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COVERS OF ALGEBRAIC VARIETIES VI.

ANGLO–AMERICAN COVERS AND

(1, 3)–POLARIZED ABELIAN SURFACES

Gianfranco Casnati

Abstract. In the present paper we describe a class of Gorenstein, finite
and flat morphism ϱ : X → Y of degree 6 of algebraic varieties, called
Anglo–American covers. We prove a general Bertini theorem for them

and we give some evidence that the cover ϱ : A → P2
k associated general

(1, 3)–polarized abelian surface is Anglo–American.

1. Introduction and notations

In the paper [7], T. Ekedahl and the author proved a general factorization
theorem for covers of degree d ≥ 3 of algebraic varieties satisfying a technical
condition, namely Gorenstein covers, e.g. surjective and finite morphisms of
degree d between smooth varieties over the complex field C.

Such a result has been used in order to give a complete characterization of
Gorenstein covers when their degree is either d = 3, 4 (see [7]) or d = 5 (see
[3]).

In the last case, when d = 5, we defined a projective bundle π : P → Y of
rank n+d−2, a subbundle P ⊆ P of rank d−2 and a suitable subscheme V ⊆ P
of relative dimension n which is fibrewise a suitable del Pezzo variety of degree
d. If, fibrewise over Y , X := V ∩ P is of dimension 0, then ϱ = π|X : X → Y is
a cover. So it is natural to ask if it is possible to construct interesting classes
of covers of degree d ≥ 6 via this method.

In [5] we dealed with a first class of covers of degree 6, corresponding fibrewise
to the Segre embedding P2

k × P2
k ⊆ P8

k and called Scandinavian.
In [6] we described a method for producing covers of degrees 8 and 9, respec-

tively related to the 2–uple embedding P3
k ⊆ P9

k and to the 3–uple embedding
P2
k ⊆ P9

k. We also suggested the existence of a method for constructing covers of
degree 6 corresponding fibrewise to the Segre embedding P1

k×P1
k×P1

k ⊆ P7
k and

called Anglo–American. We also stated that such covers are always trivial, in
the sense that they factorize through a sequence of finite morphisms of degree
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2 and 3. Unfortunately the proof contains a silly mistake and the factorization
statement is actually false (see Example 4.1).

The first motivation of the present paper is to describe such class of covers
(see Section 2) and to prove a general Bertini theorem for them (see Section 3)
similar to the ones proved in [7, 3, 5] and [6].

Using such a result, we give in Section 4 some examples. In particular, we
construct a non–factorizing Anglo–American cover ϱ : X → P2

k where X is an
integral smooth surface and we check the non–surprising fact that the classes of
Scandinavian and Anglo–American covers are not contained one into the other.
We also construct a cover which is neither Anglo–American nor Scandinavian.
Notice that these covers cannot be distinguished from their fibres as pointed
out in Sections 6.1, 6.2, 6.3 of [8]: it is necessary to look at them globally.

Perhaps the more interesting example of cover of degree 6 is related to a
general (1, 3)–polarized abelian surface A. In this case the polarization induces
naturally a cover ϱ : A → P2

k of degree 6. Except for its branch locus, that
has been studied in [15], not very much is known about such a ϱ. From this
viewpoint, the unique known result regards the structure of the sheaf ϱ∗OA

(see [4]), which forces ϱ to be non–Scandinavian as proved in [5]. Thus, it is
quite natural to ask if it is Anglo–American. As explained in Section 5 there
is some evidence that this could be true: unfortunately the existence theorem
cannot be applied in this case, hence we are unable to prove such a result for
ϱ.

Notations. From now on k will denote an algebraically closed field of charac-
teristic p ≥ 0. A scheme X is a Noetherian scheme. A scheme X over k is a
scheme which is separated and of finite type over k.

Let Y be an irreducible scheme, X another scheme. A cover ϱ : X → Y is a
flat and finite morphism. Its degree d is, by definition, the rank of the locally
free OY –sheaf ϱ∗OX .

If ϱ : X → Y is a cover of degree d, then we have the trace map ϱ# : OY →
ϱ∗OX . The sheaf coker ϱ# is a locally free OY –sheaf of rank d − 1 called the
Tschirnhausen module of ϱ (see [18]). Let E := (coker ϱ#)̌, so that Ě ∼= coker ϱ#

(for each sheaf F on Y we denote by F̌ its dual, i.e., F̌ := HomOY

(
F ,OY

)
).

We have an exact sequence 0 → OY
ϱ#

−→ ϱ∗OX → Ě → 0. If Y is defined over a
field k whose characteristic p does not divide d, then the sequence above splits,
hence

(1.1) ϱ∗OX
∼= OY ⊕ Ě

(generalize the proof of Lemma 2.2 in [18]).
A cover ϱ : X → Y is called Gorenstein if the scheme–theoretic fibre ϱ−1(y)

is a locally Gorenstein scheme over k(y) for every y ∈ Y : this is equivalent to
the invertibility of the relative dualizing sheaf ωX|Y . If Y is Gorenstein, then
ϱ is Gorenstein if and only if so is X. If ϱ is Gorenstein relative duality yields
a natural exact sequence 0 → E → ϱ∗ ωX|Y → OY → 0.



COVERS OF ALGEBRAIC VARIETIES VI 3

For all the other notations and results we always refer to [12].

2. The scheme of totally reducible tensors

Let T be a scheme and let Ui, 1 ≤ i ≤ 3 be three locally free OT –sheaves
of rank 2. Consider the Segre embedding S : P(U1)×T P(U2)×T P(U3) → P(U)
where U := U1 ⊗ U2 ⊗ U3.

Definition 2.1. The locus Dtr of totally reducible tensors is the image inside
P(U) of S.

When T = spec(k) we can consider homogeneous coordinates u
(i)
0 , u

(i)
1 in P1

k,
i = 1, 2, 3: thus we have induced coordinates ui,j,h, 0 ≤ i, j, h ≤ 1 in P7

k and S

is given by ui,j,h = u
(1)
i u

(2)
j u

(3)
h , 0 ≤ i, j, h ≤ 1.

