+ 1) . . . (λ+ n− 1) (n ∈ N := {1, 2, 3, . . .}),

Γ being the well-known Gamma function. Of course, all 20 of Exton’s
triple hypergeometric functionsX1, . . . , X20 as well as Srivastava’s triple
hypergeometric functions HA, HB and HC are included in the set of the
aforementioned 205 distinct triple hypergeometric functions which were
presented systematically by Srivastava and Karlsson [15, Chapter 3].
The above-stated three-dimensional region of convergence of the triple
hypergeometric function in (1.1) for HA was given by Srivastava [11, 12]
(see also Srivastava and Karlsson [15, Section 3.4]).
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Various multivariable generalizations and cases of reducibility of Sri-
vastava’s functions HA, HB and HC have been investigated (see, for
details, [15, pp. 43–44]). Turaev [17] studied the Srivastava function
HA. Hasanov et al. [7] reproduced Srivastava’s integral representations
for the functions [11, 12] HA, HB and HC . Very recently, Choi et al. [2]
also presented certain integral representations for the functions HA, HB

and HC .
Here, in this present sequel to some of the above-mentioned works, we

aim at investigating further 19 integral representations for the Srivastava
function HA, for completeness, including the five ones in [2].

2. Integral Representations for
Srivastava’s hypergeometric function HA

Theorem. Each of the following integral representations for HA

holds true.
(2.1)
HA (a1, a2, a3; c1, c2;x, y, z)

=
Γ (s)

Γ (a1) Γ (s− a1)

∫ 1

0

ξa1−1 (1− ξ)s−a1−1HA (s, a2, a3; c1, c2;xξ, y, zξ) dξ

(<(s) > <(a1) > 0) ;

(2.2)
HA (a1, a2, a3; c1, c2;x, y, z)

=
Γ (s)

Γ (a2) Γ (s− a2)

∫ 1

0

ξa2−1 (1− ξ)s−a2−1HA (a1, s, a3; c1, c2;xξ, yξ, z) dξ

(<(s) > <(a2) > 0) ;

(2.3)
HA (a1, a2, a3; c1, c2;x, y, z)

=
Γ (s)

Γ (a3) Γ (s− a3)

∫ 1

0

ξa3−1 (1− ξ)s−a3−1HA (a1, a2, s; c1, c2;x, yξ, zξ) dξ

(<(s) > <(a3) > 0) ;

(2.4)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c1)

Γ (c1 − s) Γ (s)

·
∫ 1

0
ξs−1 (1− ξ)c1−s−1HA (a1, a2, a3; s, c2;xξ, y, z) dξ

(<(c1) > <(s) > 0) ;
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(2.5)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c2)

Γ (c2 − s) Γ (s)

·
∫ 1

0
ξs−1 (1− ξ)c2−s−1HA (a1, a2, a3; c1, s;x, yξ, zξ) dξ

(<(c2) > <(s) > 0) ;

(2.6)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c2)

Γ (a3) Γ (c2 − a3)

∫ 1

0
ξa3−1 (1− ξ)c2−a3−1

· (1− yξ)−a2 (1− zξ)−a1 2F1

(
a1, a2; c1;

x

(1− yξ) (1− zξ)

)
dξ

(<(c2) > <(a3) > 0) ;

(2.7)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c2) (1 + λ)

a3

Γ (a3) Γ (c2 − a3)
·
∫ 1

0

ξa3−1 (1− ξ)c2−a3−1

· (1 + λξ)
a1+a2−c2 [1 + λξ − (1 + λ) ξy]

−a2 [1 + λξ − (1 + λ) ξz]
−a1

· 2F1

(
a1, a2; c1;

x (1 + λξ)
2

[1 + λξ − (1 + λ) ξy] [1 + λξ − (1 + λ) ξz]

)
dξ

(<(c2) > <(a3) > 0; λ > −1) ;

(2.8)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c2)

Γ (a3) Γ (c2 − a3)

(β − γ)
a3 (α− γ)

c2−a3

(β − α)
c2−a1−a2−1

·
∫ β

α

(β − ξ)c2−a3−1 (ξ − α)
a3−1 (ξ − γ)

a1+a2−c2

· [(β − α) (ξ − γ)− (β − γ) (ξ − α) y]
−a2

· [(β − α) (ξ − γ)− (β − γ) (ξ − α) z]
−a1

· 2F1 (a1, a2; c1;σx) dξ

(<(c2) > <(a3) > 0; γ < α < β) ,

where σ is defined by

σ =
(β − α)

