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FORMULAS DEDUCIBLE FROM A GENERALIZATION
OF GOTTLIEB POLYNOMIALS IN SEVERAL
VARIABLES

JUNESANG CHOI

Abstract. Gottlieb polynomials were introduced and investigated
in 1938, and then have been cited in several articles. Very recently
Khan and Akhlaq introduced and investigated Gottlieb polynomi-
als in two and three variables to give their generating functions.
Subsequently, Khan and Asif investigated the generating functions
for the g-analogue of Gottlieb polynomials. In this sequel, by mod-
ifying Khan and Akhlaq’s method, Choi presented a generalization
of the Gottlieb polynomials in m variables to present two generat-
ing functions of the generalized Gottlieb polynomials ¢5'(-). Here,
we show that many formulas regarding the Gottlieb polynomials
in m variables and their reducible cases can easily be obtained by
using one of two generating functions for Choi’s generalization of
the Gottlieb polynomials in m variables expressed in terms of well-
developed Lauricella series FJ™[].

1. Introduction and Preliminaries

Generating functions play an important role in the investigation of
various useful properties of the sequences which they generate. They
are used in finding certain properties and formulas for numbers and
polynomials in a wide variety of research subjects, indeed, in modern
combinatorics. For a systematic introduction to, and several interesting
(and useful) applications of the various methods of obtaining linear,
bilinear, bilateral or mixed multilateral generating functions for a fairly
wide variety of sequences of special functions (and polynomials) in one,
two and more variables, among much abundant literature, we refer to the
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extensive work by Srivastava and Manocha [13]. While concerning some
orthogonal polynomials on a finite or enumerable set of points, Gottlieb

[7] developed the following interesting polynomials (see also [3]; [8]; [9];
[11, p. 303]; [13, pp. 185-186]):

o= )6) -]

= e ™ML Fy (—n, —x;1;1— e)‘) ,

(1.1)

where o F) denotes Gauss’s hypergeometric series whose natural gen-
eralization of an arbitrary number of p numerator and ¢ denominator
parameters (p, ¢ € Ng := NU {0}, and N the set of positive integers) is
called and denoted by the generalized hypergeometric series ,F;; defined
by
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Here (), is the Pochhammer symbol defined (for A € C) by

| 1 (n=0)
(Mn = = AA+1)...(A+n—-1) (neN)

(1.3) oA )
+n _
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and Z, denotes the set of nonpositive integers and I'(\) is the familiar
Gamma function.

Gottlieb [7] presented many interesting identities for his polynomials
©n(z; A), which is denoted by [, (x) in [7], including the following two
generating functions (see also [8]; [9]; [11, p. 303]; [13, pp. 185-186)):
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Recently Khan and Akhlaq [8] introduced and investigated Gottlieb
polynomials in two and three variables to give their generating func-
tions. Subsequently, Khan and Asif [9] investigated the generating func-
tions for the g-analogue of Gottlieb polynomials (see also [4, 5]). In this
sequel, by modifying Khan and Akhlaq’s method [8], Choi presented
a generalization of the Gottlieb polynomials in m variables to present
two generating functions of the generalized Gottlieb polynomials ] (-).
Here, as noted in [3], we show that many formulas regarding the Got-
tlieb polynomials in m variables and their reducible cases can easily be
obtained by using one of Choi’s generating functions for a generaliza-
tion of the Gottlieb polynomials in m variables expressed in terms of

well-developed Lauricella series F](jm) [-].

2. Generalized Gottlieb polynomials and their generating
functions

Here, we just recall the definition of a several variable analogue of
the Gottlieb polynomials ¢, (z; A) and one of their generating functions
in [3].

Definition.  An extension of the Gottlieb polynomials ¢, (x; ) in
m variables is defined by

szl(xla T2, <oy Tmy; )\17 )\27 teey )\m)
n mn—riy n—ri—rg n—ri—ra2—-—"Tm-1
RS 55 S ST »
(21) r1=0 ro=0 1r3=0 rm=0
(=15, - TImy (=) - Ty (1— €)Y
. T, rl 5, (n, m e N),
j=1 T3 Om:

where, for convenience,

m m

(2.2) Om = Z Ajand Oy, = Z T

j=1 j=1

It is noted that the special case m = 1 of (2.1) reduces immediately
to the second one of the Gottlieb polynomials ¢, (z; ) in (1.1) and the
cases of (2.1) when m = 2 and m = 3 correspond with those in [8, 9].
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The following generating function for ™ (z1, T2, ..., Tm; A1, A2, ...,
Am) holds true:
(2.3)
Z (Bn ' (T1, T2, -0y Tm3 AL A2y oy Am) — = (1—te ™)
= n!
t(eM —1) e om t(erm —1) e=om
Fl()m) M,—Jll,...,—Im;].; ( ) PEEE) ( ) )
1—te om 1—te om

where an) [-] denotes one of the Lauricella series in m variables (see [12,
p. 33, Eq. (4)]) defined by

an) [a, b1, ..., bm; C;T1, -y T
00 (a)5 (bl)rl - (bm)r m71"1 Z'm
2.4 = m m 71 .. Tm
( ) Z (C)ém Tl! ’r‘m!

