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GENERALIZED PROPERTIES OF STRONGLY

FRÉCHET

Myung Hyun cho?, Junhui Kim†, and Mi Ae Moon

Abstract. Our purpose of this paper is to introduce and study
some properties related to approximations by points. More pre-
cisely, we introduce strongly AP, strongly AFP, strongly ACP, and
strongly WAP properties which are stronger than AP, AFP, ACP,
and WAP respectively. Also they are weaker than strongly Fréchet
property. And we study general properties and topological opera-
tions on such spaces and give some examples.

1. Introduction

In this paper, all spaces under consideration are assumed to be Haus-
dorff, ω is the first countable ordinal, and |X| is the cardinality of any
set X.

We first introduce some properties which we are interested in. A
space X is said to be AP (resp. ACP) if for every non-closed subset A
of X and for every p ∈ A \ A, there exists a (resp. countable) subset F
of A such that F = F ∪ {p}. A space X is said to be WAP if for every
non-closed subset A of X, there exist a point p ∈ A \A and a subset F
of A such that F = F ∪ {p}.

Approximation by points (AP) and weak approximation by points
(WAP ) were introduced by A. Pultr and A. Tozzi in 1993 ([7]) and
studied by A. Bella ([2]) and P. Simon ([8]) etc. And W. Hong ([5])
introduced many properties by generalizing AP and WAP. Specially, he
defined approximation by countable points (ACP).
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A space X is said to be Fréchet if for every subset A of X and for
every p ∈ A, there exists a sequence in A which converges to p.

A space X is said to be strongly Fréchet if for every decreasing family
{An : n ∈ ω} of subsets of X and for every x ∈ ∩{An : n ∈ ω}, there
exists xn ∈ An for each n ∈ ω such that {xn : n ∈ ω} converges to x.
This property was introduced by E. Michael in [6].

By definitions, any strongly Fréchet space is Fréchet, any Fréchet
space is ACP, any ACP space is AP, and any AP space is WAP.

2. New Properties and Examples

We define some properties (strongly AP, strongly AFP, strongly ACP,
strongly WAP) related to approximations by points as follows:

Definition 1. A space X is said to be strongly AP if for every de-
creasing family {An : n ∈ ω} of non-closed subsets of X and for every
p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω}, there exists a subset Fn of An for
each n ∈ ω such that F = F ∪ {p} where F = ∪{Fn : n ∈ ω}.

Definition 2. A space X is said to be strongly AFP (resp. strongly
ACP) if for every decreasing family {An : n ∈ ω} of non-closed subsets of
X and for every p ∈ ∩{An : n ∈ ω}\∪{An : n ∈ ω}, there exists a subset
Fn of An for each n ∈ ω such that F = F ∪{p} where F = ∪{Fn : n ∈ ω}
and |Fn| < ω (resp. |Fn| ≤ ω).

Definition 3. A space X is said to be strongly WAP if for every
decreasing family {An : n ∈ ω} of non-closed subsets of X, there exist
a point p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω} and a subset Fn of An for
each n ∈ ω such that F = F ∪ {p} where F = ∪{Fn : n ∈ ω}

By definitions, we have the following properties:

• Every strongly Fréchet space is Fréchet;
• Every strongly Fréchet space is strongly AFP;
• Every strongly AFP space is strongly ACP;
• Every strongly ACP space is strongly AP;
• Every strongly AP space is AP;
• Every strongly WAP space is WAP.
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So we have the following diagram:

strongly Fréchet

strongly AFP

strongly ACP

strongly AP

Fréchet

ACP

AP

strongly WAP

WAP

-

-

- -

?

?

?

?

??

Diagram 1

Example 2.1. The sequential fan Sω is the set (ω×ω)∪{p} equipped
with a topology defined as follows:

• each point in ω × ω is isolated;
• a basic open neighborhood of p is the form of

Of (p) = {p} ∪ {(n, k) ∈ ω × ω : k ≥ f(n)}
for each function f : ω → ω.

The sequential fan Sω is regular, but not countably compact. Since
Sω is Fréchet, it is AP. Also it is well known that it not strongly Fréchet.
Furthermore, Sω is strongly ACP since Sω is countable and Sω has the
only one limit point p.

Claim : Sω is not strongly AFP.

Let An = [n, ω)× ω. Then An+1 ⊂ An for all n ∈ ω and p ∈ ∩{An :
n ∈ ω}. Choose any finite subset Fn of An for each n ∈ ω and denote
F = ∪{Fn : n ∈ ω}. Then |F ∩ Bn| < ω for each n ∈ ω where Bn =
{n}×ω. Define a function f : ω → ω by f(n) = 1 + max{k : (n, k) ∈ F}
if F ∩ Bn 6= ∅ and f(n) = 0 otherwise. Then Of (p) ∩ F = ∅, that is,

p 6∈ F . Therefore Sω is not strongly AFP.

