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Abstract

We define and characterize a somewhat fuzzy irresolute continuous mapping and a somewhat fuzzy irresolute semiopen
mapping on a fuzzy topological space. Besides, some interesting properties of those mappings are given.
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1. Introduction

The class of somewhat continuous mappings was first
introduced by Gentry and others [2]. Later, the concept
of “somewhat” in classical topology has been extended to
fuzzy topological spaces. In fact, somewhat fuzzy continu-
ous mappings and somewhat fuzzy semicontinuous map-
pings on fuzzy topological spaces were introduced and
studied by G. Thangaraj and G. Balasubramanian in [5] and
[6] respectively.

Meanwhile, the concept of fuzzy irresolute continuous
mapping on fuzzy topological space was introduced and
studied by M. N. Mukherjee and S. P. Shina in [3].

In this paper, the concepts of somewhat fuzzy irreso-
lute continuous mappings and somewhat fuzzy irresolute
semiopen mappings on a fuzzy topological space are intro-
duced and we characterize those mappings. Besides, some
interesting properties of those mappings are also given.

2. Preliminaries

Throughout this paper, we denote ¢ with the comple-
ment of the fuzzy set ;+ on a nonempty set X, which is de-
fined by p¢(z) = (1 — p)(x) =1 — p(x) forall z € X. If
1 is a fuzzy set on a nonempty set X and if v is a fuzzy
set on a nonempty set Y, then p X v is a fuzzy set on
X x Y, defined by (¢ x v)(x,y) = min(u(z),v(y)) for
every (z,y) € X x Y. Let f : X — Y be a mapping and
let 1 be a fuzzy set on X. Then f(u) is a fuzzy set on Y
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defined by

sup p(x)if f~H(y) #0, yeY
Fu)(y) = {‘”Efl(y)

0  otherwise.

Let v be a fuzzy set on Y. Then f~1(v) is a fuzzy set
on X, defined by f~1(v)(z) = v(f(x)) foreach x € X.
The graph g : X — X x Y of f is defined by g(z) =
(z, f(z)) foreachz € X. Then g~ (uxv) = puA f=1(v).
The product f; x fy : X3 x X9 — Y7 X Y5 of mappings
fl : X1 — Y7 and fz : Xo — Y5 is defined by (fl X
fg)(.%'l,l‘g) = (f](fEl),fQ(fEQ)) for each (ml,xg) € X1 x
X [11.

Now let X and Y be fuzzy topological spaces. We
denote Inty and Clp with the interior and with the clo-
sure of the fuzzy set p on a fuzzy topological space X
respectively. Then (i) 1 — Clg = Int(1 — w) and (ii)
Cl(1—u) =1-— Intu.

We say that a fuzzy topological space X is product re-
lated to a fuzzy topological space Y if, for a fuzzy set u
on X and vonY, vy # pand 6 # v (in which case
(v¢ x 1) V(1 x §°) > (p x v)) where v is fuzzy open
set on X and ¢ is a fuzzy open set on Y, then there exists
a fuzzy open set 7; on X and a fuzzy open set §; on Y
such that v§ > por 6 > vand (4§ x 1) vV (1 x §%) =
(v¢ x 1) x (1 x §°).

A mapping f : X — Y is called fuzzy continuous if
f~Y(v) is a fuzzy open set on X for any fuzzy open set v
on Y. And a mapping f : X — Y is called fuzzy open if
f () is a fuzzy open set on Y for any fuzzy open set 1 on
X.

A fuzzy set p on a fuzzy topological space X is called
fuzzy semiopen if p < ClIntp and p is called fuzzy semi-
closed if u€ is a fuzzy semiopen set on X.

A mapping f : X — Y is called fuzzy semicontinu-
ous if f~1(v) is a fuzzy semiopen set on X for any fuzzy
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open set v on Y. And a mapping f : X — Y is called
Sfuzzy semiopen if f(u) is a fuzzy semiopen set on Y for
any fuzzy open set yon X [1].

A mapping f : X — Y is called fuzzy irresolute contin-
uous if f~1(v) is a fuzzy semiopen set on X for any fuzzy
semiopen set v on Y and a mapping f : X — Y is called
fuzzy irresolute semiopen if f(u) is a fuzzy semiopen set
on Y for any fuzzy semiopen set ¢ on X. It is clear that
every fuzzy irresolute continuous mapping is a fuzzy semi-
continuous mapping. And every fuzzy irresolute semiopen
mapping is a fuzzy semiopen mapping from the above def-
initions. But the converses are not true in general [3].