Lemma 2.2. Dtr ⊆ P7
k is an arithmetically Gorenstein subscheme of degree 6

with minimal free resolution of the form

(2.2.1)
0 −→ OP7

k
(−6) −→ OP7

k
(−4)⊕9 −→ OP7

k
(−3)⊕16 −→

−→ OP7
k
(−2)⊕9 −→ OP7

k
−→ ODtr −→ 0.

The homogeneous ideal of Dtr in k[ui,j,h]0≤i,j,h≤1 is generated by the determi-
nants of all the faces of the cubic array (ui,j,h)0≤i,j,h≤1.

Proof. The sheaf OP7
k
(1) restricts to Dtr to the tensor product of the pull–

backs of OP1
k
(1) from the three copies of P1

k. It follows that ωDtr
∼= ODtr (−2).

Moreover, Künneth formulas also give Hi
(
Dtr,ODtr (n)

)
= 0 when i = 1, 2,

whence it follows that Dtr is arithmetically Gorenstein.
Let D be the image of the Segre embedding P1

k × P3
k ⊆ P7

k. Then D is the
locus of 2× 4 matrices of rank at most 1: we denote by p and q the projections
of D on the first and second factor. Obviously we have inclusions Dtr ⊆ D ⊆ P7

k

and the following exact sequence of OD–sheaves

0 −→ q∗OP3
k
(−2) −→ OD −→ ODtr −→ 0.

Notice that q∗OP3
k
(−2) ∼= p∗OP1

k
(2) ⊗ OP7

k
(−2)|D. A minimal free resolution

of p∗OP1
k
(b) ⊗ OP7

k
(a)|D can be computed in terms of the generalized Eagon–

Northcott complex Cb ⊗ OP7
k
(a) for each b ≥ −1 (see Section 1 of [20] and

the references therein). Thus a mapping cone C2 ⊗ OP7
k
(−2) → C0 yields the

sequence (2.2.1).
We finally notice that the sequence (2.2.1) implies that the homogeneous

ideal of Dtr in k[ui,j,h]0≤i,j,h≤1 is generated by nine quadratic forms. The nine
quadratic forms
(2.2.2)
u0,0,0u1,0,1 − u1,0,0u0,0,1, u1,1,0u0,1,1 − u1,1,1u0,1,0, u0,0,0u1,1,0 − u1,0,0u0,1,0

u0,0,1u1,1,1 − u1,0,1u0,1,1, u1,1,1u0,0,0 − u1,0,0u0,1,1, u1,0,1u0,1,0 − u1,1,0u0,0,1

u0,0,0u0,1,1 − u0,0,1u0,1,0, u1,1,0u1,0,1 − u1,0,0u1,1,1, u0,0,1u1,1,0 − u1,0,0u0,1,1
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are linearly independent and vanish on Dtr, thus they can be chosen as gen-
erators of such an ideal. Moreover, it is easy to check that the above forms
are nine of the twelve determinants obtained by the faces of the cubic array
(ui,j,h)0≤i,j,h≤1 and that the remaining three determinants depend linearly on

the above ones. □

Let CDtr ⊆ V(U) be the cone over Dtr.

Definition 2.3. If φ ∈ H0
(
T, Ǔ

)
we define the locus of total reducibility of φ

as Dtr(φ) := φ−1(CDtr) ⊆ T .

Remark 2.4. If φ is defined locally around t ∈ T by the tensor φi,j,h, then the
sheaf of ideals of Dtr(φ) is generated by the determinants of all the faces of the
cubic array (φi,j,h)0≤i,j,h≤1 locally around t.

We can now prove the following:

Proposition 2.5. Let k := C, T be an integral, smooth projective scheme over
k with dim(T ) ≤ 7 and Ui, 1 ≤ i ≤ 3 be three locally free OZ–sheaves of ranks
2 and set U := U1 ⊗ U2 ⊗ U3.

If Ǔ is globally generated, for each general φ ∈ H0
(
T, Ǔ

)
the scheme Dtr(φ)

is smooth.

Proof. Since T is smooth the scheme CDtr ⊆ V(U) is smooth outside the zero
section Z ⊆ V(U). On the other hand Ǔ is globally generated, thus we have a
diagram

T ×H0
(
T, Ǔ

) ev−→ V(U)yϑ

H0
(
T, Ǔ

)
where ev is smooth and it preserves codimensions. We set D̃tr := ev−1(CDtr),

Z̃ := ev−1(Z).

Since dim(T ) ≤ 7 and Z has codimension 8, it follows that Γ0 := ϑ(Z̃) ⊆
H0

(
T, Ǔ

)
is a proper closed subset. The properness of ϑ and the generic

smoothness theorem (see Corollary III.10.7 of [12]) applied to ϑ̃ := ϑ|D̃\Z̃ yields

the existence of a second proper closed subset Γ1 ⊆ H0
(
T, Ǔ

)
outside of which

ϑ̃ is smooth. The scheme ϑ−1(φ) then intersects transversally D̃ and does not

intersect Z̃ for each φ ∈ H0
(
T, Ǔ

)
\ (Γ0 ∪ Γ1).

Since ev(t, φ) = φ(t) for each (t, φ) ∈ T × H0
(
T, Ǔ

)
, it follows that the

projection T × H0
(
T, Ǔ

)
→ T gives ϑ−1(φ) ∩ D̃tr

∼= Dtr(φ), hence the last

scheme is smooth for a general choice of φ ∈ H0
(
T, Ǔ

)
. □

Now let Y be an integral scheme, choose three locally free OY –sheaves of
rank 2, Ai, 1 ≤ i ≤ 3 and let A := A1 ⊗ A2 ⊗ A3 and π : P := P(A) → Y be
the projection. Thus we have the totally degeneracy locus Dtr ⊆ P.
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Consider now a locally free OY –sheaf E of rank 5: set P := P(E) and
denote by π : P → Y the canonical projection. Via the projection isomor-
phism Φ: H0

(
Y, Ǎ ⊗ E

) ∼−→ H0
(
P, π∗Ǎ(1)

)
, each δ ∈ H0

(
P, π∗Ǎ(1)

)
induces

η := Φ−1(δ) ∈ H0
(
Y, Ǎ ⊗ E

)
hence a map i : P ↪→ P.

