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APPLICATIONS OF COUPLED N-STRUCTURES IN
BH-ALGEBRAS

MIN JEONG SEO AND SUN SHIN AHN*

Abstract. The notions of a A-subalgebra, a (strong) N-ideal of
BH-algebras are introduced, and related properties are investi-
gated. Characterizations of a coupled N -subalgebra and a coupled
(strong) N-ideals of BH-algebras are given. Relations among a
coupled N -subalgebra, a coupled A-ideal and a coupled strong N
of BH-algebras are discussed.

1. Introduction

Y. Imai and K. Iséki introduced two classes of abstract algebras:
BCK-algebras and BCI-algebras ([2,3]). It is known that the class of
BC K-algebras is a proper subclass of the class of BCI-algebras. BCK-
algebras have some connections with other areas: D. Mundici [9] proved
MYV -algebras are categorically equivalent to bounded commutative alge-
bra, and J. Meng [10] proved that implicative commutative semigroups
are equivalent to a class of BC'K-algebras. Y. B. Jun, E. H. Roh, and
H. S. Kim [5] introduced the notion of a BH-algebra, which is a gen-
eralization of BCK/BCI-algebras. They defined the notions of ideal,
maximal ideal and translation ideal and investigated some properties. E.
H. Roh and S. Y. Kim [9] estimated the number of BH *-subalgebras of
order 7 in a transitive BH *-algebras by using Hao’s method. In [1], S. S.
Ahn and J. H. Lee introduced the notion of strong ideals in B H-algebra
and investigate some properties of it. They also defined the notion of a
rough sets in B H-algebras. Using a strong ideal in BH-algebras, they
obtained some relations between strong ideals and upper(lower) rough
strong ideals in BH-algebras. Jun et.al([4]) introduced the notion of
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coupled N-structures and its application in BCK/BCI-algebras was
discussed.

In this paper, we introduce the notions of a coupled N-subalgebra,
a coupled (strong) N-ideals of BH-algebras are introduced, and re-
lated properties are investigated. Characterizations of a coupled N-
subalgebra and a coupled (strong) N-ideals of BH-algebras are given.
Relations among a coupled AN -subalgebra, a coupled N-ideal and a cou-
pled strong N-ideal of BH-algebras are discussed.

2. Preliminaries

By a BH-algebra([5]), we mean an algebra (X;=,0) of type (2,0)
satisfying the following conditions:
(I) zxx =0,
(I1) %0 =z,
(ITIT) z+xy =0 and yxx = 0 imply x =y, for all z,y € X.

For brevity, we also call X a BH-algebra. In X we can define a binary
operation “ <7 by x < y if and only if x *y = 0. A non-empty subset
S of a BH-algebra X is called a subalgebra of X if, for any x,y € S,
rxy €5, i.e., S is a closed under binary operation.

Definition 2.1.([5]) A non-empty subset A of a BH-algebra X is called
an ideal of X if it satisfies:

(I1) 0 e A,

(I2) xxy € Aand y € A imply x € A, Va,y € X.
An ideal A of a BH-algebra X is said to be a translation ideal of X if
it satisfies:

(I3) zxy € Aand y*xx € Aimply (z*2)*(y*z) € A and (zxx)*(zxy) €

A Vx,y,z € X.

Definition 2.2.([9]) A BH-algebra X is called a BH*-algebra if it sat-
isfies the identity (z *y)*xx =0 for all z,y € X.

Example 2.3.(]5]) Let X :={0,a,b,c} be a BH-algebra which is not a
BC K-algebra with the following Cayley table:

[0 1 2 3
0[0 100
11100 0
212 20 3
313330
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Then A := {0, 1} is a translation ideal of X.

Definition 2.4.([1]) A non-empty subset A of a BH-algebra X is called
a strong ideal of X if it satisfies (I1) and

(T4) (z*y)*z,y € Aimply x * z € A.

