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Abstract

Equivalence relations and mappings for crisp sets are very well known. This paper attempts an investigation of
equivalence relations and mappings for fuzzy sets. We list some concepts and results related to fuzzy relations.
We give some examples corresponding to the concept of fuzzy equality and fuzzy mapping introduced by Demirci
[1]. In addition, we introduce the notion of preimage and quotient of fuzzy equivalence relations. Finally, we

investigate relations between a fuzzy equivalence relation and a fuzzy mapping.
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1. Introduction

The notion of fuzzy sets in a set generalises that
of crisp subsets, and Zadeh[9] introduced it as an
approach to a mathematical representation of vague-
ness in everyday language. Also a fuzzy relation be-
tween Xand Y as a fuzzy set in X x Y was pro-
posed by Zadeh[9]. Later he studied similarity rela-
tions in [10]. Subsequently, Goguen|2], Murali[3] and
Ovchinnikov[5], etc., have studied fuzzy relations in
various contents. Furthermore, Nemitz[4] have inves-
tigated fuzzy relations connected with equivalence re-
lations and fuzzy functions. In particular, more re-
cently, Demirci[l] studied fuzzy equalities and fuzzy
mappings.

Equivalence relations and mappings in crisp set
theory are very well known. This paper attempts an
investigation of equivalence relations and mappings
in fuzzy set theory. In Section 2, we list some con-
cepts and results related to fuzzy relations. In Section
3, we give some examples corresponding to the con-
cept of fuzzy equality and fuzzy mapping introduced
by Demirci[l]. Also, adding to his results, we obtain
some another results. In Section 4, we introduce the
notions of preimage and quotient of fuzzy equivalence
relations. And we study some properties. In Section
5, we investigate relations between a fuzzy equivalence
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relation and a fuzzy mapping.

Throughout this paper, we denote the unit interval
[0,1] as I, and X, Y, Z, etc., denote ordinary sets. In
particular, IX denotes the set of all fuzzy sets in X.

2. Preliminaries

In this section, we list some basic notions and re-
sults which are needed in the later sections.

Definition 2.1 [7]. Let f: X — Y be an (ordinary)
mapping, let A € IX and let B € IY. Then:

(i) The image of A under f, denoted by f(A), is a
fuzzy set in Y defined as follows : For each y € Y,

\V/ A
z€f~1(y)
0 otherwise

if f~'(y) #0,
[F(A)(y) =

(ii) The preimage of B under f, denoted by f~1(B),

is a fuzzy set in X defined as follows : For each x € X,
- (B)@) = (Bo f)(@) = B(x).

Result 2.A [8]. Let f: X — Y be an(ordinary) map-

ping, let A € I and {A,}aer C I, and let B € IV
and {Bg}aer C IY. Then:
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(a) [f(A)]¢ C f(A°). In particular, f is bijective,
then [f(A)]’ fA9).
(b) f7H(B) = [fH(B)]"
(c) If Ay C Ag, for a, 8 € T, then f(As) C f(Ap).
(d) If B, C Bg, for a,3 € T, then f~'(B,) C
f1(Bg).
(e) ACf
fHfA) =
) [N (B)) -
then f(f~1(B))
g) f(l Aa) =
acl
) (U Ba)
ael
() A € ) £(Aa)
acl ael’
71(n Ba) = ﬂ fil
(h) Ifg aeY — Z isaz mapping and C' € I%, then
(gof)"HC) = f~H(g71(C)), and (go f)(A) = g(f(A))-

Definition 2.2 [9]. R is called a fuzzy relation from X
to Y (or a fuzzy relation on X x Y) if R € IX*Y i,
R is a fuzzy set in X x Y. In particular, if R € IX*X|
then R is called a fuzzy relation on (or in ) X.

(f(A)) In particular, if f is injective,
hen
f In particular, if f is surjec-

B.

= B.
U fa
ael

- U !

ael

(
tive,
(

We will denote the set of all fuzzy relations on X
as FR(X).
Definition 2.3 [10]. Let R € IX*Y and S € IY*Z.
Then:

(i) The sup-min composition of R and S, denoted
by SoR, is a fuzzy relation on X x Z defined as follows:
Ve e X,Vz € Z,

(SoR)(w,2) = \/ [R(z,y) A S(y, 2)].
yey
(i) The inverse of R, denoted by R™!, is a fuzzy
relation on Y x X defined by R~!(y,z) = R(z,y),

V(z,y) € X xY.

Definition 2.4 [5,10].
said to be :

Let R € FR(X). Then R is

(i) reflexive if R(x,z) =1, Ve € X.

(ii) symmetric if R(x,y) = R(y,z), Vz,y € X, i.e,
R=R""'

(iil) transitive if Ro R C R,

(iv) a fuzzy equivalence relation on X if it satisfies

(i) (i) and (i),

We will denote the set of all fuzzy equivalence re-
lation on X as FER(X).
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Let R be a fuzzy equivalence relation on X and

let « € X. We defined the mapping Ra : X — I as
follows : Vz € X, Ra(z) = R(a, x).
Then clearly Ra € IX. In this case, Ra is called a
fuzzy equivalence class of R containing a € X. The
set {Ra : a € X} is called the fuzzy quotient set of X
by R and denoted by X/R (See[5]).

Result 2.B [5, Lemma 2, Corollary and Theorem 1].
Let R be a fuzzy equivalence relation on X. Then
(a) Ra = Rb if and only if R(a,b) =1, Va,b € X.
(b) Ra N Rb = @ if and only if R(a,b) = 0,
Va,be X

(c) U Ra =

a€eX

3. Fuzzy mappings

In this section, we list some concepts and their
properties by Demirci [1]. And we give some examples
and obtain some results.

Definition 3.1[1]. A mapping Fx : X x X — [ is
called a fuzzy equality on X if it satisfies the following
conditions :

(el) Ex(z,y)=lez=y\Vr,yeX,
(e.2) Ex(wz,y) = Ex(y,z),Vz,y € X,
(e.3) Ex(z,y)NEx(y,2) < Ex(,2),Vo,y,z € X.

We will denote the set of all fuzzy equalities as
E(X).