Assume that η induces a surjective map from A to E : then i is an embedding
and the sheaf of ideals of i−1(Dtr) ∼= i(P)∩Dtr and Dtr(δ) have the same local
generators, thus the two schemes coincide. Since Dtr, P and P, fibrewise over
Y , have respective dimensions 3, 4 and 7, it follows that fibrewise Dtr(δ) has
dimension at least 0 (in particular, Dtr(δ) is fibrewise, hence globally, non–
empty). Let ϱ := π|X .

Definition 2.6. With the notations above we say that η has the right codi-
mension at y ∈ Y if the scheme Xy := ϱ−1(y) ⊆ π−1(y) =: Py has codimension
4.

If η has the right codimension at each point y ∈ Y , then ϱ is finite. Moreover,
Lemma 2.2 also yields that ϱ is fibrewise Gorenstein of degree 6, whence ϱ : X →
Y is a Gorenstein cover of degree d = 6. Such a kind of cover will be called
Anglo–American.

The reason for this terminology is that while for Scandinavian covers the
minimal free resolution of OXy as sheaf of modules over OPy

∼= OP4
k
is re-

lated to the Gulliksen–Neg̊ard complex, called Scandinavian following [16], for
Anglo–American covers the above mentioned resolution is a generalized Eagon–
Northcott complex as explained in Section 2 (in [14] its description in terms of

cubic arrays has been ascribed to RḞossum):

Proposition 2.7. Assume η has the right codimension at each point y ∈ Y and
that det(E) ∼= (det(A1) ⊗ det(A3) ⊗ det(A3))

3. Then E is the Tschirnhausen
module of ϱ.

Proof. Dtr is fibrewise arithmetically Gorenstein in P by Lemma 2.2. Since
η has the right codimension at each point y ∈ Y the same is true for the
embedding X := Dtr ∩ P ⊆ P. Thus Theorem 2.1 of [7] yields the existence of
a unique exact sequence N∗

(2.7.1)
0 −→ π∗F3(−6) −→ π∗F2(−4) −→ π∗F1(−3) −→

−→ π∗F0(−2) −→ OP −→ OX −→ 0,

where Fi, 0 ≤ i ≤ 3, are locally free OY –sheaves of respective ranks 9, 16, 9,
1, whose restriction to each fibre is isomorphic to the minimal free resolution
(2.2.1). Moreover, up to a unique isomorphism, N∗ is the unique exact sequence
enjoying such a property and E is Tschirnhausen module of ϱ if and only if
det(E) ∼= F3. Thus it suffices to prove that

F3
∼= L := (det(A1)⊗ det(A3)⊗ det(A3))

3 ∼= det(E).
Let π : P := P(A) → Y be the projection. We have

ωDtr|P
∼= ωDtr|Y ⊗ ω−1

P|Y
∼= OP(6)⊗ π∗(det(A1)⊗ det(A3)⊗ det(A3))

−3 ⊗ODtr .
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Since X := Dtr ∩ i(P) ∼= Dtr ×P P, it follows that

ωX|P ∼= ωDtr|P ⊗OX
∼= OP(6)⊗ π∗(det(A1)⊗ det(A3)⊗ det(A3))

−3 ⊗OX .

Thus we also have the exact complex

(2.7.2)
0 −→ π∗L(−6) −→ π∗(F̌0 ⊗ L)(−4) −→ π∗(F̌1 ⊗ L)(−3) −→

−→ π∗(F̌2 ⊗ L)(−2) −→ (F̌3 ⊗ L) −→ OX −→ 0

which coincides fibrewise with the sequence (2.2.1) too.
It follows that sequences (2.7.1) and (2.7.2) are isomorphic thus π∗F3

∼= π∗L.
By applying π∗ it then follows that F3

∼= L. □

Remark 2.8. It follows from Proposition 2.7 that, if E is the Tschirhausen
module of an Anglo–American cover ϱ : X → Y , then det(E) ∈ Pic(Y ) is
divisible by three.

3. A Bertini theorem

In this section we will prove a Bertini theorem for Anglo–American covers
ϱ : X → Y of degree d = 6, when Y is a smooth and irreducible curve or
surface.

Theorem 3.1. Let k := C, Y be an integral, smooth projective scheme over k
with dim(Y ) ≤ 2 and E, Ai, 1 ≤ i ≤ 3, locally free OY –sheaves of ranks 5, 2,
2, 2 respectively such that (det(A1)⊗ det(A3)⊗ det(A3))

3 = det(E).
If A := A1 ⊗A3 ⊗A3 is globally generated the sets,

Hrc := {η ∈ H0
(
Y, Ǎ ⊗ E

)
| η has the right codimension at each y ∈ Y },

Hs := {η ∈ Hrc | Dtr(Φ(η)) ⊆ P is smooth}

are open and non–empty. Dtr(Φ(η)) is connected if and only if h0
(
Y, Ě

)
= 0.

Proof. If dim(Y ) ≤ 4, each general section η ∈ H0
(
Y, Ǎ ⊗ E

)
corresponds to

an epimorphism η : A → E , hence to a linear embedding j : P ↪→ P := P(A)
such that X := Dtr(Φ(η)) ∼= Dtr ∩ P. The map ϱ := π|X is a cover if and only
if dim(Dtr ∩ Py) = 0 for each y ∈ Y .

Since Ǎ⊗E is globally generated the evaluation map induces an epimorphism
H0

(
Y, Ǎ⊗E

)
⊗k(y) → Ǎ⊗E⊗k(y). Since Ǎ⊗E ∼= π∗(π

∗Ǎ(1)), then Grauert’s
theorem (see [12], Corollary III.12.9) yields the surjectivity of

αy : H
0
(
P, π∗Ǎ(1)

)
→ H0

(
Py, j

∗
yπ

∗Ǎ(1)
) ∼= H0

(
P4
k,OP4

k
(1)

)⊕8
.

On the other hand we have a surjective rational map β : H0
(
P4
k,OP4

k
(1)

)⊕8 99K
G(5, 8) (in the paper G(m,n) denotes the Grassmann variety of m–subspaces
of kn), hence a surjective rational map

γy : H
0
(
Y, Ǎ ⊗ E

) ∼= H0
(
P, π∗Ǎ(1)

)
99K G(5, 8).
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From now on Dtr will denote the image of the Segre embedding P1
k×P1

k×P1
k ↪→

P7
k. Let

F := {h ∈ G(5, 8) | dim(h ∩ Dtr) ≥ 1}

(For a closed scheme T we denote by dim(T ) the maximum of the dimensions
of its irreducible components).