2
(ξ − γ)

2

[(β − α) (ξ − γ)− (β − γ) (ξ − α) y] [(β − α) (ξ − γ)− (β − γ) (ξ − α) z]
;
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(2.9)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (c2)

Γ (a3) Γ (c2 − a3)

(γ − β)
a3 (γ − α)

c2−a3

(β − α)
c2−a1−a2−1

·
∫ β

α

(β − ξ)c2−a3−1 (ξ − α)
a3−1 (γ − ξ)a1+a2−c2

· [(β − α) (γ − ξ)− (γ − β) (ξ − α) y]
−a2

· [(β − α) (γ − ξ)− (γ − β) (ξ − α) z]
−a1

· 2F1 (a1, a2; c1;σx) dξ

(<(c2) > <(a3) > 0; α < β < γ) ,

where σ is defined by

σ =
(β − α)

2
(γ − ξ)2

[(β − α) (γ − ξ)− (γ − β) (ξ − α) y] [(β − α) (γ − ξ)− (γ − β) (ξ − α) z]
;

(2.10)
HA (a1, a2, a3; c1, c2;x, y, z)

=
Γ (c2)

Γ (a3) Γ (c2 − a3)

∫ ∞
0

ξa3−1 (1 + ξ)a1+a2−c2 (1 + ξ − yξ)−a2

· (1 + ξ − zξ)−a1 2F1

(
a1, a2; c1;

x (1 + ξ)2

(1 + ξ − yξ) (1 + ξ − zξ)

)
dξ

(<(c2) > <(a3) > 0) ;

(2.11)
HA (a1, a2, a3; c1, c2;x, y, z)

=
Γ (c2)

Γ (a3) Γ (c2 − a3)

∫ ∞
0

(
e−ξ
)a3 (

1− e−ξ
)c2−a3−1

·
(
1− ye−ξ

)−a2 (
1− ze−ξ

)−a1
2F1

(
a1, a2; c1;

x

(1− ye−ξ) (1− ze−ξ)

)
dξ

(<(c2) > <(a3) > 0) ;
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(2.12)

HA (a1, a2, a3; c1, c2;x, y, z)

=
2Γ (c2)

Γ (a3) Γ (c2 − a3)

∫ π
2

0

(
sin2 ξ

)a3− 1
2
(
cos2 ξ

)c2−a3− 1
2

·
(
1− y sin2 ξ

)−a2 (1− z sin2 ξ
)−a1

· 2F1

(
a1, a2; c1;

x(
1− y sin2 ξ

) (
1− z sin2 ξ

)) dξ
(<(c2) > <(a3) > 0) ;

(2.13)
HA (a1, a2, a3; c1, c2;x, y, z)

=
2Γ (c2) (1 + λ)

a3

Γ (a3) Γ (c2 − a3)

∫ π
2

0

(
sin2 ξ

)a3− 1
2
(
cos2 ξ

)c2−a3− 1
2(

1 + λ sin2 ξ
)c2−a1−a2

·
[
1 + λ sin2 ξ − (1 + λ) y sin2 ξ

]−a2 [
1 + λ sin2 ξ − (1 + λ) z sin2 ξ

]−a1
2F1

·

(
a1, a2; c1;

x
(
1 + λ sin2 ξ

)2[
1 + λ sin2 ξ − (1 + λ) y sin2 ξ

] [
1 + λ sin2 ξ − (1 + λ) z sin2 ξ

])
· dξ (<(a3) > 0; <(c2 − a3) > 0; λ > −1) ;

(2.14)
HA (a1, a2, a3; c1, c2;x, y, z)

=
2Γ (c2)λa3

Γ (a3) Γ (c2 − a3)