Lemma 2.5.([1]) In a BH-algebra, any strong ideal is an ideal.
Lemma 2.6.([1]) In a BH*-algebra X, any ideal is a subalgebra.
Corollary 2.7.([1]) Any strong ideal of BH*-algebra is a subalgebra.

3. Coupled N-structures applied to subalgebras and ideals
in BH-algebras

Definition 3.1.([4]) A coupled N -structure C in a nonempty set X
is an object of the form

C={(z; fc,gc) rw € X}
where fe¢ and ge are N-functions on X such that —1 < fe(x)4ge(z) <0
for all z € X.

A coupled N-structure C = {(z; fc,g¢) : * € X} in X can be iden-
tified to an ordered pair (fe,gc) in F(X,[-1,0]) x F(X,[-1,0]). For
the sake of simplicity, we shall use the notation C = (f¢, g¢) instead of

C={(x; fe,gc) : x € X}.
For a coupled N-structure C = (f¢,g¢) in X and t,s € [—1,0] with
t+ s> —1, the set
NA{(fe,90); (8. 8)} ={z € X | fe(z) < ¢, gel(z) = s}

is called an N (t, s)-level set of C = (f¢,gc). An N (¢,t)-level set of C =
(fe,gc) is called an N-level set of C = (f¢, gc)-

Definition 3.2.([4]) A coupled N-structure C = (f¢,g9c) in a BH-
algebra X is called a coupled N -subalgebra of X if it satisfies:

(3.1) fe(zxy) < \/{fe(2), fe(y)} and ge(z+y) > A {ge(x), 9c(v)}
for all z,y € X.

Theorem 3.3.([4]) A coupled N -structure C = (fc, gc) in a BH-algebra
X is a coupled N -subalgebra of X if and only if the nonempty N (t, s)-
level set N{(fc,gc); (t,s)} is a subalgebra of X for allt,s € [—1,0] with
t+s>—1.
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Lemma 3.4.([4]) Every coupled N -subalgebra C = (fc,gc) of a BH-
algebra X satisfies fc(0) < fe(x) and gc(0) > ge(z) for all x € X.

Proposition 3.5. If every N -subalgebra C = (fc, gc) of a BH-algebra
X satisfies the inequalities fe(z xy) < fe(y) and ge(x *y) > ge(y) for
any z,y € X, then fe and g¢ are constant functions.

Proof. Let x € X. Using (II) and assumption, we have fe(x) = fe(x *
0) < fe(0) and ge(z) = ge(z *0) > ge(0). It follows from Lemma 3.4
that fc(z) = fe(0) and ge(x) = gc(0). Hence fe and ge¢ are constant
functions. O

Definition 3.6.([4]) A coupled N-structure C = (f¢,g9c) in a BH-
algebra X is called a coupled N -ideal of X if it satisfies:

(e81) fe(0) < fe(x) and ge(0) > ge(x),
(e82) fe(x) <V {fe(x*y), fe(y)} and ge(x) = A{ge(x *y), 9e(y)}

for all z,y € X.

Example 3.7. (1) Let X = {0,1,2,3,4} be a BH-algebra([1]), which
is not a BCK/BCl-algebra, with the following Cayley table:

[0 1 4
0[0 0 0 0 4
1/1 0 1 0 0
2/2 2 0 0 0
3/3 3 1 0 0
404 3 4 3 0

Let C = (fe, gc) be a coupled N-structure in X defined by

C = {(0;-0.8,-0.2), (1;-0.6,—0.2), (2; —0.5, —0.2),
(3;-0.5,-0.2), (4; 0.1, -0.6) }.

Then C = (fe, gc) is a coupled N-subalgebra, but not a coupled N-ideal
of X since

fo@) =-01¢ —05=\/{fc(4%3), fc(3)}
and /or
ge(4) = =06 # —0.2 = A {ge(4%3),9c(3)}.
(2) Let X ={0,a,b,c} be a set with the following Cayley table:
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* ‘ 0 a b c
00 0 0 ¢
ala 0 0 a
bl b a 0 b
clec ¢ ¢ O

Then (X;*,0) is a BH-algebra, which is not a BCK/BCl-algebra. Let
C = (fe,gc) be a coupled N-structure in X defined by

C = {(0;-0.8,-0.2), (a; —0.4, —0.5), (b; —0.4, —0.5), (¢; —0.2, —0.6) }.