Consider the correspondence

Σ ⊆ Y ×H0
(
Y, Ǎ ⊗ E

) ε−→ Yyϑ

H0
(
Y, Ǎ ⊗ E

)
where Σ := {(y, η) | η has not the right codimension at y}. Σ is closed (see
the analogous step in the proof of Theorem 3.6 of [7]) and the elements of
Σy := Σ ∩ ε−1(y) are the pairs (y, η) such that δ := Φ(η) specializes at y via
αy to a 4–space h ⊆ P(H) ∼= P7

k such that dim(h ∩ Dtr) ≥ 1. It follows that
Σy = y × γ−1

y (F ).

Claim 3.2. dim(F ) ≤ 12, hence the codimension of F inside G(5, 8) is at least
3.

Assume the claim. Then the codimension of Σ is at least 3 thus the codi-
mension of ϑ(Σ) is at least 1 since dim(Y ) ≤ 2.

Since dim(Y ) ≤ 2, it follows that dim(P) ≤ 6. Since Ǎ ⊗ E is globally
generated, the same is true for π∗Ǎ(1). It follows that Proposition 2.5 with
T = P and U1 := π∗A1(−1), U2 := π∗A2, U3 := π∗A3 yields that Dtr(Φ(η)) is
smooth for a general η ∈ H0

(
Y, Ǎ ⊗ E

)
.

Formula (1.1) implies that h0
(
X,OX

)
= h0

(
Y,OY

)
+ h0

(
Y, Ě

)
hence for

each section η ∈ H0
(
Y, Ǎ ⊗ E

)
, X := Dtr(Φ(η)) is connected if and only if

h0
(
Y, Ě

)
= 0. □

In order to complete the proof of Theorem 3.1 we have to prove Claim 3.2.
To this purpose we will denote by Hilbn,p the closure in the corresponding
Hilbert scheme of the locus of integral subschemes C ⊆ Dtr having Hilbert
polynomial PC(t) = nt+1− p. For generalities about Hilbert schemes see [11]
or [19], Lecture 15. Consider the incidence correspondence

Ip
n := {(h,C) ∈ G(5, 9)×Hilbn,p | C ⊆ h}

and let Fn,p be the closure of its projection onto G(5, 9). By semicontinuity
dim(h ∩ Dtr) ≥ 1 for h ∈ Fn,p.

Let h =: h3 ⊂ h2 ⊂ h1 ⊂ h0 := P(H) ∼= P7
k be a flag of subspaces containing

h ∈ F . Then Dtr ∩ h ⊂ Dtr ∩ h2 ⊂ Dtr ∩ h1 ⊂ Dtr. In order to have
dim(Dtr∩h) ≥ 1 there must exists i such that dim(Dtr∩hi) = dim(Dtr∩hi+1),
and we take the first of such indices.
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The minimal free resolution of the ideal sheaf ℑDtr of Dtr in OP7
k
is (see

Lemma 2.2)

0 → OP7
k
(−6) → OP7

k
(−4)⊕9 → OP7

k
(−3)⊕16 → OP7

k
(−2)⊕9 → ℑDtr → 0.

Since Dtr ∩hi is complete intersection inside Dtr, tensoring the above sequence
by Ohi we obtain the minimal free resolution of ℑDtr∩hi in Ohi .

It follows h0
(
hi,ℑDtr∩hi(1)

)
= 0 whence Dtr ∩ hi ̸⊆ hi+1, and there is a

proper component of Dtr ∩ hi, say T̂ , contained in hi+1. Since deg(Dtr) = 6,

it follows that deg(T̂ ) ≤ 5. Thus h ∈ F if and only if h ∩ Dtr contains an

integral, closed subscheme T (namely any component of h ∩ T̂ ), such that
deg(T ) ≤ 5 contained in h ∼= P4

k in an intersection of hyperplanes and quadrics.
Thus, if dim(T ) = 1, then h ∈ Fn,p with n ≤ 5. The above description and
Castelnuovo’s bound (see page 116 of [2]) yield p ≤ 1.

If dim(T ) ≥ 2, cutting with hyperplanes in h we can always reduce to the
case dim(T ) = 2. If this is the case, each irreducible component of T must
be either a quadric in a hyperplane of h, or a non–degenerate cubic (hence a
scroll), or a complete intersection of two hyperquadrics (hence a generalized
del Pezzo surface). In any case T contains a line, thus h ∈ 1, 0.

Hence

F = F1,0 ∪ F2,0 ∪ F3,0 ∪ F4,0 ∪ F4,1 ∪ F5,0 ∪ F5,1 ⊆ G(5, 8).

We now prove Claim 3.2 checking that dim(Fn,p) ≤ 12 for each n and p
considered in the list above. We begin by dealing with Fn,p and bounding its
dimension. Let Gn,p := {(A, h) |A ∈ h} ⊆ Dtr × Fn,p and consider the map
gn,p : Gn,p → Fn,p induced by the projection on the second factor. gn,p is surjec-
tive and its fibres have dimension at least 1, hence dim(Fn,p) ≤ dim(Gn,p)− 1.
On the other hand we have also the map fn,p : Gn,p → Dtr induced by the
projection on the first factor.

Since Dtr is homogeneous with respect to the action of G = SL2×SL2×SL2,
fn,p is surjective too, so dim(Gn,p) = 3 + dim(f−1

n,p(E)), whence dim(Fn,p) ≤
2 + dim(f−1

n,p(E)), E := (1, 0, . . . , 0).