∫ π
2

0

(
sin2 ξ

)a3− 1
2
(
cos2 ξ

)c2−a3− 1
2(

cos2 ξ + λ sin2 ξ
)c2

·
(

cos2 ξ + λ sin2 ξ − λy sin2 ξ

cos2 ξ + λ sin2 ξ

)−a2 (
cos2 ξ + λ sin2 ξ − λz sin2 ξ

cos2 ξ + λ sin2 ξ

)−a1
· 2F1

(
a1, a2; c1;

x
(
cos2 ξ + λ sin2 ξ

)2[
cos2 ξ + λ sin2 ξ − λy sin2 ξ

] [
cos2 ξ + λ sin2 ξ − λz sin2 ξ

])
· dξ (<(a3) > 0; <(c2 − a3) > 0; λ > 0) ;
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(2.15)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (a1 + a2) Γ (c2)

Γ (a1) Γ (a2) Γ (a3) Γ (c2 − a3)

·
∫ 1

0

∫ 1

0

ξa1−1ηa3−1 (1− ξ)a2−1 (1− η)
c2−a3−1 (1− yη − zξη + yξη)

−a1−a2

· 2F1

(
a1 + a2

2
,
a1 + a2

2
+

1

2
; c1;

4xξ (1− ξ)
(1− yη − zξη + yξη)

2

)
dξdη

(<(a1) > 0; <(a2) > 0; <(c2) > <(a3) > 0) ;

(2.16)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (a1 + a2) Γ (c2) (1 + λ)

a3

Γ (a1) Γ (a2) Γ (a3) Γ (c2 − a3)

·
∫ 1

0

∫ 1

0

ξa1−1ηa3−1 (1− ξ)a2−1 (1− η)
c2−a3−1 (1 + λη)

a1+a2−c2

· [(1 + λη)− (1 + λ) zξη − (1 + λ) y (1− ξ) η]
−a1−a2

2F1

·

(
a1 + a2

2
,
a1 + a2

2
+

1

2
; c1;

4xξ (1− ξ) (1 + λη)
2

[(1 + λη)− (1 + λ) zξη − (1 + λ) y (1− ξ) η]
2

)
· dξdη (<(a1) > 0; <(a2) > 0; <(c2) > <(a3) > 0; λ > −1) ;

(2.17)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (a1 + a2)

Γ (a1) Γ (a2)

∫ 1

0
ξa1−1 (1− ξ)a2−1

·H4 [a1 + a2, a3; c1, c2;xξ (1− ξ) , y (1− ξ) + zξ] dξ

(<(a1) > 0; <(a2) > 0) ;

(2.18)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ (a1 + a2) Γ (c2)

Γ (a1) Γ (a2) Γ (s) Γ (c2 − s)

·
∫ 1

0

∫ 1

0
ξa1−1ηs−1 (1− ξ)a2−1 (1− η)c2−s−1

·X4 [a1 + a2, a3; c1, c2 − s, s;xξ (1− ξ) , y (1− ξ) (1− η) , zξη] dξdη

(<(a1) > 0; <(a2) > 0; <(c2) > <(s) > 0) ;
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(2.19)
HA (a1, a2, a3; c1, c2;x, y, z)

· = Γ (a1 + a2 + a3)

Γ (a1) Γ (a2) Γ (a3)

∫ 1

0

∫ 1

0

ξa1−1ηa1+a2−1 (1− ξ)a2−1 (1− η)
a3−1 F (3)

·
[

a1+a2+a3
2 , a1+a2+a32 + 1

2 ::
− ::

−;
−;

−;
c2;

−;
−;

−;
c1;

−;
−;

−;
−;

σ1x, σ2y, σ3z

]
· dξdη (<(ai) > 0; i = 1, 2, 3) ,

where σ1, σ2 and σ3 are defined by

σ1 = 4ξ (1− ξ) η2, σ2 = 4 (1− ξ) η (1− η) and σ3 = 4ξη (1− η) ,

and 2F1, H4, X4 and F (3) denote, respectively, Gauss hypergeometric
function, Horn’s function, Exton function and generalized Srivastava hy-
pergeometric function defined by

2F1 (a, b; c;x) =

∞∑
m=0

(a)m (b)m
(c)mm!

xm,

H4 (a1, a2; c1, c2;x, y) =
∞∑

m,n=0

(a1)2m+n (a2)n
(c1)m (c2)nm!n!

xmyn,

X4 (a1, a2; c1, c2, c3;x, y, z) =

∞∑
m,n,p=0

(a1)2m+n+p (a2)n+p
(c1)m (c2)n (c3)pm!n!p!

xmynzp

and

F (3) [x, y, z] = F (3)

[
(a) ::
(e) ::

(b) ;
(g) ;

(b′) ;
(g′) ;

(b′′) ;
(g′′) ;

(c) ;
(g) ;

(c′) ;
(g′) ;

(c′′) ;
(g′′) ;

x, y, z

]
.