r1=0,...,7m=0

(max{]a:ll, SRR ’xm’} < 1)7

and o, O, are given in (2.2).

3. Generalized generating functions ¢ (1, x2, ..., Tm; A1, A2,
coy Am)

In view of (2.3), we begin by recalling two known integral represen-

tations for the m variables Lauricella series F](Dm)[-] among its several
other properties (see [2, pp. 114-120]). A definite integral expression of

Fém)[-] is given (see [2, p. 115, Eq. (7)]):

Fl()m) [a, b1, ..., by c;21, « oy T
_ I'(c)
(3.1) L (b1) T (bm) T(c—b1— - —bp)
. / ulil_l .. .u’,bﬁ”’{l*l (1 —Up — - — um)c_bl_“‘_bm—l
'(1_u1x1_"'_um$m)_a duq ...dupm,

(up 20, ooy Uy, 20, up +ug+ -+ uy <1).
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The function F j(jm)[-] can also be represented by a simple integral (see
2. p. 116, Eq. (8)]):

(3.2)
Fl()m) [a, b1, .oy b €521, ooy T
L'(c) ! -1 —a—1 —b —b
e St a 1— c—a 1— 1. (1 — m m )
@ T (c—a) /0 u (1 —u) (1—wux) (1—uzy) du

By making in the integral (3.2) the following 2m + 1 replacements:

v v
u=1l—-v, u=—"“H¥#—/47— -, u= )
(1—z1)+va (1 —2m) +van,
1—w 1—v
1—vz’ ’ 1—vzy’

we obtain 2m + 1 transformation formulas for the function F gn)[.] (see

[2, p. 116)):
(3.3)
Fg,H)[a7 blv---abm;c;xl,...,xm]
_ _ z "
:(1—x1) bl,.~(1_$7n) bm F(Dm) c—a, bl7...7b7n;c;xlil,..., xmi1:|
(3.4)
=(1—-m)
F(m> a’cibli 7b’m7b25 7bm;c7 a ’$1*$27.”7x17;cm
z1—1 x1—1 r1 —1
(3.5)
= (1 _ l.l)cfafbl (1 o $2)7b2 . (1 . xm)—bm
T —T T —
Y [c_a’c_bl_"'_bmb%---,bm;C;mh 1173@227.--» 11—x:}

From the integral representation (3.2), diverse reduction formulas for
Fj(jm) can be deduced: For example,

(3.6) Fl(jm) [a, b1, ..., by; iz, ..., 2] =oF1(a, by + -+ + by; ¢; ),

where, in particular, upon using Gauss’s summation formula:

e 1) = I'(c)T'(c—a—Db)
(3.7) 2F1(a b6 ) = 5 5T =)
(R(c—a—>b) >0; ce C\Z)
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C being the set of complex numbers and Z; the set of nonpositive inte-
gers, we get,
(3.8)

(m) P(C)P(c—a_bl_..._bm)
F cey by e, Lo 1] = )
D la, i, b c ] I'(c—a)T (c—by —- —bp)

By applying the transformation formulas (3.3)—(3.5) for F' j(jm) to the
right-hand side of (2.3), we can obtain a variety of generating functions

for M (x1, T2, ..., Tm; A1, A2, ..., Ap). For example,
(3.9)
oo tn
Z(H)n‘ﬁnm (xlv 2, ..., .ﬁm;Al, )‘Qa RS )‘m) 7|
= n!
m .
1—teri=om

=(1-t¢

(1—te” H < 1—teom )

t(1—er)eom t(1—e ) eom
Fém) l—u,—xl,...,—xm;l;g,..., ( )
1 _teAl_U'm 1 _te)\nL_o'wt

4. Generating functions ¢3 (21, T2, T3; A1, A2, \3)

For special cases of the 2m + 1 transformation formulas for F' gn) in
Section 3, we give here 7 transformation formulas for Fl()3 ).
FD [a, by, bo, bs; c;
D la, bi, ba, b3; ¢z, T2, T3]
(4.1) = (=)™ (L) ™ (1 ag) ™