3.3. F1,0. The scheme Hilb1,0 is well–known (see Proposition 3.5.6 of [13] and
the reference therein): we give here its description for sake of completeness.
Consider a line r ⊆ P(H) ∼= P7

k through E := (1, 0, . . . , 0). Its parametric
equations are of the form

U = λE + µA,

where A := (ai,j,h). By a linear change of the parameters λ, µ we can always
assume that a0,0,0 = 0. Since r ⊆ Dtr we must have by equations (2.2.2)

0 = u0,0,0u0,1,1 − u0,1,0u0,0,1 = a0,1,1λµ− a0,1,0a0,0,1µ
2

for each λ, µ ∈ k, whence a0,1,1 = 0. Analogously a1,0,1 = a1,1,0 = a1,1,1 = 0.
In particular, we must also have

a0,1,0a0,0,1 = a1,0,0a0,0,1 = a1,0,0a0,1,0 = 0,
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which are equivalent to the three conditions a0,1,0 = a0,0,1 = 0, a1,0,0 = a0,0,1 =
0 and a1,0,0 = a0,1,0 = 0.

This means that through E there are only three lines. Since the set of 4–
spaces h ⊆ P7

k containing a fixed line is isomorphic to G(3, 6). It follows that

dim(f−1
1,0 (E)) = dim(G(3, 6)) = 9, whence dim(F1,0) ≤ 11.

3.4. F2,0. Each point of Hilb2,0 is either an integral conic or decomposes in
lines: this second case has been already examined in 3.3, so we can restrict our-
selves to consider an integral conic C ⊆ P(H) ∼= P7

k through E. Its parametric
equations are of the form

(3.4.1) U = λ2E + λµA+ µ2B,

where U := (ui,j,h), A := (ai,j,h), B := (bi,j,h). By a linear change of the
parameters λ, µ we can always assume that a0,0,0 = 0.

If C ⊆ Dtr, then we must have by equations (2.2.2)

0 = u0,0,0u0,1,1 − u0,1,0u0,0,1

= a0,1,1λ
3µ+ (b0,1,1 − a0,1,0a0,0,1)λ

2µ2 + terms in λµ3, µ4

for each λ, µ ∈ k. Analogous identities hold for the other equations of Dtr

containing u0,0,0. Hence a0,1,1 = a1,0,1 = a1,1,0 = a1,1,1 = 0: let us denote by
Ha := {a0,0,0 = a0,1,1 = a1,0,1 = a1,1,0 = a1,1,1 = 0} ⊆ H. Moreover, we also
have

(3.4.2) b0,1,1 − a0,1,0a0,0,1 = b1,0,1 − a1,0,0a0,0,1 = b1,1,0 − a1,0,0a0,1,0 = 0.

Analogously looking at the coefficient of λ2µ2 in u0,0,0u1,1,1−u1,0,0u0,1,1 we
obtain b1,1,1 = 0.

Consider

Z := {(A,B) ∈ Ha ×H | T = λ2E + λµA+ µ2B satisfies (3.4.2)},

and its natural projection p : Z → Hilb2,0 onto the locus of conics through E.
Since B satisfies equations (2.2.2) (look at the coefficients of µ4), it follows

that the image of the projection q : Z → H on the second factor is contained
in the intersection of the cone CDtr ⊆ H over Dtr ⊆ P(H) ∼= P7

k with the
hyperplane {b1,1,1 = 0} ⊆ H, which has dimension 3.

Equations (3.4.2) easily yield dim(q−1(B)) ≤ 1, whence dim(Z) ≤ 4. Since
p is equivariant with respect to the action (A,B) → (µA, µ2B) of k∗ onto Z,
it follows that the locus of conics through E has dimension at most 3. Since
the set of 4–spaces h ⊆ P7

k containing a fixed integral conic is isomorphic to

G(2, 5) we conclude that dim(f−1
1,0 (E)) ≤ 9, whence dim(F2,0) ≤ 11.

3.5. F3,0. Each point of Hilb3,0 is either a smooth, integral and rational cubic
or it contains a line or a conic. Again we can restrict to the first case. Consider
such a cubic D ⊆ P7

k through E. Its parametric equations are

U = λ3E + λ2µA+ λµ2B + µ3C,
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where U := (ui,j,h), A := (ai,j,h), B := (bi,j,h), C := (ci,j,h). Again we assume
that a0,0,0 = 0.

If D ⊆ Dtr, looking at the equations (2.2.2) involving u0,0,0, we obtain
a0,1,1 = a1,0,1 = a1,1,0 = a1,1,1 = 0 (coefficients of λ5µ), b1,1,1 = 0 and

(3.5.1) b0,1,1 − a0,1,0a0,0,1 = b1,0,1 − a1,0,0a0,0,1 = b1,1,0 − a1,0,0a0,1,0 = 0

(coefficients of λ4µ2),

(3.5.2)

c0,1,1 − a0,0,1b0,1,0 − a0,1,0b0,0,1 = 0

c1,0,1 − a0,0,1b1,0,0 − a1,0,0b0,0,1 = 0

c1,1,0 − a0,1,0b1,0,0 − a1,0,0b0,1,0 = 0,

(3.5.3) c1,1,1 − a1,0,0b0,1,1 = 0

(coefficients of λ3µ3). Finally D satisfies the equations (2.2.2) (coefficients of
µ4).

Let Ha be as in the previous section and Hb := {b1,1,1 = 0}. Consider
Z := {(A,B,C) ∈ Ha ×Hb ×H | T = λ3E + λ2µA+ λµ2B + µ3C

satisfies (3.5.1), (3.5.2), (3.5.3)},
and p : Z → Hilb3,0 the projection on the locus of cubics through E. The image
of the projection q : Z → H on the third factor is the cone CDtr ⊆ H over
Dtr ⊆ P(H) ∼= P7

k, which has dimension 4. Thus R := {C ∈ im(q) | c1,1,1 = 0}
satisfies dim(R) ≤ 3.

Equations (3.5.1) and (3.5.3) yield

(3.5.4) c1,1,1 − a1,0,0a0,1,0a0,0,1 = 0.

Take C ̸∈ R. It follows that a1,0,0a0,1,0a0,0,1 ̸= 0, thus the matrix of the
linear system (3.5.2) in the variables b0,1,0, b0,0,1, b1,0,0 is non–singular, hence
any choice of A satisfying (3.5.4) gives all the bi,j,h when (i, j, h) ̸= (0, 0, 0). It
follows that dim(q−1(C)) ≤ 2 in this case.