Proof. The integral representation (2.6) was derived by Srivastava
himself [11, p. 100] as an intermidiate result in his demonsrtation of the
following integral representation ([11, p. 100, Equation (3.3)]):

(2.20)

HA (a1, a2, a3; c1, c2;x, y, z) =
Γ(c1) Γ(c2)

Γ(c1) Γ(c2)Γ(c1 − a2)Γ(c2 − a3)

·
∫ 1

0

∫ 1

0

ξa2−1 ηa3−1 (1− ξ)c1−a2−1 (1− η)c2−a3−1 (1− yη)−a2

· (1− xξ − zη)−a1
(

1− xyξη

(1− yη)(1− xξ − zη)

)−a1
dξ dη

(<(c1) > <(a2) > 0; <(c2) > <(a3) > 0) .
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In fact, Srivasta’s derivation of (2.6) involved writing the triple hyper-
geometric series in (1.1) as a single series of the Appell function F1 as
follows:

(2.21)

HA (a1, a2, a3; c1, c2;x, y, z)

=
∞∑
m=0

(a1)m (a2)m
(c1)m

F1 [a3, a2 +m, a1 +m; c2; y, z]
xm

m!

and then applying Picard’s integral formula [1, p. 29, Equation (4)]:

(2.22)

F1

[
α, β, β′; γ; x, y

]
=

Γ(γ)

Γ(α)Γ(γ − α)

·
∫ 1

0
τα−1 (1− τ)γ−α−1 (1− xτ)−β (1− yτ)−β

′
dτ(

<(γ) > <(α) > 0; γ ∈ C \ Z−0
)

to each term on the right-hand side of (2.21). The transition from (2.6)
to Srivastava’s final result (2.20) was made by appealing to the following
classical result (see, for details, [11, pp. 99–100]):
(2.23)

2F1(α, β; γ; z) =
Γ(γ)

Γ(α) Γ(γ − α)

∫ 1

0
τα−1 (1− τ)γ−α−1 (1− zτ)−β dτ(

<(γ) > <(α) > 0; γ ∈ C \ Z−0
)
.

Each of the integral representations (2.1) to (2.19) can also be proved
directly by expressing the series definition of the involved special func-
tion in each integrand and changing the order of the integral sign and
the summation, and finally using the following well-known relationship
between the Beta function B(α, β), the Gamma function Γ and their
various associated Eulerian integrals (see, for example, [3, pp. 9–11],
[13, 14, Section 1.1] and [16, p. 26 and p. 86, Problem 1]):

(2.24) B(α, β) =


∫ 1

0
tα−1(1− t)β−1 dt (<(α) > 0; <(β) > 0)

Γ(α) Γ(β)

Γ(α+ β)
(α, β ∈ C \ Z−0 ),

(2.25)

B(α, β) = 2

∫ π
2

0
(sin θ)2α−1 (cos θ)2β−1 dθ =

∫ ∞
0

τα−1

(1 + τ)α+β
dτ

(<(α) > 0; <(β) > 0)
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and
(2.26)

B(α, β) =
(b− c)α (a− c)β

(b− a)α+β−1

∫ b

a

(t− a)α−1 (b− t)β−1

(t− c)α+β
dt (c < a < b)

= (1 + λ)α
∫ 1

0

tα−1 (1− t)β−1

(1 + λt)α+β
dt (λ > −1)

(<(α) > 0; <(β) > 0).

3. Concluding Remarks

Integral representations for most of the special functions of mathe-
matical physics and applied mathematics have been investigated in the
existing literature. Here we have presented only some illustrative in-
tegral representations for the Srivastava’s function HA. A variety of
integral representations of HA, which may be different from those pre-
sented here, can also be provided. Integral representations (2.6), (2.7),
(2.8), (2.10) and (2.12) here include the integral representations (2.1),
(2.2), (2.3), (2.4) and (2.5), respectively.
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