A fuzzy set p on a fuzzy topological space X is called
fuzzy dense if there exists no fuzzy closed set v such that
n<v<l.

A mapping f : X — Y is called somewhat fuzzy con-
tinuous if there exists a fuzzy open set p # Ox on X such
that u < f~1(v) # Ox for any fuzzy open set v on Y . It
is clear that every fuzzy continuous mapping is a somewhat
fuzzy continuous mapping. But the converse is not true in
general.

A mapping f : X — Y is called somewhat fuzzy open
if there exists a fuzzy open set v # Oy on Y such that
v < f(u) # Oy for any fuzzy open set ; on X. Note
that every fuzzy open mapping is a somewhat fuzzy open
mapping but the converse is not true in general [5].

A fuzzy set p on a fuzzy topological space X is called
fuzzy semidense if there exists no fuzzy semiclosed set v
such that p < v < 1.

A mapping f : X — Y is called somewhat fuzzy semi-
continuous if there exists a fuzzy semiopen set 1 # 0x on
X such that p < f=1(v) # Ox for any fuzzy open set v
on Y. It is clear that every fuzzy continuous mapping is
a somewhat fuzzy semicontinuous mapping. But the con-
verse is not true in general.

A mapping f : X — Y is called somewhat fuzzy
semiopen if there exists a fuzzy semiopen set v # Oy on Y
such that v < f(u) # Oy for any fuzzy open set p on X.
Every fuzzy open mapping is a somewhat fuzzy semiopen
mapping but the converse is not true in general [6].

3. Somewhat fuzzy irresolute continuous
mappings

In this section, we introduce a somewhat fuzzy irres-
olute continuous mapping and a somewhat fuzzy irreso-
lute semiopen mapping which are stronger than a some-
what fuzzy semicontinuous mapping and a somewhat fuzzy
semiopen mapping respectively. And we characterize
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a somewhat fuzzy irresolute continuous mapping and a
somewhat fuzzy irresolute open mapping.

Definition 3.1. A mapping f : X — Y is called somewhat
fuzzy irresolute continuous if there exists a fuzzy semiopen
set 1 # Ox on X such that 4 < f=1(v) # Ox for any
fuzzy semiopen set v # Oy on Y.

It is clear that every fuzzy irresolute continuous mapping
is a somewhat fuzzy irresolute continuous mapping. And
every somewhat fuzzy irresolute continuous mapping is a
fuzzy semicontinuous mapping. Also, every fuzzy semi-
continuous mapping is a somewhat fuzzy semicontinuous
mapping from the above definitions. But the converses are
not true in general as the following examples show.

Example 3.2. Let 1, po and ps be fuzzy sets on X =
{a,b,c} and let vy, v and v3 be fuzzy sets on ¥ =
{z,y, 2z} with

pi(a) = 0.1, p1(b) = 0.1, pa (¢) = 0.1,
pz(a) = 0.2, pa(b) = 0.2, p2(c) = 0.2,
ps(a) = 0.5, uz(b) = 0.5, uz(c) = 0.5 and
vi(x) =0.3,11(y) = 0.0,v1(2) = 0.3,
vo(x) = 0.5, 12(y) = 0.5,v2(z) = 0.5,
v3(z) = 0.5,v3(y) = 0.2, v3(2) = 0.5.

Let 7 = {0x, p1, 4§, 1x } be fuzzy topology on X and let
7* = {0y, v1, v, 1y } be fuzzy topology on Y. Consider
the mapping f : (X,7) — (Y,7*) defined by f(a) = v,
f(b) = y and f(c) = y. Then we have f~1(11) = Ox,
pr < f7H(ve) = ps and py < f7(v3) = po. Since
1 is a fuzzy semiopen set on (X, 7), f is somewhat fuzzy
irresolute continuous. But f~1(15) = g and f~1(v3) =
Lo are not fuzzy semiopen sets on (X, 7). Hence f is not a
fuzzy irresolute continuous mapping. [

Example 3.3. Let pq, po and pg be fuzzy sets on X =
{a,b,c} and let vy, v and v3 be fuzzy sets on ¥ =
{z,y, 2z} with

p1(a) = 0.2, 41 (b) = 0.2, 1 (c) = 0.2,
pz(a) = 0.3, u2(b) = 0.3, p2(c) = 0.3,
ps(a) = 0.5, us(b) = 0.5, us(c) = 0.5 and
vi(xz) =0.4,11(y) = 0.0,v1(2) = 0.4,
va(x) = 0.5, 15(y) = 0.5,15(z) = 0.5,
v3(x) = 0.5,v3(y) = 0.2,v3(2) = 0.5.