Now let C ∈ R. Consider the map q̂ : q−1(C) → Ha induced by the
projection on the first factor: its image is the union of the coordinates planes.
If a1,0,0 = 0 but a0,1,0a0,0,1 ̸= 0, then the matrix of (3.5.2) has rank 2, thus
dim(q̂−1(A)) ≤ 1. If a1,0,0 = a0,1,0 = 0 but a0,0,1 ̸= 0, then the matrix of (3.5.2)
has rank 1, thus dim(q̂−1(A)) ≤ 2. Finally, if A = 0, then dim(q̂−1(A)) ≤ 3.
We conclude that dim(q−1(C)) ≤ 3.

From the above analysis it follows that dim(Z) ≤ 7. Again p is equivariant
with respect to the action (A,B,C) → (µA, µ2B,µ3C) of k∗ onto Z, then the
locus of cubics through E has dimension at most 6. Since the set of 4–spaces
h ⊆ P7

k containing a fixed smooth, integral, rational cubic is isomorphic to

G(1, 4) we conclude that dim(f−1
1,0 (E)) ≤ 6, whence dim(F3,0) ≤ 11.

3.6. F4 := F4,0∪F4,1. Recall that if, for each h ∈ F4, we have dim(h∩Dtr) ≥
2, then F4 ⊆ F1,0. Thus we assume that dim(h ∩ Dtr) = 1 for h in a suitable

open subset of F4. Let F̂4 be its closure inside F4.
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It follows that each general 5–space h5 ⊆ P(H) ∼= P7
k containing a general

h ∈ F̂4 is such that h5 ∩ Dtr = C ∪ C ′ where C is an integral quartic and
deg(C ′) = 2. We can distinguish two cases. Either for each integral quartic C
and 5–space h5 the residue curve C ′ is a union of lines or there is one integral
quartic C and a 5–space h5 such that C ′ is an integral conic.

In the first case consider in Hilb1,0 ×Hilb1,0 × F̂4 ×G(6, 8) the subset

I := {(r1, r2, h, h5) | h5 ∩ Dtr = C ∪ r1 ∪ r2 and C ⊆ h ⊆ h5}.

We have the projection onto F4, thus dim(F̂4) ≤ dim(I). On the other hand
we have also the projection α : I → Hilb1,0 ×Hilb1,0 and we bound dim(I) by
computing the dimension of the fibres of α. Take (r1, r2) ∈ Hilb1,0 ×Hilb1,0.

If the two lines are skew, then the set of 5–spaces containing r1 ∪ r2 is
isomorphic to G(2, 4). Fix such an h5 and assume that h5 ∩ Dtr = C ∪ r1 ∪
r2. Since C is intersection of quadrics, it follows that it generates a space of

dimension at least 3. Thus the set of h ∈ F̂4 containing such a C and contained
in h5 has dimension at most 1. It follows that dim(α−1(r1 ∪ r2)) ≤ 5. On the
other hand dim(Hilb1,0 ×Hilb1,0) = 4.

If the two lines are incident, then the set of 5–spaces containing r1 ∪ r2 is
isomorphic to G(3, 5). As in the previous case one checks that dim(α−1(r1 ∪
r2)) ≤ 7. On the other hand dim({(r1, r2) ∈ Hilb1,0×Hilb1,0 | r1∩r2 ̸= ∅}) = 3.
We conclude that in any case dim(I) ≤ 10.

Consider the second case. In the Chow ring A(G(5, 8)) the scheme F̂4 is
equivalent to

aσ(0,0,0,0,0) + bσ(1,0,0,0,0) + cσ(2,0,0,0,0) + dσ(1,1,0,0,0)

+ cycles of codimension at least 3

(for the notations and the intersection theory on G(5, 9) we refer to Chapter 1,
Section 5 of [10]).

Let h6 ⊆ P7
k be a general 6–space. Then dim(Dtr ∩ h6) = 2 and we can find

a 3–space h3 ⊆ h6 such that h3 ∩Dtr = ∅. On one hand each h4 ∈ G(5, 8) with
h3 ⊆ h4 ⊆ h6 intersect Dtr in a finite number of points, then the cycle

W ′ := {h4 ∈ G(5, 8) | h3 ⊆ h4 ⊆ h6}

does not intersect F̂4. On the other hand W ′ is equivalent in the Chow ring
A(G(5, 8)) to σ(4,4,4,4,2). Taking into account that 0 = W ′ ·F4,1 = aσ(4,4,4,4,2)+
bσ(4,4,4,4,3) + cσ(4,4,4,4,4), it follows that a = b = c = 0.

Let h5 be a 5–space such that h5 ∩ Dtr = C ∪ C ′ where C is an integral
quartic and C ′ an integral conic. Choose a general 2–space h2 ⊆ h5. Then h2

does not intersect the 2–space generated by C ′ and it is not contained in any
4–space containing C. Consider

W ′′ := {h4 ∈ G(5, 8) | h2 ⊆ h4 ⊆ h5}.
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Since h5 ∩ Dtr = C ∪ C ′, the generality of h2 implies that h4 ∩ Dtr is a finite
number of points for each h4 ∈ W ′′. Moreover, W ′′ is equivalent in the Chow

ring A(G(5, 8)) to σ(4,4,4,3,3), hence 0 = W ′′ · F̂4 = dσ(4,4,4,4,4) yields d = 0.
We conclude that in any case dim(F4) ≤ 12.

3.7. F5 := F5,0 ∪ F5,1. As above we denote by F̂5 the closure inside F5 of
the set of h ∈ F5 such that dim(h ∩ Dtr) = 1.

Let

I := {(h, h5) ∈ G(5, 8)×G(6, 8) | h ⊆ h5}
and denote by α : I → G(5, 8) and by β : I → G(6, 8) the two projections. One
has α−1(h) ∼= P2

k and β−1(h5) ∼= P5
k.

If h ∈ F̂5 is general, then there is a line r ∈ Hilb1,0 and a 5–space h5

containing h such that h5 ∩ Dtr = C ∪ r where C is an integral quintic.
Define G := {h5 ∈ G(6, 8) | ∃r ∈ Hilb1,0 : r ⊆ h5}. For each general h5 ∈ G

there exists exactly one line r ⊆ h5, hence we have a rational dominant map
γ : G 99K Hilb1,0, whose fibre is γ−1(r) ∼= G(4, 6). It follows that G has three
components, G′ dominating Hilb′1,0, G

′′ dominating Hilb′′1,0 and G′′′ dominating

Hilb′′′1,0 all of them of dimension 10.