Example 3.1. Let X={7,.,t} and let Ex
X x X — I be the mapping defined as following matrix

Ex| 1 v =«
7 1 03 03
v (03 1 038
t |03 08 1
Then we can easily see that Fx € E(X). O

Definition 3.2[1]. Let f be a fuzzy relation on X xY.
Then f is called a fuzzy mapping with respect to (in
short, w.r.t.) Ex € E(X) and Ey € E(Y), denoted
by f: X — Y, if it satisfies the following condition :
(f.1) Vz € X,3y € Y, such that f(z,y) > 0,
(f2) V.Tl,l'g € Xa vy17y2 € Y7 f(xhyl) A
f(x2,y2) N Ex(x1,22) < Ey (y1,92)

Example 3.2. Let X and Ex € E(X
Example 3.1. Let Y = {a,b} and Ey :

) be same as in
Y xY — 1 be



the mapping defined as follows :

EY ‘ a b
a 1 07
b 107 1

Then it is easily seen that Ey € E(Y). Now define

the fuzzy relation f on X x Y follows :

Then we can easily prove that f : X — Y is a fuzzy
mapping w.r.t. Ex and Ey. O

Definition 3.3[1]. Let f : X — Y be a fuzzy map-
ping w.r.t. Ex € E(X) and Ey € E(Y). Then f is
said to be :

(1) strong if Vo € X, 3y € Y such that f(z,y) =1,

(ii) surjective if Vy € Y, 3z € X such that
f(x,y) >0,

(iii) strong surjective if Yy € Y, 3z € X such that
f(z, y) =1,

(iv) ingective if f(x1,y1) A f(x2,y2) A Ey (y1,92) <
Ex(x1,72),Vo1,22 € X,Vy1,y2 € Y,

(v) bijective if it is surjective and injective,

(vi) strong bijective if it is strong surjective and
injective.

Example 3.3. (a) Let X, Y, Ex, Fy and f be same
as in Example 3.2. Then f : X — Y is not strong
but strong surjective . Moreover , it can be easily seen
that f is not injective.

(b) Let X, Y, Ex and Ey be same as in Example
3.2. Define the fuzzy relation g on X x Y as follows :

Then we can easily see that ¢ is strong and strong

surjective w.r.t. Ex and Ey. But g is not injective.
(c) Let X, Y, Ex and Ey be same as in Example

3.2. Define the fuzzy relation h on Y x X as follows :

h ‘ -7 v T
a|05 04 1
bl 1 07 O
Then h(a,7) Ah(b,v) AEy(a,b) = 0.5 £ 0.3 = Ex
(77, ). Thus h is not a fuzzy mapping w.r.t. Ey and
Ex.
(d) Let X,Y, Ex and Ey be same as in Example
3.2. Define the fuzzy relation k on Y x X as follows :
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k ‘ ) v T

al 1 03 02

b| 1 0 03
Then we can easily show that £ : ¥ — X is strong
and injective w.r.t. Fy and Ex. O

Definition 3.4[1]. The identify fuzzy mapping on X,
denoted by Ix, is the fuzzy relation on X x X defined

1 if =y,

otherwise, for any z,y € X.

Remark 3.4. (a) Ix : X — X is strong bijective
w.r.t. any fuzzy equality on X. Moreover [x itself is
a fuzzy equality on X.

(b) An (ordinary) mapping f : X — Y is a
strong fuzzy mapping w.rt. Ex = Ix € E(X) and
By = Iy € E(Y)

(¢c) Let f: X — Y be an (ordinary) mapping. If
f is injective [resp surjective and bijective], then f is
injective [resp. strong surjective and strong bijective]
wrt. Ix € Ex and Iy € E(Y).

Result 3.A[1, Proposition 2.1]. Let f : X — Y
and g : Y — Z be fuzzy mappings w.r.t. Ex € E(X),
Ey € E(Y) and Ez € E(Z). Then sup-min composi-
tion go f is a fuzzy mapping go f : X — Z w.rt. Ex
and Eyz

Proposition 3.5. Let f: X - Y andg:Y — Z
be fuzzy mappings w.rt. Ex € E(X), By € E(Y)
and Ez € E(Z). If f and g are strong [resp. injec-
tive, surjective, strong surjective, bijective and strong
bijective], then so is g o f.

Proof. (i) Suppose f and g are strong and let x € X.
Since f is strong, Jyo € Ysuch that f(z,y0) = 1 .
Since ¢ is strong, 329 € Z such that g(yo,20) = 1.
Thus

(9o /), 20) = \/ [f (@, 9] Ag(y, 20)] = f(x,50) A

yeyYy

9(Y0, 20) = 1.
So g o f is strong.

(ii) Suppose f and g are surjective and let z € Z.
Since g is surjective, Jyp € Y such that g(yo,2) > 0.
Since f is surjective, 3zo € X such that f(zg,yo) > 0.
Thus

(gof)(x()a Z) - \/ [.f(l.07y)/\g(ya Z)] > f(‘TanO)/\
yey
9(yo,2) > 0.
So g o f is surjective.

(iii) Suppose f and g are strong surjective and let

z € Z. Since g is strong surjective, dyg € Y such that
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9(yo,2z) = 1. Since f is strong surjective, dxg € X
such that f(xg,y0) = 1. Thus
(901)(w0,2) = \/ [f(@: 1) A9y, 2)] = F(zo,50) A
yey
9(yo,2) = 1.
So g o f is strong surjective.
(iv) Suppose f and g are injective. Let 1,29 € X,
let y1,y2 € Y and let 21,20 € Z.
Since f is injective,
fl@y) A flze,y2) A Ev(yi,y2) <
Ex(ichl’g). (31)
Since g is injective,
9(y1,21) A g(y2,22) N Ez(z1,20) <
Ey (y1,92)- (32)
By (3.1) and (3.2),
(f(z1,91) A glyr, z1)) A (f(@2,92) A g(y2, 22)) A
Ez(z1,29) < Ex(x1,x2).

Thus
(V @ 9)rg(y, 20DACN F (@2, 9)Ag(y, 22))A
yey yey

Ez(z1,22)

< Ex(w1,22). So (go f)(z1,21) A(go f)(x2,22) A
Ez(zl,ZQ) < Ex($1,$2).
Hence g o f is injective.

The remaiders are obvious by (i), (ii), (iii) and
(iv). O

Proposition 3.6. Let f: X — Y andg:Y — Z be
fuzzy mappings w.r.t. Ex € E(X), Ey € E(Y) and
Ey € E(Z).