Example 2.2. Let X = (ω × ω) ∪ {p}. We topologize X as follows:

• each point in ω × ω is isolated;
• U is a basic open neighborhood of p if and only if

for all but a finite number of n ∈ ω, each set {k ∈ ω : (n, k) 6∈ U}
is finite.



88 Myung Hyun cho, Junhui Kim, and Mi Ae Moon

Then the space X is regular, but not countably compact. Also p ∈
ω × ω \ (ω × ω), but there is no sequence of points in ω × ω which
converges to p. So X is not Fréchet. Since X is countable and p is
the unique non-isolated point in X, X is strongly ACP. Furthermore,
one can prove that X is not strongly AFP with the same argument in
Example 2.1. Therefore we can not say that all spaces satisfying ACP
and strongly AP are Fréchet or strongly AFP.

In general, every AP space is a WAP space, but we have a strongly
AP space which is not strongly WAP as follows:

Example 2.3. Let X = [0, 1] be the Euclidean space. Since X is
a compact Hausdorff space which is Fréchet, X is a strongly AP space
which is WAP.

To prove that X is not strongly WAP, we take an interval An =
[0, 1

n+1) for each n ∈ ω. Then {An : n ∈ ω} is a decreasing family of non-

closed subsets of X. Since ∩{An : n ∈ ω} = {0} and 0 ∈ ∪{An : n ∈ ω},
∩{An : n ∈ ω} \ ∪{An : n ∈ ω} = ∅. Therefore X is not strongly
WAP.

Example 2.4. Let D be a uncountable discrete space and p 6∈ D.
Assume that X = D ∪ {p} is a one-point Lindelöf extension, that is, X
is topologized as follows:

• each point in D is isolated in X;
• if p ∈ U and X \ U is countable.

Since X has the only one non-isolated point p, one can easily prove
that X is strongly AP and strongly WAP. But every countable subset
is closed. Therefore X is not strongly ACP.

3. Relevant Results

Theorem 3.1.

(1) Every subspace of a strongly AP space is strongly AP;
(2) Every subspace of a strongly ACP space is strongly ACP;
(3) Every subspace of a strongly AFP space is strongly AFP.

Proof. (1) Assume that Y is a subspace of a strongly AP space X.
Let {An : n ∈ ω} be a decreasing family of non-closed subsets of Y and

let p ∈ ∩{An
Y

: n ∈ ω} \ ∪{An : n ∈ ω}. Then p ∈ An
X ∩ Y for each

n ∈ ω. Since X is strongly AP, there exists a subset Fn ⊂ An such
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that F
X

= F ∪ {p} where F = ∪{Fn : n ∈ ω}. Since F
Y

= F
X ∩ Y

and p ∈ Y , p ∈ F
Y

. Also F
Y

= F
X ∩ Y = (F ∪ {p}) ∩ Y = F ∪ {p}.

Therefore X is strongly AP.
(2) and (3) can be proved by the same argument with (1).

Theorem 3.2.

(1) Every closed continuous image of a strongly AP space is strongly
AP;

(2) Every closed continuous image of a strongly ACP space is strongly
ACP;

(3) Every closed continuous image of a strongly AFP space is strongly
AFP;

Proof. (1) Assume that X is a strongly AP space and f : X → Y is
a closed continuous onto map. Let {An : n ∈ ω} be a decreasing family
of non-closed subsets of Y and let p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω}.
Denote Bn = f−1(An) for each n ∈ ω. Notice that f(Bn) = f(Bn) = An

for each n ∈ ω (because f is a closed continuous onto map). Hence
Bn = f−1(An) for each n ∈ ω. So we obtain that

f−1(p) ⊂ f−1(∩{An : n ∈ ω}) = ∩{Bn : n ∈ ω}
and

f−1(p) ∩ (∪{Bn : n ∈ ω}) = ∅.
Pick a point x ∈ f−1(p). Since X is strongly AP, there exists a subset

Cn ⊂ Bn for each n ∈ ω such that C = C ∪ {x} where C = ∪{Cn : n ∈
ω}. Let Fn = f(Cn) for each n ∈ ω and F = ∪{Fn : n ∈ ω}. Then one
can prove that F = F ∪ {p}. Therefore Y is strongly AP.

It follows from the same argument that (2) and (3) can be proved.

A continuous map f : X → Y is called pseudo-open if for each y ∈ Y
and every neighborhood U of f−1(y) we have y ∈ f(U)◦ where A◦ is the
interior of A in Y .

The following lemma is a characterization of a pseudo-open map.

Lemma 3.3. [1] Let f : X → Y be a continuous onto map. Then
the following conditions are equivalent:

(1) for each Y ′ ⊂ Y the restriction f ′ of f to X ′ = f−1(Y ′), the inverse
image of Y ′, is a quotient map of X ′ onto Y ′;

(2) for each y ∈ Y and every open set U in X containing f−1(y),
y ∈ f(U)◦;
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(3) whenever B ⊂ Y and y ∈ Y satisfies y ∈ B, we have f−1(y) ∩
f−1(B) 6= ∅.