Let Ĝ′ := αβ−1(G′), Ĝ′′ := αβ−1(G′′), Ĝ′′′ := αβ−1(G′′′). Notice that

α−1(h) ⊆ β−1(G′ ∪G′′ ∪G′′′) for each h ∈ F̂5, hence F̂5 ⊆ Ĝ′ ∪ Ĝ′′ ∪ Ĝ′′′ and

dim(Ĝ′) = dim(Ĝ′′) = dim(Ĝ′′′) = 13.
Take h5 ∩ Dtr = C ∪ r, where C is an integral quintic on Dtr and h′ ⊆ h5,

C ̸⊆ h′. Assume that r ∈ Hilb′1,0, hence h
′ ∈ Ĝ′ \ F̂5. Since the automorphisms

Dtr
∼= P1

k ×P1
k ×P1

k exchanging the factors extend to the ambient space P7
k, we

get the existence of h′′ ∈ Ĝ′′ \ F̂5 and h′′′ ∈ Ĝ′′′ \ F̂5.
It follows that dim(F5) ≤ 12.

Claim 3.2 is now completely proved.

4. Examples and counterexamples

In the following section we give some easy examples of applications of The-
orem 3.1 above producing surfaces covering P2

k.
Let ϱ : X → Y be an Anglo–American cover with invariant sheaves Ai,

1 ≤ i ≤ 3 and E . Then X = Dtr ∩ P(E) ⊆ P, thus the commutative diagram

Dtr
S−→ Pyπ1

yπ

P(A1)
q−→ Y

yields a factorization ϱ = σ ◦ τ where τ := (π1)|X : X → S := πA1(X) ⊆ P(A1)
and σ := q|S : S → Y .

In Section 4 of [6] we already introduced Anglo–American covers and we
described such a factorization, proving in Proposition 4.5 therein that τ is
always finite of degree 2. Unfortunately such a result is wrong as the following
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example shows: the general situation is that τ is birational on S and σ has
degree 6.

Example 4.1. Let x0, x1, x2 be coordinates on P2
k and let A be the 6 × 1–

matrix whose entries are all the monomials of degree 2 in the xi’s in some fixed
order. Thus we have an exact sequence

(4.1.1) 0 −→ OP2
k

A−→OP2
k
(2)⊕6 −→ E −→ 0,

where E is a locally free OP2
k
–sheaf of rank 5. If A1 = A2 := O⊕2

P2
k
, A3 :=

OP2
k
(2)⊕2, then Ǎ ⊗ E is globally generated thus its general section defines an

Anglo–American cover ϱ : X → P2
k with Tschirnhausen module Ě : by Proposi-

tion 4.1 of [5] we have q(X) = 1, pg(X) = 0.
We claim that such a ϱ cannot decomposes as σ ◦ τ as stated in Proposition

4.5 of [6]. If this is the case, then we get decompositions τ∗OX
∼= OS ⊕ T ,

σ∗OS
∼= OP2

k
⊕ S whence ϱ∗OX

∼= OP2
k
⊕ S ⊕ σ∗T . Since h0

(
P2
k, Ě

)
= 0 the

isomorphism OP2
k
⊕S ⊕ σ∗T ∼= OP2

k
⊕ Ě induces an isomorphism S ⊕ σ∗T ∼= Ě .

Since τ and σ have ranks 2 and 3 respectively, we conclude that σ∗T and S
are locally free sheaves of ranks 3 and 2 respectively. Thus it would follow that
h0

(
P2
k, E ⊗ Ě

)
≥ 2. We now prove that E is simple, a contradiction.

To this purpose, we observe that the cohomology of the sequence (4.1.1)
tensorized by Ě yields the following exact sequence

H0
(
P2
k, Ě(2)

)⊕6 −→ H0
(
P2
k, E ⊗ Ě

)
−→ H1

(
P2
k, Ě

)
−→ H1

(
P2
k, Ě(2)

)⊕6
.

Moreover, taking the cohomology of the dual of (4.1.1) tensorized by OP2
k
(m)

we get the following exact sequence

0 −→ H0
(
P2
k, Ě(m)

)
−→ H0

(
P2
k,OP2

k
(m− 2)

)⊕6 tA−→

−→ H0
(
P2
k,OP2

k
(m)

)
−→ H1

(
P2
k, Ě(m)

)
−→ 0.

Trivially H1
(
P2
k, Ě

)
= 1 (take m = 0). Taking into account the definition of

A, we get H0
(
P2
k, Ě(2)

)
= H1

(
P2
k, Ě(2)

)
= 0 (take m = 2). We conclude that

H0
(
P2
k, E ⊗ Ě

)
= H1

(
P2
k, Ě

)
= 1: thus E is indecomposable.

Then we give two other examples of covers of degree d = 6. Recall that (see
Theorem 3.1 and Remark 4.2 of [5]) in order to build a Scandinavian cover we
need three locally free OP2

k
–sheaves, say E (the Tschirnhausen module of ϱ), P,

Q of respective ranks 5, 3, 3 such that 2c1(P)− 2c1(Q) = c1(E) and such that
P̌ ⊗ Q ⊗ E is globally generated.

Example 4.2. Let A1 = A2 = O⊕2
P2
k
, A3 := OP2

k
(2) ⊕ OP2

k
(3) and E :=

OP2
k
(3)⊕5. Then the general section of Ǎ⊗E defines an Anglo–American cover

ϱ : X → P2
k with Tschirnhausen module Ě . The cover ϱ cannot be Scandinavian

since c1(E) is not even.
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The invariants of X are q(X) = 0, pg(X) = 5, K2
X = 8 (see Proposition 4.1

of [4]). Twisting sequence (4.1.2) of [4] by OP2
k
(−6) we also get P2(X) = 14.

Since the natural map ϱ∗E(−3) → ωX is surjective and E(−3) is globally
generated, it follows that the same is true for ωX , thus X is a surface of general
type. Moreover, the equality P2(X) = K2

X + χ(OX) yields the minimality of
X.

Example 4.3. Take E := OP2
k
(2)⊕5, P := O⊕3

P2
k
, Q := OP2

k
(−1) ⊕OP2

k
(−2)⊕2.