: Fg“)’) |:C— a, b17 b27 b37 C; o o2 i :|

Ilfl’fﬂ2717l‘371

= (1 —a1) " F? |a, c— by — by — by, by, by; ¢; —t—, L T2 T T3
( xl) D a, 1 2 3, V2, 37071:1717 .1’1*1,.%1*1

(4.3)

= (1—2) " FD |a,, by, c—by —by — by, by ¢; 221 T2 1273
( 1'2) D a,, 01, C 1 2 3, 03; C; I2—17Z’2—1’ 132—1

(4.4)

= (1—23) " FD |a, by, by, ¢ — by — by — by c; 221 L3702 13
( :I:S) D a, b1, b2, C 1 2 3707133—1’133—17173—1




Formulas deducible from a generalization of Gottlieb polynomials 609

=1 —2) " (L—2) ™™ (1—a3) ™

4.5 - )
- 'Fl()g) c—a, c—by — by — bs, by, b3; C;x1, 1 $2,x1 T3
1 - 1—xz3
= (1 — ml)_bl (1 _ x2)0—a—b2 (1 N ,7,‘3)_b3
4.6 - )
( ) Fg’) C_a’bl’c_bl_b2—b3,b3;c;x2 x1’ To — I3
(4.7)

= (1—z)™ (1 =)0 (1 —ag) b

Fyy) [c—a,bl,b2,c—b1—b2—bg;c;x3_“ i B 3]

1—%1’ 1—1‘2

In view of (2.3), applying these 7 transformation formulas (4.1)—(4.7)
for F' l()?’ ), we can get 7 generating functions for ¢?. For example,

[e.9]

tn
Z (W) @y (21, T2, T3; A1, Ao, Az) o]
n=0 '

3
_ 1—tet™98
(1—te 03 E[(l_te (73)
t(1—eM)e s
1 —teMos

FO Ny~ —gy —aa; 1

t (1 - e)‘Q) e 93 t (1 - e)‘S) e 93
1—ter2—os 7 1 —tels—os |’

which is a special case of (3.9) when m = 3.

5. Generating functions @2 (21, z2; A1, A\2)

We begin by recalling one of the four Appell series F; (j =1, 2, 3, 4)
(certain hypergeometric series in two variables) (see [1, p. 296, Eq. (1)]
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and see also [12, p. 22, Eq. (2)]:

[e.9]

Fl [av bl,bQ;C; $1>x2] - Z

r1,72=0

:i WQFI [a+r, bQ;xQ] o

— c)r cH+r; r!

(a)r1+r2 (bl)rl <b2)7“2 L? L;Q

(€)1 4 ri! ro!

(5.1)

(max {|z1], |z2|} < 1).
We find from (2.4) and (5.1) that
(5.2) Fz()Q) la, by, basc; 1, x2] = F [a, by, ba;c; 21, x9] .

Setting m = 2 in Eq. (2.3) and considering (5.2), we get a generating
function for 2 (x1, x9; A1, Ao):

00 i o
Z(N)n@%(mlaxﬁ)\l, A2) E: (1—t6 2) H
(5.3) "

Py =21, —ag; 1

t (6/\1 — 1) e 72 ¢ (e’\2 — 1) e 72
1—teo2 = 1—te o2

Recall a known reduction formula for F; (see [6, p. 238, Eq. (1)]):
(5.4)

Fi [a, by, ba; by + ba; 1, x2] = (1 —x2)”* 2F} [

a, by; Tl — T2
b1 +b2; 1— a9

Further choosing z9 = —x1 — 1 in (5.3) and using (5.4), we obtain
Z (1W)n 5 (21, =21 — 15 A1, A2) ]
(5.5) n=0

—p
= (1—t67>\1> o Fy

1y, —x1; t (e —e M)
1; 1—te M

Expanding the right-hand side of (5.5) in powers of ¢t and then equating
the coefficients of t” on each side, we have
(5.6)

(p% (:L’l, —x1 — 15 Aq, )\2) = eiklngFl (—:cl, —n;l;1— 6)\17/\2> (n € No) .
Expanding the right-hand side of (5.3) by using the last equality in

(5.1) in powers of ¢ and substituting the resulting series for the right-
hand side of (5.3), and comparing the coefficients of ¢" on both sides of
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the finally obtained equation, we get

- —N)m \(— 1—er)™
@2 (w1, 223 A1, Ag) =e 72" Z (=n)m (=72), (1—€)

(5.7) m=0
—I1, —M; 1
ol [

m!m!