It is easy to check that C = (f¢, g¢) is both a coupled N -subalgebra and
a coupled N-ideal of X.

(3) Let X ={0,1,2,3} be a BH-algebra([5]), which is not a BCK/BCI-
algebra, with the following Cayley table:

* ‘ o 1 2 3
0|0 1 3 0
111 0 2 0
212 2 0

3/!3 3 3 0

Let C = (fe, gc) be a coupled N-structure in X defined by
C = {(0;-0.7,-0.2), (1;-0.5, —0.4), (2; —0.5, —0.4), (3; —0.3, —0.6) }.

Then C = (fe,gc) is a coupled N-ideal of X, but not a coupled N-
subalgebra of X, since

fe(0%2) = fe(3) = =03 £ —0.5=\/{fc(0), fe(2)}

and/or
9c(0%2) = ge(3) = 0.6 # —0.4 = /\ {gc(0),9c(2)} .

Proposition 3.8.([4]) Every coupled N-ideal of a BH-algebra X satis-
fies the following assertions:

(i) (Vo,y,2 € X)(wxy <z = fe(z) < \VA{fe(), fe(2)}, gel(zx) >
Adgc(w),ge(2)}).
(i) (Vo,y € X)(z <y = fe(x) < fe(y), 9c(x) > ge(y))-

Theorem 3.9.([4]) For a coupled N-structure C = (f¢,9c) in a BH-
algebra X, the following are equivalent:
(1) C = (fe,gc) is a coupled N -ideal of X.
(2) The nonempty N (t, s)-level set N{(fc, gc); (t,s)} is an ideal of X
for all t,s € [—1,0] with t +s > —1.



590 Min Jeong Seo and Sun Shin Ahn

Definition 3.10. A coupled N-structure C = (f¢, g¢) in a BH-algebra
X is called a coupled strong N -ideal of X if it satisfies (c81) and

(e83) fe(wxz) < V{fe((wxy)*2), fe(y)} and ge(z x2) = A{ge((z * y) * 2),gc(y)}
for all z,y € X.

Example 3.11. (1) Consider a BH-algebra X = {0,1,2,3,4,5} and
a coupled N-structure C = (f¢,gc) as in Example 3.7(1). Then C =
(fe,gc) is a coupled N-subalgebra of X, but not a coupled N-ideal of
X (see Example 3.7(1)). Also it is not not a coupled strong N-ideal of
X since

fodx2)=-01¢ —0.6=\/{fe((4%1)%2), fe(1)}

and/or

ge(4%2) =—0.6 % =02 = /\ {ge((4 1) x2), ge(1)} .

(2) Let X = {0,1,2,3} be a BH-algebra as in Example 3.7(1). Let
D = (fp,gp) be a coupled N-structure in X defined by

D = {(0;-0.7,-0.1), (1;-0.6,—0.2), (2; 0.3, -0.5),
(3;-0.3,-0.5), (4;—0.3, —0.5) }.

It is easy to show that D = (fp, gp) is both a coupled A/-subalgebra and
a coupled N-ideal of X, but not a coupled strong N-ideal of X, since

fp(4%2) = fp(4) = =03 £ —0.6 =\/{fp((4*1)*2), fp(1)}
and/or
gp(4%2) = gp(4) = =0.5 # —02= A\ {gn((4% 1) *2),gp(1)} .