(a) If g o f is strong, then so is f.

(b) If g o f is surjective[resp. strong surjective],
then so is g.

Proof.(a) Suppose g o f is strong and let z € X.
Then 37y € Z such that (g o f)(z,20) = 1. Thus

(9o )@ 20) = \/ [f(,9) Agly, 20)] = 1. So Jyo € Y
yey
such that f(z,y0) A g(yo,20) = 1.
f(z,y0) = 1. Hence f is strong.
(b) Suppose go f is surjective and let z € Z. Then
Jzp € X such that (go f)(zg,2) > 0.

In particular

Thus
\/ [ (@o,9) A g(y,2)] >0
yey
So Jyg € Y such that f(zo,y0) A 9(yo,2) > 0. In
Particular, g(yo, z) > 0. Hence g is surjective.
Now suppose go f is strong surjective and let z € Z.
Then Jz¢ € X such that (go f)(zo,2) = 1.
Thus

\/ [f (@o,9) A gy, 2)] = L.

yey
So Jyo € Y such that f(xo,y0) A g(yo,2) = 1. In
particular, g(yo, 2) = 1. Hence g is surjective. O
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Let f: X — Y and g : Y — Z be two ordinary
mappings. Then it is well-known that if go f : X — Z
is injective, then so is f. However, in case which f
and ¢ are fuzzy mappings, the above statement does
not hold.

Example 3.6. Let X = {z1,2z2,23}, Y = {y1,92}
and Z = {z1, 22}, let Ex : X x X — I be the mapping
defined by Ex(x;,z;) =1 (i = 1,2,3), Ex(x1,22) =
Ex(z1,23) = Ex(x2,21) = Ex(x3,z1) = 0 and
Ex(x9,23) = Ex(x3,22) = 0.5. Then clearly Ex €
E(X).
Nowlet f: X XY - Tandg:Y x Z — I be the

mappings defined as follows, respectively :

f(@1,01) = f(z2,y2) =1, f(x3,y2) = 0.8
and

9(y1,21) = 1, g(y2, 22) = 0.2,
Then we can easily see that f is a fuzzy mapping w.r.t.
Ex and Iy, and g is a fuzzy mapping w.r.t. Iy and
Iz. Furthermore, we can see that go f : X — Z is a
fuzzy injective mapping w.r.t. Ex and Iz. But f is
not injective. O

Definition 3.7. Let f: X — Y be a fuzzy mapping
wrt. Ex € E(X) and By € E(Y). Then f is said to
be invertible if the fuzzy relation f~' on ¥ x X is a
fuzzy mapping f~!:Y — X w.r.t. By and Ex.

Lemma 3.8. Let f : X — Y be a fuzzy mapping
wrt. Ex € E(X) and Ey € E(Y). If f is invertible,
then f is bijective.

Proof. Suppose f is invertible and let y € Y. Since
f~% Y — X is a fuzzy mapping w.r.t. By and Ex,
Jxg € X such that f~1(y,z0) > 0. Then f(zq,y) > 0.
Thus f is surjective. Now let xi,zo € X and let
y1,y2 € Y. Since f~! : Y — X is a fuzzy mapping,
I y1, 1) A F (Y2, 22) A By (y1,y2) < Ex(z1,12).
Then f(x1,y1) A f(z2,92) A By (y1,y2) < Ex(z1,22).
So f is injective. Hence f is bijective. O

Lemma 3.9. Let f : X — Y be a bijective fuzzy
mapping w.r.t. Ex € E(X) and Ey € E(Y). Then
the fuzzy relation f~! on Y x X is a bijective fuzzy
mapping f~':Y — X w.rt. By and Ex.

Proof. Let y € Y. Since f is surjective, dxg € X
such that f(zg,y) > 0. Then f~(y,z9) > O.
Thus f~! satisfies the condition (f.1). Now let
y1,y2 € Y and let 1,20 € X. Since f is injective,
f(zi,y) A f(@2,92) A By (y1,92) < By (21,22). Then
I 1, 21) A F (Y2, 22) A By (y1,y2) < Ex(z1,32).
Thus f~! satisfies the condition (f.2). So f~! :
Y — X is fuzzy mapping w.r.t. FEy and Ex. Let
x € X. Since f is a fuzzy mapping, Jyy € Y



such that f(z,y9) > 0.
Thus f~' is surjective. Now let y;,42 € Y and
let z1,29 € X. Since f is a fuzzy mapping,
f(zi,y1) A f(w2,y2) A Ex(z1,72) < By (y1,92). Then
Yy, 2) A f7 Y2, 22) A Ex(z1,22) < By (y1,y2).
Thus f~! is injective. So f~! is bijective. This com-
petes the proof. O

Then f~1(yo,z) > 0.

The following shows us that f : X — Y is strong
surjective but f~! : ¥ — X is not strong surjective.
Thus f is strong bijective but f~! is not strong bijec-
tive.

Example 3.9. Let X,Y and Ex be the same as in
Example 3.6. We define the mapping f: X xY — I
as follows:
f(x1,91) = f(z2,92) = 1 and f(z3,y2) = 0.5.

Then we can easily check that f is strong surjective
but f~! is not strong surjective. Moreover, f is in-
jective. So f is strong bijective but f~! is not strong
bijective. O

The following is the immediate result of Lemmas
3.8 and 3.9.

Theorem 3.10. [1, Proposition 2.2]. Let f: X - Y
be a fuzzy mapping w.r.t. Ex € E(X) and Ey €
E(Y). Then f is invertible if and only if f is bijective.

Result 3.B[1, Proposition 2.3]. If f : X — Y
is strong and injective w.r.t. Ex = Ix € E(X) and
Ey € E(Y), the f~1o f = Ix.

Lemma 3.11. Let f : X — Y be a fuzzy mapping
wrt. Ex € E(X) and Ey € E(Y). If f is strong
surjective and Ey = Iy, then fo f=1 = Iy.