Let 7 = {0x, po, u$, Lx } be fuzzy topology on X and let
7* = {0y, v1, V2, 1y } be fuzzy topology on Y. Consider



the mapping f : (X,7) — (Y,7*) defined by f(a) = v,
f(b) = y and f(c) = y. Since f~1(v1) = 0x and
f~Y(vo) = ps are fuzzy semiopen sets on (X, 7), f is
fuzzy semicontinuous. But the inverse image f~!(v3) =
uy of a fuzzy semiopen set v3 on (Y,7*) is not fuzzy
semiopen on (X, 7). Hence f is not a fuzzy somewhat ir-
resolute continuous mapping. [J

Example 3.4. Let p1, puo and pug be fuzzy sets on X =
{a, b, c} with

pi(a) = 0.1, py (b) = 0.1, 1 () =
p2(a) = 0.3, 2 (b) = 0.3, ,uz(C) 0.3 and

and let 7 = {Ox, p1, 2, 1x} and 7 = {0x, u3, 1x }be
fuzzy topologies on X. Consider the identity mapping
ix : (X,7) = (X,7%). We have u§ < i (u3) = pa-
Since u$ is a fuzzy semiopen set on (X, 7), ix is some-
what fuzzy semicontinuous. But i'(13) = p3 is not a
fuzzy semiopen set on (X, 7). Hence ix is not a fuzzy
semicontinuous mapping. [

Theorem 3.5. Let f : X — Y be a mapping. Then the
following are equivalent:

(1) f is somewhat fuzzy irresolute continuous.

(2) If v is a fuzzy semiclosed set of Y such that
f71(v) # 1x, then there exists a fuzzy semiclosed set
i # 1x of X such that f~1(v) < p.

(3) If p is a fuzzy semidense set on X, then f(u) is a
fuzzy semidense set on Y.

Proof. (1) implies (2): Let v be a fuzzy semiclosed set
on Y such that f~!(v) # 1x. Then v is a fuzzy semiopen
seton Y and f~1(v¢) = (f~1(v))¢ # Ox. Since f is
somewhat fuzzy irresolute continuous, there exists a fuzzy
semiopen set A # Ox on X such that A < f~!(v°). Let
= A° Then u # 1x is fuzzy semiclosed such that
) =1— f1) <1-A=X=p.

(2) implies (3): Let p be a fuzzy semidense set on
X and suppose that f(u) is not fuzzy semidense on Y.
Then there exists a fuzzy semiclosed set v on Y such that
flp) < v < 1. Sincev < 1and f7'(v) # 1x,
there exists a fuzzy semiclosed set 6 # 1x such that
p < f7Yf(p) < f~1(v) < 4. This contradicts to the
assumption that p is a fuzzy semidense set on X. Hence
f(u) is a fuzzy semidense seton Y.

(3) implies (1): Let v # Oy be a fuzzy semiopen set
onY and let f~!(v) # Ox. Suppose that there exists no
fuzzy semiopen y # Ox on X such that u < f~1(v). Then
(f~(v))¢ is a fuzzy set on X such that there is no fuzzy
semiclosed set § on X with (f~1(v))¢ < § < 1. In fact, if
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there exists a fuzzy semiopen set 6¢ such that 6 < f~1(v),
then it is a contradiction. So (f~!(v))¢ is a fuzzy semi-
dense set on X. Hence f((f~1(v))¢) is a fuzzy semidense
seton Y. But f((f~t(v))¢) = f(f~1(v°)) # v°¢ < 1.
This is a contradiction to the fact that f((f~!(v))) is
fuzzy semidense on Y. Hence there exists a semiopen set
p # 0x on X such that u < f~1(v). Consequently, f is
somewhat fuzzy irresolute continuous. [

Theorem 3.6. Let X; be product related to X, and let
Y1 be product related to Y5. Then the product f; x fo :
X1 x X9 = Y] x Y5 of somewhat fuzzy irresolute contin-
uous mappings f1 : X7 — Y7 and fo : Xo — Y5 is also
somewhat fuzzy irresolute continuous.