It is well known that every continuous closed (or open) map is pseudo-
open. And it was proved that any pesudo-open image of an AP space
(resp. WAP space) is an AP space (resp. WAP space) in [4]. As corol-
laries of this result, we have the following ([4]): any closed continuous
image of an AP (resp. WAP) space is an AP (resp. WAP) space; any
open continuous image of an AP (resp. WAP) space is an AP (resp.
WAP) space.

One may wonder whether such a situation occurs on strongly AP
(strongly ACP, or strongly AFP) space as Theorem 3.2, But to get the
similar result, we have to give an additional condition that a map is
injective.

Theorem 3.4.

(1) Any pseudo-open injective image of a strongly AP space is strongly
AP;

(2) Any pseudo-open injective image of a strongly ACP space is strongly
ACP;

(3) Any pseudo-open injective image of a strongly AFP space is strongly
AFP.

Proof. (1) : Assume that X is a strongly AP space and f : X → Y is
a pseudo-open bijection. Let {An : n ∈ ω} be a decreasing family of non-
closed subsets of Y and let p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω}. Denote
Bn = f−1(An) for each n ∈ ω. Then, by Lemma 3.3, f−1(p) ∩ Bn 6= ∅.
Since f is injective, f−1(p) is a singleton (denote f−1(p) = {x}). Hence
x ∈ Bn for each n ∈ ω. Namely, x ∈ ∩{Bn : n ∈ ω} \∪{Bn : n ∈} where
{Bn : n ∈ ω} is a decreasing family of non-closed subsets of X. Since X
is strongly AP, there exists a subset Cn ⊂ Bn such that C = C ∪ {x}
where C = ∪{Cn : n ∈ ω}. Let Fn = f(Cn) for each n ∈ ω and
F = ∪{Fn : n ∈ ω}. Then F = F ∪ {p}. Therefore Y is strongly AP.

(2)-(3) : The proofs follow the same argument with (1).

Theorem 3.5. Every strongly AP space X with |X| ≤ ω is strongly
ACP.

Proof. Let {An : n ∈ ω} be a decreasing family of non-closed subsets
of X and let p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω}. Since X is strongly
AP, there exists a subset Fn of An for each n ∈ ω such that F = F ∪{p}
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where F = ∪{Fn : n ∈ ω}. And each Fn is countable because X is
countable. Therefore X is strongly ACP.

Theorem 3.6. [10] Every sequential and AP space is Fréchet.

We obtain a similar statement with Theorem 3.6 was proved by V.V.
Tkachuk and I.V. Yaschenko as follows:

Theorem 3.7. Every sequential and strongly AP space is strongly
Fréchet.

Proof. Assume that a space X is sequential and strongly AP. Let
{An : n ∈ ω} be a decreasing family of non-closed subsets of X and let
p ∈ ∩{An : n ∈ ω} \ ∪{An : n ∈ ω}. Since X is strongly AP, there is
a subset Fn ⊂ An such that F = F ∪ {p} where F = ∪{Fn : n ∈ ω}.
Since F is not closed in X and since X is sequential, there is a sequence
S = {xk : k ∈ ω} ⊂ F which converges to p. Note that each xk belongs
to at least one An and that {An : n ∈ ω} is a decreasing family.

Inductively, we shall construct a sequence {yi : yi ∈ Ai, i ∈ ω} which
converges to p. Let n0 ∈ ω be the smallest ordinal number such that
x0 ∈ An0 . Then we take yi = x0 for all i ≤ n0. Suppose that, for all
i ≤ k, we have chosen yi such that yi ∈ Ai and yi ∈ S.

Step 1. If nk+1 ∈ ω is the smallest ordinal number such that nk <
nk+1 and xk+1 ∈ Ank+1

, then we take yi = xk+1 for all i with nk < i ≤
nk+1.

Step 2. If there is no such an nk+1 ∈ ω, then we take nk+1 = nk,
drop the point xk+1, and go to Step 1.

Then yi ∈ Ai for all i ∈ ω. Since the sequence {yi : i ∈ ω} is a
natural expansion of {xk : k ∈ ω}, the sequence {yi : i ∈ ω} converges
to p. Therefore X is strongly Fréchet.

Theorem 3.8. [10] Every countably compact AP space is Fréchet.

Corollary 3.9. All properties except two properties “strongly WAP”
and “WAP” mentioned in Diagram 1 are equivalent for a countably
compact regular space.

Proof. It is well known that a countably compact regular space is
Fréchet if and only if it is strongly Fréchet. Therefore, by Theorem 3.8,
every countably compact regular AP space is strongly Fréchet. Example
2.3 is a compact Hausdorff space satisfies all properties except “strongly
WAP”.
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