Proof. Let y,y’ € Y. Then
(fofyy)
=\ [/ ' w.2) A fla,y)]
$€X
=V f (@) A fla,y)ABx(z.2)] [ Bx(w,x) = 1]
émg’i(y,y’) [ f is a fuzzy mapping]
=Iy(y,y). [ By = Iy]
Thus fo f~' C Iy. Now let y,y’ € Y. Then clearly
Iy(y,y') = Lor Iy(y,y) = 0. If Iy(y,y') = 0,
then clearly Iy (y,y’) < (f o f~Y(y,y’). Suppose
Iy(y,y') = 1, i.e, y = 3. Since f is strong surjec-
tive, for y € Y, Jxg € X such that f(zo,y) = 1. Thus
(fof Nwy)=(fof Ny
=V I 'w2) A fz,y)]

zeX

fl@y) A fl,y)]
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=\ fl@y =1
reX
So, in either cases, Iy C fo f~!. Hence fo f~1 =
Iy. O

The following is the immediate result of Result 3.B
and Lemma 3.11.

Theorem 3.12. Let f : X — Y be a fuzzy mapping
wrt. Ex € E(X) and Ey € E(Y). If f is strong
and strong bijective, Fx = Ix and Ey = Iy, then
fﬁlof:IX and foffl =1Iy.

Result 3.C[1, Proposition 2.4]. Let f: X —» Y
and g : Y — Z be bijective w.r.t. Ex E E(X), Ey E
E(Y) and Ez € E(Z). Then (go f)™' = f~1o

and the fuzzy relation (g o f)~! is a fuzzy mappmg
(gof) ':Z— X wrt. Ez and Ex.

Definition 3.13. [1]. Let f : X — Y be a fuzzy
mapping, let A € IX and let B € IY. Then:
(i) The image of A under f, denoted by f(A), is a
fuzzy set in Y defined as follows:
FA ) = V [A@) A f(yy
zeX
(ii) The preimage of B under f, denoted by f~1(B),
is a fuzzy set in X defined as follows:
171 B) @) =\ [Bly) A f(x,y)), Vo € X.
yey
Remark 3.13. (a) If f : X — Y is an (ordinary)
mapping, then it is clear that Definition 3.13 is iden-
tical with Definition 2.1
(b If f : X — Y is strong surjective, then
fAw) =\ A@),vyeY.
f(@y)=1
(c) If f: X — Y is strong, then f~!
\/ B(y).vzeX.
f(zy)=1

The following is the immediate result of Definition
3.13.

), Vy €Y.

(B)(z) =

Proposition 3.14. Let f : X - Y andg:Y — Z be
fuzzy mappings w.r.t. Ex € E(X), Ey € E(Y) and
Ez € E(Z),let A€ IX and let B € I?. Then :

(a) (g0 f)(A) = g(f(A)).

(b) (go f)"1(B) = f(g~(B))

Result 3.D[1, Proposition 2.5]. Let f: X — Y be
a fuzzy mapping w.r.t. Ex € E(X) and Ey € E(Y),
let A€ IX andlet BeIY.

(a) If f is strong, then A C f~1(f(A)).

(b) If Ex = Ix and f is injective, then
f7HfA) C A
(c) If f is strong surjective, then B C f(f~(B)).
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(d) If By = Iy, then f(f~1(B)) C B.

The following is the immediate result of Theorem
2.5 in [6] and Definition 3.13.

Proposition 3.15. Let f: X — Y be a fuzzy map-
ping w.r.t. Ex € E(X) and By € E(Y).

(a) Define the (ordinary) relation f from I to IV
as follows: f(A) = f(A),VA € I*. Then f : I*X — IV
is an (ordinary) mapping.

(b) Define the (ordinary) relation f from IY to
f(B) = f~YB),vB € IY. Then

? — IX is an ordinary mapping.

IX as follows:

The followings are the immediate results of Result
3.D and Proposition 3.14.

Corollary 3.15. Let f : X — Y be strong surjec-
tive wr.t. Ex € E(X) and Ey = I, € E(Y). Then

fofof=Ff

Proof. Let A € IX. Since f is strong surjec-
tive, by Result 3.D(c), f(A) C f(f~(f(A))). Since
By = Iy, by Resuls 3D(d), 7(f " (/(A))) C f(4).
So f(f/~ (f(A))) = f(A). Hence foFof=F. O

Proposition 3.16. Let f : X — Y be a fuzzy map-
ping w.r.t. Ex € E(X) and Ey € E(Y).
(a) If f is strong, injective and Ex = Ix, then ?of
is bijective. Hence f is injective and ? is surjective.
(b) If f is strong surjective and Ey = Iy, then fo?
is bijective. Hence f is surjective and ? is injective.
(c) If f is strong, strong bijective, Ex = Ix and
Ey = Iy, then f and f are bijective.

Proof.(a) Clearly fo
pose (fo f)(A1) = (fo
F(F(A) = F(f(A2)
and f, f~1(f(A1) = f

of : I*X — I is a mapping. Sup-
Fo f)(As) YAy, Ay € IX. Then
). Thus, by the definitions of f
- (f(A2)) By Result 3.D,

Ay So ? o f is injective. Let A € IX.
Then clearly f(A) € IY. Moreover, by Result 3.D,
F7Uf(A)) = A, Thus (fo f)(A) = A. So fo [ is
surjective. Hence f o f is bijective

(b) Clearly fo f — I¥X is a mapping. Sup-
pose (fo f)(Bl) (fo f)( 2), VB1, By € IY. Then
f(fB) = f(f(B )) FUFHBY) = f(fH(B2).
By Result 3.D, B; = Bg. Thus f f is injec-
tive. Let B € IY. Then clearly f~'(B) € IX and
F(f~Y(B)) = B. Thus (fo f)(B) = B. So fo fis

surjective. Hence f o f is bijective.
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(c) It is clear from (a) and (b). O

Result 3.E[1, Proposition 2.6]. Let f: X — Y be
a fuzzy mapping w.r.t. Ex € E(X) and Ey € E(Y),
let A€ X and let B € IV.
(a) If Ex = Ix and f is injective, then f(A¢) C
[F(A)]°.
(b) If f is strong surjective, then [f(A)]¢ C f(A°).
(c) If f is strong, then [f_ (B)]¢ C f~H(B°).
(d) If By = Iy , then f~1(B¢) C [f~Y(B)‘].