(3) Let X := {0,1,2,3,4,5} be a BH-algebra ([1]), which is not a
BCK/BC1I-algebra, with the following Cayley table:

[0 1 3 5
0[0 0 0 0 0 5
1)1 0 0 0 0 1
22 2 0 0 0 1
303 2 1 0 1 1
414 4 4 4 0 1
5/5 5 5 5 5 0

Let C = (fe, gc) be a coupled N-structure in X defined by
Cc={ (0;—08,-0.2), (1;—-0.7,—0.3),(2;—0.7, —0.3),
(3;—0.7,-0.3), (4;—0.7,—0.3), (5; —0.2, —0.5) }.
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It is easy to check that C = (f¢, g¢) is both a coupled N-ideal of X and
a coupled strong N-ideal of X.

Theorem 3.12. For a coupled N-structure C = (fe¢,gc) in a BH-
algebra X, the following are equivalent:

(1) C = (fe, gc) is a coupled strong N -ideal of X.
(2) The nonempty N (t, s)-level set N{(fc,gc); (t,s)} is a strong ideal
of X for allt,s € [-1,0] witht + s > —1.

Proof. Assume that C = (f¢, gc) is a coupled strong N-ideal of X. Let
t,s € [—1,0] be such that t + s > —1. Obviously, 0 € N{(fe, gc); (t,s)}.
Let x,9,2 € X be such that (z *y) * 2,y € N{(fc,gc); (t,s))}. Then
fel(xxy)xz2) <t, fe(y) <tand ge((x*xy)*2) > s,9c(y) > s. It follows
from (¢83) that fe(z*2) < V{fe((x*xy)*2), fe(y)} <t and ge(z*2) >

A{ge((z*y)=*2),9c(y)} = s, which imply that 2x2 € N{(fc,gc); (¢, )}
Hence the nonempty N (¢, s)-level set of C = (f¢, gc) is a strong ideal of

X for all t,s € [—1,0] with ¢t +s > —1.

Conversely, suppose that the nonempty N (¢, s)-level set of C = (fe, gc)
is a strong ideal of X for all ¢,s € [—1,0] with ¢t + s > —1. Since
0 € N{(fe,gc); (t,s)}, the condition (c81) is valid. Assume that there
exist a, b, ¢ € X such that fe(axc) > \/{fc((axb)*c), fe(b)} or ge(axc) <
MNMgc((axb)*c), ge(b)}. For the case fe(ax*c) > \{fc((axb)=c), fe(b)}
and ge(a * ¢) > A{gc((a * b) * ¢),gc(b)}, there exist sg,tg € [—1,0)
such that fe(axc) > to > V{fc((a*b)xc), fe(b)} and so = A{gc((a =
b) * ¢),gc(b)}. Tt follows that (a xb) * c,b € N{(fe,qc); (to,s0)}, but
axc ¢ N{(fe,g9c); (to,s0)}. This is impossible. For the case f¢(ax*c) >
V{fe((axb) xc), fe(b)} and ge(a* c) < A{ge((a = b) *c),gc(b)}, there
exist so,t9 € [—1,0) such that ¢ty = fe(a *xb) and ge(a * ¢) < sp <
N gc((a =) x¢),ge(b)}. Then (axb) xc,b € N{(fe,gc); (to, s0)}, but
axc ¢ N{(fc,gc); (to,s0)}. This is a contradiction. If fe(a xc¢) >
V{fe((a*b) xc), fe(b)} and ge(a * ¢) < A{ge((a *b) * c),gc(b)}, then
(a*b) *c,b € N{(fCagC)§ (tOv 30)}’ but axc ¢ N{(fC)QC)? (t07 50)}’ where

1 1
tg = i(fc(a xc) + V{fe((axb)xc), fe(b)}) and s¢ := i(gc(a % c) +
N{gc((a*xb)*c),ge(b)}). This is a contradiction. Therefore C = (fe, gc)
is a coupled strong N-ideal of X. O

Proposition 3.13. For any BH*-algebra X, every coupled N-ideal is
a coupled N -subalgebra of X .
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Proof. Let a coupled N-structure C = (f¢, gc) be a coupled N-ideal of
a BH*-algebra X and let z,y € X. Then

felwxy) <\ {fel(@=y) x ), fe(@)} = \[{/c(0), fe(2)} < \/{fe(@), fe(y)}

and
ge(zxy) > N\{ge((@*y) *x),9¢(x)} = N{gc(0), ge(2)} = N{ge(x), e ()}
Hence C = (f¢, gc) is a coupled N-subalgebra of X. O

The converse of Theorem 3.13 may not be true in general as seen in
the following example.