One check that the above conditions are satisfied, so we obtain a Scandinavian
cover ϱ : X → P2

k which cannot be Anglo–American since c1(E) is not a multiple
of three in Pic(P2

k) (see Remark 2.8). By Proposition 4.1 of [5] we have X are
q(X) = pg(X) = 0.

One could ask if each Gorenstein cover of degree 6 is either Scandinavian
or Anglo–American: the answer to this question is negative as the following
example shows.

Example 4.4. Consider in P := P(OP1
k
(2)⊕3)

π−→ P1
k two general divisors F ∈

|OP(2)| and G ∈
∣∣∣OP(3)⊗ π∗OP1

k
(1)

∣∣∣. Then it is easy to check that X := F ∩G

is a smooth curve, thus ϱ := π|X : X → P1
k is a Gorenstein cover which turns

to have degree 6 by construction.
Tensoring

0 −→ OP(−3)⊗ π∗OP1
k
(−1) −→ OP −→ OG −→ 0

by OP(2) ⊗ π∗OP1
k
(7) ⊗ OF , pushing down, taking into account that ωX|P1

k

∼=
OP(2)⊗ π∗OP1

k
(7)⊗OX and relative duality we obtain the sequence

0 −→ π∗(OP(2)⊗ π∗OP1
k
(7)⊗OF ) −→ ϱ∗ωX|P1

k

−→ R1π∗(OP(−1)⊗ π∗OP1
k
(6)⊗OF ) −→ 0.

Now sequence

(4.4.1) 0 −→ OP(−2) −→ OP −→ OF −→ 0

and relative duality yields R1π∗(OP(−1) ⊗ π∗OP1
k
(6) ⊗ OF ) ∼= OP1

k
, thus E ∼=

π∗(OP(2)⊗π∗OP1
k
(7)⊗OF ). Again sequence (4.4.1) twisted accordingly yields

E ∼= coker(OP1
k
→ π∗OP(2)) ⊗ π∗OP1

k
(7), hence a Chern classes computation

gives us c1(E) = 59 which is neither even nor a multiple of 3. In particular,
such a cover ϱ is neither Scandinavian nor Anglo–American.

5. (1, 3)–polarized abelian surfaces

Let A1 = A2 = A3 := Ω1
P2
k
(2) be the sheaf of differentials on P2

k and define

E := OP2
k
(3) ⊕ Ω1

P2
k
(3) ⊕ Ω1

P2
k
(3). We ask if there are sections η of Ǎ ⊗ E

defining Gorenstein covers ϱ : A → P2
k. Though we cannot make use of any

Bertini theorem since Ǎ ⊗ E is unfortunately not globally generated, we have
the following:
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Lemma 5.1. Ω1
P2
k
⊗ Ω1

P2
k
⊗ Ω1

P2
k

∼= S3 Ω1
P2
k
⊕ Ω1

P2
k
(−3)⊕ Ω1

P2
k
(−3).

Proof. We have the decomposition Ω1
P2
k
⊗Ω1

P2
k

∼= S2 Ω1
P2
k
⊕OP2

k
(−3). The state-

ment then follows by tensoring by Ω1
P2
k
and applying Formula (6.7) of [9] (glob-

alizing Gordan–Clebsch formula). □

It follows that η can be identified with a matrixη1,1 η1,2 η1,3
η2,1 η2,2 η2,3
η3,1 η3,2 η3,3


where η1,1 ∈ H0

(
P2
k,S

3 Ω1
P2
k
(6)

)
, η1,2, η1,3 ∈ H0

(
P2
k,Ω

1
P2
k
(3)

)
, η2,1, η3,1 ∈

H0
(
P2
k,Ω

1
P2
k
⊗S3 Ω1

P2
k
(6)

)
and η2,2, η2,3, η3,2, η3,3 ∈ H0

(
P2
k,Ω

1
P2
k
⊗Ω1

P2
k
(3)

)
. Since

S3 Ω1
P2
k
(6) is globally generated and Ω1

P2
k
is simple, whenceH0

(
P2
k,Ω

1
P2
k
⊗Ω1

P2
k
(3)

)
∼= H0

(
P2
k,Ω

1
P2
k
⊗ Ω̌1

P2
k

) ∼= k, the following lemma follows trivially.

Lemma 5.2. The locus

H := {η ∈ H0
(
P2
k, Ǎ ⊗ E

)
| η : Ω1

P2
k
⊗ Ω1

P2
k
⊗ Ω1

P2
k
(6) → E is surjective}

is non–empty and open.

Thus each general η ∈ H0
(
P2
k, Ǎ⊗E

)
defines an embedding P = P(E) ⊆ P =

P(Ω1
P2
k
⊗Ω1

P2
k
⊗Ω1

P2
k
(6)), whence we can consider the scheme A := Dtr(Φ(η)) =

Dtr ∩ P ⊆ P and the morphism ϱ := π|A : A → P2
k.

Assume that η has the right codimension at each y ∈ P2
k: then ϱ : A → P2

k

is a Gorenstein cover. Moreover, we have the following:

Proposition 5.3. Let η be as above. If A is smooth, then it is an abelian
surface with a natural polarization of type (1, 3) induced by ϱ.

Proof. By Proposition 4.1 of [5] we have h0
(
A,OA) = 1, thus A is connected,

hence, being smooth, it is also integral. Moreover, q(A) = 2 and pg = 1, thus
there are effective canonical divisors.

For each cover ϱ, its branch locus B is in | detE2| (see [1], Proposition 6.6).
Thus, in our setup, deg(B) = 18, then for each general line r ⊆ P2

k, the curve
C := ϱ−1(r) is smooth and connected of genus g = 4.

If KA is a canonical divisor on A, then 6 = 2g−2 = KA ·C+C2 = kA ·C+6
by adjunction on A, thus KA · C = 0. Since C is ample as divisor on A, then
KA = 0, i.e., A is abelian and ϱ∗OP2

k
(1) is a polarization on A of type (1, 3). □

It is then natural to ask the following.

Question 5.4. Does the aforementioned genericity assumption actually hold
for some sections η? If this is the case, are all the (1, 3)–polarized abelian
surfaces obtained via the above construction?
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