Result 3.F[1, Proposition 2.7]. Let f: X — Y be
a fuzzy mapping w.r.t. Ex € E(X) and Ey € E(Y),
let {Ay}aer C IV and let {By}aer C IY.

F(U 40 = U 74

acTl acll

71(UBO¢): Ufil

acl acl

F(N) 4a) € ) f(4a)

a€cl’ ael

B ()

ael ael’
(e) If Ay C Agfor o, 8 €T, then f(A,) C

(f) If B, C Bg for o, € I', then f~
f~H(Bg).
(g) Iffisinjective and Ex = Ix, then ﬂ f(A

f(Ag).
'(Ba) C

£ (Aa)-
ael
(h) If By = Iy, then (] f~'(Ba) € £ ([ Ba)

acl acl

The following is the immediate result of Definition
3.1

Proposition 3.17. Let {X,}aer be a family of sets

and let X = H X, be the product of {X,}aer.
ael
If Ex, is a fuzzy equality on X, for each a € T,
then Fx = H Ex, is a fuzzy equality on X, where
acl’

Ex : X x X — I is the mapping defined as follows :
V(za), (o) € X, Ex((za), (¥a)) = /\ Ex, (TasYa).

ael

The following is the immediate result of Definition
3.2 and Proposition 3.17.

Proposition 3.18. Let X = H X, be the product
acl’
of a family { X, }aer of sets. For each a € T', we define

the fuzzy relation 7w, on X x X, as follows :

1 if =4,

Wa((x(x)vx):{ >0 if x#xa,V(x

o) € X,Vx € X,.



Then 7, X — X, is a fuzzy mapping w.r.t.
Ex = H Ex, € E(X) and Ex, € E(X,),Ya € T.

acl
In this case, 7, is called the fuzzy projection of X to

X,.

From Proposition 3.18, it is clear that 7, is strong
and strong surjective.

Proposition 3.19. Let 7, : X = HyerXa — Xo
be the fuzzy projection of X to X, and let B, €
IX> Ya € T. Then
ﬂ Wojl(Ba) = H Ba,
ael aecl
where H B, is the fuzzy set in X defined as follows:
acl

(JI Ba)((a)) = A\ Balza).¥(za) € X.

ael ael’
Proof. Let (z,) € X. Then

[ 7o (Ba)l(2a))
acll
=\ 72 (Ba)((wa))
acl
=N\ V Ba@) Ama((za), )]
ael zeX,
= /\ B, (x4 )[Since 7, is strong]
acl
:(H Ba)((za))- O
acll
The following is the immediate result of Definition
3.2 and Proposition 3.17.

Proposition 3.20. Let f: X — Y be a fuzzy map-
ping w.r.t. Ex € E(X) and Ey € E(Y). We define
the fuzzy relation g on (X x X) x (Y xY) as follows :
9((z,2"), (y,y") = flz,y) A f(@',y), V(z,2') €
X xX,V(y,y)eY xY.
Then g : X x X — Y x Y is a fuzzy mapping
wrt. Exyx = Ex X Ex € E(X X X) and Fyyy =
Ey xEy € E(Y xY). In this case, g is called the fuzzy
product mapping of f and is denoted by g = fx f = f2.

4. Preimage and quotient of fuzzy
equivalence relations.

Proposition 4.1 Let f : X — Y be a strong fuzzy
mapping w.r.t. Ex € E(X) and Ey € E(Y), and let
R be a fuzzy equivalence relation on Y. Then f~2(R)
is a fuzzy equivalence relation on X. In this case,
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f72(R) is called the preimage of R under f, where
[P = x N

Proof. It is clear that f~2(R) is a fuzzy relation on
X.
(i) Let z € X. Then
fAR)(,2)
= \/ [R@Y)AF x DH(.2),(yy)]
(y,9")€Y XY
[By Definition 3.13 and Notation f? = f x f]
=V  [R@y)A @) A fy)
(y,y")EY XY
[By Proposition 3.19]
> R(yo; yo)
[Since f is strong, Jyo € Y such that f(x,yo) = 1.]
=1.
Thus f~2(R) is reflexive.
(ii) By the definition of f=2(R), it is clear that
f72(R) is symmetric.
(iii) Let =, 2" € X. Then
[f72(R) o f2(R))(2,2")
V U2 @) @) A SR ")

z'eX
= VAV  [RBuyIANH (@), (6,9)
z’eX  (y,y)EY XY

(R, y")A(fx ) 27), (', y"))]}

NGV,
(v, y")EY xY
= VAV [RBuy)Aflay) @ y))A
r’eX  yy )EY XY
(VRGN Y)AFE" Y)Y
y y'eEY XY
(y,y"")EY XY
f&",y")]
[Since f is strong, Jyo € Y such that f(a',yg) = 1]
< V(RGNS X D7), (y.y")]
(y,y"")eY xY
[.* R is transitive].
= f2(R)(z,2").
Thus f~2(R) o f~%(R) C f~?(R). So f~2(R) is tran-
sitive. Hence f~2(R) is fuzzy equivalence relation on
X. O

[R(y,90) N R(yo,y") N flz,y) A

Corollary 4.1 Let f and R be same as in Proposition
4.1. Then f~2(R)= f~'oRo f.

Proof. Let a,b € X. Then
F2R)(a,0) = Viageyxy[Re,d) A (f x
F(a,b), (c,d))]
=V
(c,d)eY xY

= VAV [f(a.0) AR(c,d)]) A f(b,d)}

deY ceY

[R(c,d) A f(a,c) A f(b,d)]
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= \/ (R f)(a,d) A f(b,d)]

dey

=V I(Bo f)(a,d) A f'(d,b)]

dey
= (f"to(Ro f))(a,b).
Hence f72(R) = f~'oRo f. O

Proposition 4.2 If R is a fuzzy equivalence relation
on X, then 3 the strong and strong surjective fuzzy
mapping 7 : X — X/R wrt. Ix € E(X) and
Ex/r € E(X/R), where Ex/p : X/RxX/R — I is the
fuzzy equality on X/R defined as follows : Va,b € X,
Ex/R(RCL, Rb) = R(a, b)
In this case, 7 is called the natural (or canonical) fuzzy
mapping.