Example 3.14. Let X = {0, 1,2, 3} be a set with the following Cayley
table:

«[0 1 2 3
0jo 0 0 0
1|1 0 0 0
212 1 0 1
3/3 3 3 0

It is easily to check that (X;x*,0) is a BH*-algebra. Let C = (f¢, gc) be
a coupled N-structure in X defined by

C = {(0;-0.7,-0.1), (1; -0.7, —0.1), (2; —0.3, —0.5), (3; —0.6, —0.2) } .

Then C = (f¢,gc) is a a coupled N-subalgebra, but not a coupled N-
ideal of X, since

fe(2)=—03¢ —0.6=\/{fc(2%3), fc(3)}
and/or

ge(2) = —05% —0.2= A {gc(2%3),9c(3)} -

Proposition 3.15. Every coupled strong N-ideal C = (fe,gc) of a
BH-algebra X is a coupled N -ideal of X.

Proof. Put z := 0 in (c83). O

Proposition 3.16. Let C = (f¢,gc) be a coupled strong N-ideal of a
BH-algebra X. Then the following hold:

(i) If x <y for any x,y € X, then fe(x) < fe(y), ge(x) > ge(y).
(i1) If fe(z xy) = fc(0) for any x,y € X, then fe(z) < fe(y).
(iii) If ge(x xy) = gc(0) for any z,y € X, then gc(z) > gc(y).
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Proof. (i) It follows from Proposition 3.8 and Proposition 3.15.
(ii) For any z,y € X, we have

fe(@) = fe(w+0) <\/{fe((z +y) *0), fe(y x 0)}
=\/{fe(@*y), fe(y)}
= \/{fe(0), fely

=fc(y).
(iii) For any z,y € X, we have

ge(@) = ge(w % 0) > N\{ge((x + y) x0), ge(y x 0)}
= Adge(@ +y), 9c(y)}
= A\{9c(0), 9c(v)}

=gc(y).
O

Proposition 3.17. Let C = (fe,gc) be a coupled strong N-ideal of a
BH*-algebra X. Then the following hold:

(i) (Vo,y € X)(fe(zxy) < fc(l‘),gc(iv *y) > ge(x)).
(ii) (Vz,y € X)(fe(zxy) < V{fe(z), fe(y)}, ge(z*y)
(iil) (Vo,y,2z € X)(fe(z * (y * 2)) < V{fe(®), fe(v),

2)) > NMae(®), 9c(y), ge(2)})-

Proof. (i) Since X is a BH*-algebra, we have (z * y) x x = 0 for any
xz,y € X. Hence x xy < z for any x,y € X. Using Proposition 3.16(i),
we have fe(x xy) < fe(x) and ge(z *y) > ge(x) for any z,y € X.

(ii) Tt is easily verified from Proposition 3.13 and Proposition 3.15.

(iii) For any z,y,z € X, using (ii) we have

Je(wx (yx2)) <\[{fe(@), fe(yx2)}
<\/{fe(@), fe(y), fe(2)}

> NMge(x), ge(y)})-
fe(2)}, ge(a = (y *

and
ge(@x (y = 2)) = \ge(), ge(y * 2)}

> Ndoe(@), ge(y), e (2)}-
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For any element a of a d-algebra X, let

Xo:={z e X | fe(z) < fela), ge(x) > gela)}.
Obviously, X, is a non-empty subset of X.

Theorem 3.18. Let a be any element of a BH-algebra X. IfC = (f¢, gc)
is a coupled (strong) N-ideal of X, then the set X, is a (strong) ideal
of X.