Proof. Let A = \/, ;(11; X v;) be a fuzzy semiopen set on
Y1 x Y5 where u; # Oy, and v; # Oy, are fuzzy semiopen
sets on Y; and Y; respectively. Then (f; x f2)~1(\) =
\/iyj(ffl(ui) x fy'(v;)). Since f is somewhat fuzzy
irresolute continuous, there exists a fuzzy semiopen set
0; # Ox, such that 6; < fl_l(ui) # 0x,. And, since f5 is
somewhat fuzzy irresolute continuous, there exists a fuzzy
semiopen set 1); # Ox, such that n; < f; '(v;) # Ox,.
Now 6; x 1; < fi (i) % f3 ' (v;) = (fr x f2) 7 (ua %
vj) and &; x n; # Ox,xx, is a fuzzy semiopen set on
X1 x Xp. Hence \/, ;(6; x nj) # Ox,xx, is a fuzzy
semlopen set on X7 X X5 such that \/; ;(6; x n;) <

\/z,](fl (Ml)xf2 ( J)) (lefQ) (Vl,j(lulxyj)):
(f1x fa) 1 (A) # 0x, x x,- Therefore, f1 x fo is somewhat
fuzzy irresolute continuous. [

Theorem 3.7. Let f : X — Y be a mapping. If the graph
g: X — X xY of fisasomewhat fuzzy irresolute con-
tinuous mapping, then f is also somewhat fuzzy irresolute
continuous.

Proof. Let v be a fuzzy semiopen set on Y. Then
Ftw)=1AfY(v) =g (1 x v). Since g is somewhat
fuzzy irresolute continuous and 1 X v is a fuzzy semiopen
seton X x Y, there exists a fuzzy semiopen set iz # Ox on
X such that u < g~ (1 x v) = f~1(v) # Ox. Therefore,
f is somewhat fuzzy irresolute continuous. [

Definition 3.8. A mapping f : X — Y is called somewhat
fuzzy irresolute semiopen if there exists a fuzzy semiopen
set v # Oy on Y such that v < f(u) # Oy for any fuzzy
semiopen set ;1 # 0x on X.

It is clear that every fuzzy irresolute semiopen mapping
is a somewhat fuzzy irresolute semiopen mapping. And
every somewhat fuzzy irresolute semiopen mapping is a
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fuzzy semiopen mapping. Also, every fuzzy semiopen
mapping is a somewhat fuzzy semiopen mapping from the
above definitions. But the converses are not true in general
as the following examples show.

Example 3.9. Let uq, po and pg be fuzzy sets on X =
{a,b,c} and let vy, v and v3 be fuzzy sets on ¥ =
{z,y, z} with

pi(a) = 0.1, p1(b) = 0.1, pa (c) = 0.1,
p2(a) = 0.2, pa(b) = 0.2, pa(c) = 0.2,
us(a) = 0.5, u3(b) = 0.5, us(c) = 0.5 and
vi(x) =0.0,11(y) = 0.1,1(2) = 0.0,
va(x) = 0.0,5(y) = 0.2, 2(2) = 0.0,
v3(x) = 0.0,v3(y) = 0.5,v3(z) = 0.0.

Let7 = {Ox, f1, pi2, 1 x } be fuzzy topologies on X and let
7* = {0y, v1, 1§, 1y } be fuzzy topologies on Y. Consider
the mapping f : (X,7) — (Y, 7*) defined by f(a) = y,
f(b) =yand f(c) =y. Since f(u1) = v, 11 < f(u2) =
vy and v < f(us) = vs, f is somewhat fuzzy irresolute
semiopen. But f(u2) = 2 and f(us) = vs are not fuzzy
semiopen sets. Hence f is not a fuzzy irresolute semiopen
mapping. [