Proof. We define the fuzzy relation 7 : X x X/R — I
as follows : Va,b € X,
m(a, Rb) = Rb(a) = R(b,a).
Then clearly 7 satisfies the condition (f.1). Let
a1,a2,b1,b2 € X. If a1 # aq, then clearly Ix(a1,a2) =
0. Thus
F(al,Rbl) 74\ 71'(@2,Rb2) AN Ix<CL1,CL2) <
Ex/r(Rby, Rbs).
Suppose a; = az. Then
7T(CL17 Rbl) AN 71'(0,2, Rbg) A IX (al, CLQ)
= R(al, bl) A R(al, bQ) A Ix(al, al)
= R(bl, al) AN R(al, b2)
[Since R is symmetric and Ix(a1,a1) = 1].
< R(b1,ba) [ Since R is transitive].
= Ex/r(Rb1, Rby).
Thus 7 satisfies the condition (f.2). So 7: X — X/R
is a fuzzy mapping w.r.t. Ix and Ex,r. Moreover, it
is clear that m is strong and strong surjective from the
definition of . O

Proposition 4.3 Let R and G be fuzzy equivalence

relations on X such that R C G. We define the map-

ping G/R: X/R x X/R — I as follows :
G/R(Ra, Rb) = G(a,b), Va,b € X.

Then G/R is a fuzzy equivalence relation on X/R. In

this case, G/R is called the fuzzy quotient of G by R.

Proof. It is clear that G/R is reflexive and symmetric.
Let a,c € X. Then

(G/RoG/R)(Ra, Rc)

\/ [G/R(Ra, Rb) A G/R(Rb, Re)]

beX
= \/ [G(a,b) A G(b, )]
beX
= (GoG)(a,c)
< G(a,¢) [ G is transitive]
= G/R(Ra, Re).

Hence G/R is a fuzzy equivalence relation on X/R.
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The following is the immediate result of Proposi-
tion 4.3. O

Corollary 4.3 Let R, G and H be fuzzy equiva-
lence relations on X such that R € G C H. Then
G/R C H/R.

Proposition 4.4 Let R, G and H be fuzzy equiva-
lence relation on X such that R C G C H.

(a) RCGoH.

(b) If G o H is a fuzzy equivalence relation on X,
then (Go H)/R is a fuzzy equivalence relation on X/R
and G/RoH/R = (Go H)/R.

(¢) G/Ro H/R is a fuzzy equivalence relation on
X/R.

Proof. (a) Let a,c € X. Then
(Go H)(a,c)
= \/ [H(a,b) AG(b,c)]
beX

> \/ [R(a,b) AR(b,0)] [- RC G C H]

beX

> R(a,c) A R(c,c)

= R(a,c). [ R(c,c) =1]

Thus RC Go H.

(b) By the hypothesis and, (a) and Proposition 4.3,
it is clear that (GoH)/R is a fuzzy equivalence relation
on X/R. Let a,c € X. Then
(G/Ro H/R)(Ra, Re)

\/ [H/R(Ra, Rb) A G/R(Rb, Rc)]
beX
\/ [H(a,b) AG(b,c)]
beX
= (G o H)(a,c)
= [(G o H)/R](Ra, Rc).
Thus G/Ro H/R = (Go H)/R.
(c) It is obvious from (b). O

Proposition 4.5 Let R and G be fuzzy equivalence
relations on X and Y, respestively . Let the fuzzy
product of R and G, denoted by R - G, be a fuzzy
relation on (X X Y) x (X x Y) defined as follows :
vxth S X7vylay2 S Y7

(R-G)((z1,91), (¥2,92)) = R(z1,22) AG(y1,y2).
Then R - G is a fuzzy equivalence relation on X x Y.

Proof. Let (a,b) € X x Y. Then
(R-G)((a,b), (a,b))
= R(a,a) A G(b,b).
= 1. [ R and G are fuzzy equivalence relations]
Thus R - G is reflexive. It is clear that R - G is sym-
metric. Now let (a1,b1), (as,b3) € X x Y. Then
(R-G)o (R-G)]((arby), (a3, bs))



=V
(a,b)eX XY
G)((aa b)7 (a37 b3))]

= \/ [R(a1,a) AG(b1,b) AR(a,a3) NG(b, bs)]

(R - G)((a1,01),(a;0)) N (R -

(a,b)eX XY
= (V [R(a1,a) A R(a,a3)]) A (\/[G(br1,b) A
aceX bey
G(b,b3)])

3

= (R (¢] R)(al, ag) A (G (¢] G)(bl, bg)

< R(a1,a3) AN G(b1,b3) [." R and G are transitive]
= (R-G)((a1,b1), (as, bs)).

Thus (R-G)o(R-G) C R-G. So R- G is transi-
tive. Hence R - G is a fuzzy equivalence relation on
X xY. O

5. Fuzzy equivalence relations and
fuzzy mappings.

Proposition 5.1 Let f : X — Y be a strong fuzzy
mapping w.r.t. Ex € E(X) and Ey € E(Y). We
define the mapping R : X x X — [ as follows :

R(z,a') = V U@y A fEy) A
(y,y)EY XY
Ey (y,y")],V(z,2") € X x X.
Then R is a fuzzy equivalence relation on X. In this
case, R is called the fuzzy equivalence relation on X
determined by f and will be denoted by Rjy.

Proof. Let a € X. Then
R(a,a)
(bp)EY XY

> fla,bo) A f(a,bo) A Ey (bo, bo)
[Since f is strong, 3by € Y such that f(a,bg) = 1]
=1.

Thus R is reflexive. It is clear that R is symmetric.

Now let a,c € X. Then

[f(aa b) A f(a’7 b/) A EY(ba b/)]

(RoR)(a,c)

= \/ [R(a,z) A R(z,c)]
reX

= VAV @b A fb) A By (b))
z€X  (bb')EY XY

ACN T 6) A F(e ") A By (0, 0)))
(b b")EY XY

=V [f@b) A [ bo) A Ey (b, b))
(bbo)EY XY

A\ @ bo) A F(e,b") A By (b, b))

bo,b"" €Y XY
[Since f is strong, Jbg € Y such that f(z,by) = 1.]
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<V

[f(av b) A f(C, b”) A EY (bv b”)}

(b,p")EY XY
[ Ey is a fuzzy equality on Y]
= R(a,c).
So R is transitive. Hence R is fuzzy equivalence rela-
tion on X. O

The following is the immediate result of Proposi-
tions 4.2 and 5.1.