Proof. Since f¢(0) < fe(z) and ge(0) > ge(x) for any = € X, we have
0 € X,. Let z,y € X be such that zxy € X, and y € X,. Then
fe(@xy) < fela), ge(x +y) = ge(a), fe(y) < fe(a) and ge(y) = ge(a).
It follows from (c82) that fe(x) < \{fe(z xy), fe(y)} < fe(a) and
ge(x) > N{gc(z*y),9c(y)} > ge(a) so that x € X,. Therefore X, is an
ideal of X.

Let z,y,z € X be such that (zxy)*z € X, and y € X,. Then fe((xx*
y) x2) < fe(a), ge((z xy) * 2) = ge(a), fe(y) < fe(a) and ge(y) = ge(a).
It follows from (c83) that ge(z x z) < \/{fe((x *y) * 2), fe(y)} < fe(a)

and ge(x * 2) < A{ge((z *y) * 2),9c(y)} > ge(a) so that x * z € X,.
Therefore X, is a strong ideal of X. O

Proposition 3.19. Let a be any element of a BH-algebra X and let
C = (fe,gc) be a coupled N -structure in X. Then

(i) If X, is an ideal of X, then C = (f¢,gc) satisfies the following
assertion:
(3.2)
fe(@) =V {fe(y * 2), fe(2)} = fe(x) > fe(y)
weze ) (02 XL RO 2 K02 )
(ii) If C = (fe, gc) satisfies (3.2) and

(3.3) (Vz € X) (fe(0) < fe(x), ge(0) > ge(x)),
then X, is an ideal of X.

Proof. (i) Assume that X, is an ideal of X for all a € X. Let x,y,z € X

be such that fe(z) > V{fe(y * 2), fe(2)} and ge(z) < A\ {ge(y = 2), 9c(2)} -
Then y x z € X, and z € X,. Since X, is an ideal of X, it follows that
y € Xy so that fe(y) < fe(x) and ge(y) > ge().

(ii) Suppose that C = (fc, gc) satisfies two conditions (3.2) and (3.3).
Let z,y € X be such that zxy € X, and y € X,,. Then fe(zxy) < fe(a),
ge(@ *y) > ge(a), fe(y) < fe(a) and ge(y) > gela). Hence fe(a) =
VA{fe(z +y), fe(y)} and ge(a) < A{ge(z *y), ge(y)}, which imply from
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(3.2) that fe(a) > fe(x) and ge(a) < ge(x). Thus z € X,. Obviously,
0 € X,. Therefore X, is an ideal of X. O

Theorem 3.20. Let C = (f¢,gc) be a coupled N -structure in a BH-
algebra X. Then X, is a coupled N-ideal of X for any a € X if and
only if

(i) fc(0) < fe(a), gc(0) > ge(a)).
(i) va?iy) € X)(fe(zxy) < fe(a) and fe(y) < fe(a) imply fe(z) <
cla)).
(ili) (Vo,y € X
ge(a)).

Proof. Assume that X, is a coupled N-ideal of X. Then 0 € X, and
so fe(0) < fe(a) and gc(0) > ge(a). Let z,y,z € X be such that
Je(zxy) < fe(a),ge(x+y) = gela), fe(y) < fe(a), and ge(y) > ge(a).
Then x xy,y € X,. Since X, is an ideal of X, we have z € X,. Hence
fe(z) < fe(a) and ge(z) > ge(a).

Conversely, consider X, for any a € X. Obviously, 0 € X, for any
a € X. Assume that z xy,y € X,. Then fe(zxy) < fe(a),ge(z xy) >
ge(a), fe(y) < fe(a), and ge(y) > ge(a). It follows from hypothesis that
fe(z) < fe(a) and ge(x) > ge(a). Hence x € X,. Thus X, is a coupled
N-ideal of X.

)(ge(x *y) > ge(a) and ge(y) > ge(a) imply ge(z) >
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