Example 3.10. Let p1, po and pug be fuzzy sets on I =

[0, 1] with
lu’l(x) = 0470 S X S 13
pa(z) =0.5,0 <2 <1and
p3(xr) =0.6,0<x <1

Let 7 = {07,p1,17} and 7* = {07, pus, 17} be fuzzy
topologies on I. Consider the mapping f : (I,7) —
(I,7*) defined by f(z) = 1 —2,0 < z < 1. Since
f(p1) = ps is a fuzzy semiopen set on (I,7%), f :
(I,7) — (I,7*) is fuzzy semiopen. But po is a fuzzy
semiopen set on (I,7) and f(u2) = o is not a fuzzy
semiopen set on (I, 7x). Also, there is no non-zero fuzzy
semiopen set smaller than f(us) = ua # 0. Hence f is not
a somewhat fuzzy irresolute semiopen mapping. [

Example 3.11. Let p1, po and pg be fuzzy sets on X =
{a,b,c} with

pi(a) =0.1, p1(b) = 0.1, p1(c) = 0.1,
po(a) = 0.3, ua(b) = 0.3, ua(c) = 0.3 and
us(a) = 0.8, u3(b) = 0.8, usz(c) = 0.8.

Let 7 = {Ox,ps,1x} and 7% = {Ox, p1, 2, 1x }be
fuzzy topologies on X. Consider the identity mapping
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ix : (X,7) = (X, 7). Then we have u§ < ix(u3) = ps.
Since 1§ is a fuzzy semiopen set on (X, 7), i x is somewhat
fuzzy semiopen. Butix (u3) = g3 is not a fuzzy semiopen
seton (X, 7). Hence i x is not a fuzzy semiopen mapping.
]

Theorem 3.12. Let f : X — Y be a bijection. Then the
following are equivalent:

(1) f is somewhat fuzzy irresolute semiopen.

(2) If pu is a fuzzy semiclosed set on X such that f(u) #
1y, then there exists a fuzzy semiclosed set v # 1y on Y
such that f(u) < v.

Proof. (1) implies (2): Let u be a fuzzy semiclosed set
on X such that f(u) # ly. Since f is bijective and pu°
is a fuzzy semiopen set on X, f(u°) = (f(un))¢ # Oy.
And, since f is somewhat fuzzy irresolute semiopen, there
exists a semiopen set § # 0y on Y such that § < f(u°) =
(f(w))c. Consequently, f(u) < 0° =v # ly andvisa
fuzzy semiclosed set on Y.

(2) implies (1): Let u be a fuzzy semiopen set on X such
that f(u) # Oy. Then p€ is a fuzzy semiclosed set on X
and f(u°) # 1y . Hence there exists a fuzzy semiclosed set
v # 1y on'Y such that f(u€) < v. Since f is bijective,
f(pe) = (f(1)® < v. Thus v° < f(p) and v° # Ox is a
fuzzy semiopen set on Y. Therefore, f is somewhat fuzzy
irresolute semiopen. [J

Theorem 3.13. Let f : X — Y be a surjection. Then the
following are equivalent:

(1) f is somewhat fuzzy irresolute semiopen.

(2) If v is a fuzzy semidense set on Y, then f~1(v) is a
fuzzy semidense set on X.

Proof. (1) implies (2): Let v be a fuzzy semidense
set on Y. Suppose f~!(v) is not fuzzy semidense on
X. Then there exists a fuzzy semiclosed set x on X such
that f~'(v) < pu < 1. Since f is somewhat fuzzy ir-
resolute semiopen and p¢ is a fuzzy semiopen set on X,
there exists a fuzzy semiopen set 6 # Oy on Y such that
0 < f(Intp®) < f(uc). Since f is surjective, § < f(u°) <
f(f~1(v°)) = v°. Thus there exists a semiclosed set 6 on
Y such that v < §¢ < 1. This is a contradiction. Hence
f~1(v) is fuzzy semidense on X.

(2) implies (1): Let p be a fuzzy open set on X and
f(u) # Oy. Suppose there exists no fuzzy semiopen v #
Oy on Y such that v < f(u). Then (f(p))° is a fuzzy set
on Y such that there exists no fuzzy semiclosed set § on Y’
with (f(u))¢ < § < 1. This means that (f(u)) is fuzzy
semidense on Y. Thus f~1((f(p))) is fuzzy semidense
on X. But f((f(w)%) = (F (F(w))° < p° < L.

This is a contradiction to the fact that f~1((f(v))¢ is fuzzy



semidense on X . Hence there exists a semiopen set v # Oy
onY such that v < f(u). Therefore, f is somewhat fuzzy
irresolute semiopen. []
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