Corollary 5.1 Let R be a fuzzy equivalence relation
on X. If 7 : X — X/R is the natural fuzzy mapping
wrt. Ix € E(X)and Ex/r € E(X/R), then R = R,.

Proof. From Proposition 4.2, it is clear that « is
strong and strong surjective. Let a,b € X, Then
R:(a,b)
(c,d)eXxX
(c,d)eXxX
[By the definitions of m and Ex/g.]
= \/{(V (R(a,¢) A R(c,d)]) A R(d, b)}
deX ceX
[ R is symmetric]

= \/ [(Ro R)(a,d) A R(d,b)]

[7(a, Re) A (b, Rd) A Ex/r(Rc, Rd)]

[R(c,a) A R(d,b) A R(c, d)]

deX

< \/ (a,d) A R(d,b)] [ . R is transitive]
deX

= (Ro R)(a,b)

< R(a,b). [ R is transitive]

Thus R, C R. On the other hand,
R(a,b)
= R(a,a) A R(b,b) A R(a,b)
=n(a, Ra) A (b, Rb) N Ex/r(Ra, Rb)
[By the definitions of m and Ex/g.]
< \/ [rla,Re) Am(b,Rd) A Ex/g(Re, Rd)]
(e, d)EXxX
=R,(a,b). [By the definitions of R,]
So R C R,. Hence R = R,. O

Remark 5.1 Corollary 5.1 is the generalization of
Theorem 3.22 in [6] in fuzzy setting.

Proposition 5.2 Let f : X — Y be a strong fuzzy
mapping w.r.t. Ix € E(X) and Ey € E(Y) and let
ran f = {y € Y : 3z € X such that f(z,y) >0} C Y.
Let R be the fuzzy equivalence relation determined by
f- We define two fuzzy relations s and ¢ on X/R xranf
and ranf x Y, respectively as follows:

s(Ra,y) = f(a,),Ya € X,y € ran f
and
n_ 1 it y=v,
t(y’y)_{o if y#£y ,Vyeranf Vy €Y.
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Then s is strong and bijective, t is strong and injective
and f =tosom.

Proof. (i) From Proposition 4.2, it is clear that
m: X — X/R is a strong and strong surjective fuzzy
mapping w.r.t. Ix and Ex,r € E(X/R).

(ii) It is easily seen that s : X/R — ran f is a fuzzy
mapping w.r.t. Ex/p and FEy. Let y € ran f. Then
Jz € X such that f(z,y) > 0. Thus Rz € X/R and
s(Rz,y) = f(x,y) > 0. So s is surjective. Now let
r1,22 € X and y1,y2 € ran f. Then

Ex/r(Rx1, Rxs)
= R(ZIZl, 1’2)
=\ [f@0) A f(a2,d) A Ey(c,d)]
(c,d)EY XY
[ " R is the fuzzy equivalence relation determined
by f]
> f(z1,91) A f(z2,92) A By (y1,92)
=s(Ra1,y1) A s(Rxa, y2) A By (y1,92).-
[By the definition of s.]
Thus s is injective. Since f is strong, it is clear that s
is strong. Hence s is strong and bijective.

(iii) From the definition of ¢, it is clear that ¢: ran
f— Y is strong and injective fuzzy mapping w.r.t. Ey
and Fy.

(iv) Let © € X and let y € Y. Then

(tosom)(z,y)
[(tos)on](z,y)
= \/ [r(2,Ra) A (tos)(Ra,y)]

Ra€X/R
=\ [Ra2)A(\ [s(Ra,z)At(zy)])]
Ra€X/R z€ranf

[By the definitions of 7 and ¢ o s]

=\ [Ra,2)A(\ [fla2) At(zy)]

acX z€ranf
[By the definition of s.]

= \/ [f(z,2) At(z,y)][.- R is reflexive]

z€ranf
= f(z,y). [By the definition of ]
Thus t o som = f. This completes the proof. O

The following is the immediate result of Proposi-
tions 3.6 and 5.2

Corollary 5.2 Let f,s ,t and R be same as in Propo-
sition 5.2. If f is surjective [resp. strong surjective],
then ¢ : ran f — Y is strong and bijective [resp.
strong bijective] and hence s : X/R — Y is strong and
bijective [resp. strong bijective].

Remark 5.2 Proposition 5.2 and Corollary 5.2 are

the generalizations of Theorems 3.23 and 3.24 in [6] in
fuzzy setting.
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Proposition 5.3 Let f : X — Y be a strong fuzzy
mapping w.r.t. Ix € F(X) and Ey € E(Y). Let R
be the fuzzy equivalence relation on X determined by
f and let G be any fuzzy equivalence relation on X
such that G C R. We define the fuzzy relation f/G
on X/G x Y as follows:
[f/G)(Gz,y) = f(z,y), Vz € X, Vy €Y.

Then f/G : X/G — Y is a strong fuzzy mapping
wrt. Ex/q € E(X/G) and Ey. In this case, f/G is
called the fuzzy quatient of f by G.

Proof. From the definition of f/G, it is clear that f/G

satisfies the condition (f.1). Let Gx1, Gy € X/G and

let y1,y2 € Y. Then

(f/G)(Gw1,y1) A

Ex;q(Gr1,Gr)

f(wr,y1) A f(w2,y2) AG(w1, 22)

flz1,31) A f(z2,y2) A R(x1, 22) [Since G C R]
f@r,y) A F(@2,m2) A (Vieagey sy lf(@1,0) A

d) A Ey(c,d))).

" R is the fuzzy equivalence relation determined

(f/G)(Gz1,y2) A

[ IA I

f(902

by

~

]

f(@1,y1) A fz2,y2) A Ey (co, do). (5.1)
[Since f is strong, Jeg,dy € Y such that
f(z1,c0) = f(x2,do) = 1]
Since f: X — Y is fuzzy mapping w.r.t. Ix and Ey,
fxi,y) A f(z2, y2) A x (21, 22) < By (y1,2)- (5.2)
By (5.1) and (5.2),
f(@1,91) A f(@2,92) A x (21,22) A By (co, do)
< Ey(co,do) N Ey (y1,92) < By (y1,92)
Thus
(f/G)(Gz1,y1) A
Ex/r(Gr1,Gr2) < By (y1,92)-
So f/G satisfies the condition (f.2). Since f is strong,
it is clear that f/G is strong. Hence f/G: X/G —Y
is strong w.r.t. Ex/q and Ey. O

(f/G)(Gzra,y2) A

Proposition 5.4 Let f, R, G and f/G be same as in
Proposition 5.3. Then R/G is the fuzzy equivalence
relation on X/G determined by f/G.