1429 —m; er—1 (n € No).
By using Gauss’s summation formula (3.7) and a known identity, Z being
the set of integers,
I'a—n) (=)™

5.8 = aeC\7Z),

) M) (-a), 5OV
we obtain an interesting special case of (5.7) when Ay = In 2:

(5.9)

e~Mn —n, —T1 — T2}

(,031(:1/‘1,272;)\1,1112): o o F 1 -1 (TLGN()).

It is noted that the known reducible cases of special values of the
variables for F; are far less numerous. Appell and Kampé de Fériet’s
monograph [2] gives only (see [6, p. 239, Eq. (10) and Eq. (11)]):
I'(e)T(c —a—be)
I'(c—a)T'(c—bg)

(5.10) F1 [a, bl, bQ;C; Z, 1] = 2F1 (a, bl ; C— bg; .%')

and
(5.11) Fila, by, besc; z, ] = oF) (a, by + ba; ¢ x).
Setting A1 = A2 = A in (5.3) and using (5.11), we get

(e 9]

> (Waer (1, m2; A, A)

n=0

—n
= (1—t6_2)‘) o FY

n

n!

(5.12)
ny, —T1 — 25 ¢t (e)‘ — 1) 62)‘]

1; 1—te 22

Expanding the right-hand side of (5.12) in powers of ¢ and equating the
coefficients of ¢ on both sides of the resulting series, we obtain
(5.13)
_ N, —T1 — X2;
02 (@1, 23\, A) = e Vo Ry [

1 .

)

1—@] (n € Np).

With the considerable number of hypergeometric series of the second
order in two variables, the complete set of transformations would run
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into the hundreds, and only a few examples are recalled here (see [6, pp.
239-240, Equations (1)—(5)]):

Fyla, by, basc; @, y]

5.14
( ) =(1 _x)*bl (1 _y)*b2 F [c—a, b1, ba;c; ffl, ygl]
_ x  y—=x
. = (1 — a — — el —/,
(5 15) ( ZU) 1 |:a7 c bl b27 b27 (& T — 1’1 _$:|
_ y—x Y
(5 16) ( y) 1 |:CL, 1, € 1 2; G y— 17 y— 1:|

(5.17) = (1—z) P (1—y) ™2 R [c —a, c—by — by, by; ¢; x, f:‘;ﬂ

(5.18)
=(1-a) " (1-y) R [C— a, b, c—by—by;c; 2 731/7 y] :
T

Applying the transformation formulas (5.14)—(5.18) for F} to the
right-hand side of (5.3), we get the following generating functions for
or (21, 223 M1, Ag):

(5.19)
o0 tn
Z (1)n @2 (21, 223 A1, A2) -
n=0

= (1 — te_”‘")_“_m_w2 (1 — te_)‘z’)gc1 <1 — te_’\l)m2

L (1 —e)‘l) e 92t (1 —e)‘Q) e 92t
1 — K, —T1, —T2; 17 1 —67/\215 ) 1 —87/\115

-

(5.20)
= (1 - tef)‘Q)_M

-

w, 1+ 21 + x9, —9; 1;

(1 — e’\l) e %2 ¢ (e_’\l — e_>‘2) t
1—e P2t 1—e N2t

(5.21)
= (1 — te*)‘l)_u

o

py =1, 1+ 21 + 2925 15

(e_’\2 — e‘Al) t (1 — e)‘Q) e %2¢
l—e Mt 1—e Mt
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(5.22)
_ (1 . te_@)—l—ml—zg (1 _ te_)\2>1f,u+x1 (1 _ te_)\l)m

(e)‘l — 1) e 92¢ (e_’\2 — e‘Al) t

CF |1 =, 1+ +xp, —w9; 1 1—e02¢ 1—e Mt

(5.23)
_ (1 _t€_0—2)—1—$1—3)2 (1 _te_kl)lfwr:m <1 _te_,\2)w1

(e_/\l — e_)‘Q) t (e)‘2 — 1) e 92¢
l—e 22t 7 1—e 02t

|1 —p, =21, 1+ 21 + 205 1

We can obtain explicit formulas for 2 (21, 22; A1, A2) by using the
transformation formulas (5.19)—(5.23). For example, expanding the right-
hand side of (5.19) in powers of ¢ and substituting the expanded series
for the right-hand side of (5.19), and equating the coefficients of " on
both sides of the finally obtained identity, we have
(5.24)

(1)n

n! 90721 (‘Th x27>‘17 >\2)

S3 S S o ) o Gt

=0 m=0 k=0 ”_T)'(T—m)!(m—k)!(r—/-c)!k!

(1 e)‘l) (1 — e’\2) e>‘2 ke=ozn

-k, —x1 +r—m;
! )\1_)‘2:| (n € No) .

<
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