Proof. Let Ry, be the fuzzy equivalence relation on
X/G determined by f/G and let Ga, Gb € X/G. Then

Rf/G(GCL, Gb)
=\ [J/G)(Ga, )N (f/G)(Gh,d)A By (e, d)]
(c,d)EY XY
(e, d)EY XY
=R(a,b) [By Proposition 5.1]
=R/G(Ga,Gb). [By Proposition 4.3]
Thus Ry/q = R/G . So R/G is the fuzzy equivalence
relation on X/G determined by f/G. O

[f(a’ C) A f(b7 d) A EY(C7 d)]



Remark 5.4 Proposition 5.4 is the generalization of
Theorem 3.26 in [6] in fuzzy setting.

Proposition 5.5 Let R and G be fuzzy equivalence
relations on X such that G C R. Then 3 a strong and
strong bijective fuzzy mapping h : (X/G)/(R/G) —
X/R

Proof. By Proposition 4.2, 3 a strong and strong
surjective fuzzy mapping 7 X — X/R wurt.
Ix € E(X) and Ex/p € E(X/R). By Corollary
5.1, it is clear that R is the fuzzy equivalence relation
on X determined by w. Then, by Proposition 5.3,
/G : X/G — X/R is strong wrt. Ex,q € E(X/G)
and Ex/p. Thus, by Proposition 5.4, R/G is the fuzzy
equivalence relation determined by 7/G. Since 7 is
strong surjective, /G is strong surjective. So, 7/G
is strong and strong surjective. Hence, by Corollary
5.2, 3 a strong and strong bijective fuzzy mapping

h:(X/G)/(R/G) — X/R. O

The following is the immediate result of Proposi-
tion 5.5.

Corollary 5.5 Let R and G be any fuzzy equivalence
relations on X. Then :

(a) 3 a bijective fuzzy mapping g : X/(Ro G) —
(X/R)/(RoG/R).

(b) 3 a bijective fuzzy mapping h :
(X/RNG)/(R/RNG).

X/R —

Proposition 5.6 Let f : X — Y be a strong and
strong surjective fuzzy mapping w.r.t. Ix € E(X)
and By € E(Y), and let R be an fuzzy equivalence
relation on X. Then f2(R) is a fuzzy equivalence re-
lation on Y. In this case, f2(R) is called the image of
R under f.

Proof. Let y € Y. Then
FAR)(y,y)
=V [R@2)A P2, (9)]
(z,2")eX
= \/ [R(x,;v’)/\f(gc,y) /\f(xl7y)]
(z,2")eX
> R(zo,0)
[Since f is strong surjective, Jz¢ € X such that
f(x()a y) = 1]
=1.
Thus f2(R) is reflexive. From the definition of f2(R),
it is clear that f2(R) is symmetric. Now let y,y” € Y.
Then

[F2(R) o f2(R)](y,y")
=\ [FPR)w.v) A PR Y

y' ey
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=V {(

y'ey

vV
(z/,x")eX x X
(x,x”)\E/XXX
f@",y")]
[Since f is strong surjective, dxg € X such that
f(l.07 y/) - 1]
<V
(z,2")eX XX
[ R is transitive]
= 2(R)(y.y")
Thus f2(R) o f2(R) C f?(R). So f?(R) is transitive.
Hence f?(R) is a fuzzy equivalence relation on Y. [

\V o [R@,2') A f(xy) A y))HA

(z,x")eX XX
[R(z",2") A f(2' ") A F@@”y")])}

[R(z,z0) A R(zo,z") N flz,y) A

[R(z, ") A f(x,y) A f(a",y")]

Theorem 5.7 Let f : X — Y be strong and strong
surjective w.r.t. Ix € E(X) and Ey € E(Y), let R be
the fuzzy equivalence relation on X induced by f and
let G be any fuzzy equivalence relation on Y. Then :
(a) RC f~%(G).
(b) H = f~%(G) if and only it G = f2(H).
Hence 3 a bijection h: FER(Y) — FERR(X), where
FERR(X) denotes the set of all fuzzy equivalence re-
lations on X containing R.

Proof. (a) Let z,2’ € X. Then
R(z, ')
-V
(y,9)EY XY
[By Proposition 5.1]
< V  fayrfEy)
(y,y")EY XY
= \/ (G o)A fz,y) A f'y)]
(y,9")EY XY
[ G(yanO) = 1]
= \/ [G(y7y/) /\fQ((x’x/)’(%y/))]
(y,y")eY xY
=f2(G)(z,2').
Thus R C f7%(G).
(b) (=) : Suppose H = f~2(G) and let y,3y € Y.
Then

[f (@ y) A f(@" ') A By (y.y)]

I
<

[Since f is strong surjective, 3xg,z; € X such
that f(zo,y) = f(zg,y") = 1]
= \/ [G(z, Z/) A f(zo,2) A f(xfn Z/)]

(z,2")€EY XY
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=Gy, y). [ fxo,y) = fzh, ') =1]
Thus f2(H) = G.
(<) : Suppose f2(H) = G and let z, 2’ € X. Then
f2G) (@, 2")
=/ [Gwy)A P2 (yy)
(y,¥")EY XY
(y,y")EY XY
= f*(H)(yo, y0)
[Since f is strong, Jyo, y, € Y such that
f(l',yo) = f(m’,y{)) = 1]
\/  [H(a,b) A fla,yo) A F(b, )]
(a,b)EX XX
= H(xvxl)' [ f(fE,y()) = f(xlvyé) = 1']
Thus f~2(G) = H.

Now we define h: FER(Y) — FERg(X) as follows:
VG € FER(Y), h(G) = f~2%(G). Then, by Proposi-
tion 5.6 and (a), clearly h(G) € FERRr(X). It is easy
to see that h is bijective. This completes the proof. [

[F2H)(y.y") A fly) A, y)]
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