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Abstract 
In this paper, a backstepping design is proposed to achieve stabilization and synchronization for the Lorenz-Stenflo (LS) chaotic system. The 
proposed method is a recursive Lyapunov-based scheme and provides a systematic procedure to design stabilizing controllers. The proposed 
controller enables stabilization of the chaotic motion and synchronization of two identical LS chaotic systems using only a single control 
input. Numerical simulations are presented to validate the proposed method. 
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1. Introduction 
 
Since the pioneering work by Ott et al. [1] and Pecora and 

Carroll [2], chaos control and synchronization have been 
investigated extensively. Because of the theoretical and 
practical applications of chaos in mathematics, physics, secure 
communications, life sciences, heart beat regulations, human 
brain dynamics and biomedical communities, etc., how to 
achieve chaos control and synchronization of complex chaotic 
systems is an interesting and challenging issue. 

Until now, various methods [3–13] have been proposed to 
achieve control and synchronization of chaotic systems. 
Among the aforementioned control methods, the backstepping 
design technique [12,13] has been widely recognized as the 
powerful method for chaos control. The backstepping method 
is a recursive Lyapunov-based scheme. The technique 
guarantees global stabilities and tracking properties for the 
class of strict feedback systems [14]. This approach provides a 
systematic process to derive a control input, following step by 
step algorithms. 

The backstepping design for chaos control can be used for 
only a few chaotic systems which have state equation as strict 
feedback form. Also, the backstepping design for chaos 
synchronization can be used for only a few chaotic systems 
which have synchronization error dynamics as the strict 
feedback form. Since the state equation and synchronization 
error dynamics of most 4-D chaotic systems can’t be derived as 
the strict feedback form, it is hard to apply the ordinary 
backstepping design for 4-D chaos control and synchronization. 
However, in case of a 4-D Lorenz–Stenflo (LS) chaotic system 

[15], the problem is solved by rearranging the original state 
equation. 

The LS chaotic system is one of the 4-D chaotic systems. 
The original state equation of the LS chaotic system isn’t strict 
feedback form. Obviously, the backstepping design can’t be 
used directly to control and synchronize the LS chaotic system. 
However, the original state equation the LS chaotic system can 
be rearranged as strict feedback form. Therefore, the 
backstepping design can be applied to control and synchronize 
the LS chaotic systems by using the rearranged state equation. 

In this paper, the backstepping control and synchronization 
method are proposed to stabilize the chaotic motion to the 
origin and synchronize the two identical LS systems. The 
problem of chaos control and synchronization is solved by 
applying only a single control input. 

The rest of the paper is organized as follow: Section 2 
introduces a brief description of the LS chaotic system, Section 
3 presents chaos control scheme for the LS chaotic system 
using the backstepping method, Section 4 presents chaos 
synchronization scheme between two identical LS chaotic 
systems using the backstepping method and Section 5 provides 
conclusions. 

 
 

2. System Description 
 
The LS system was formulated by Stenflo from a low-

frequency short-wavelength gravity wave equation [15]. It 
comprises the following differential equation system. 

 

x ay ax dw

y cx xz y

z xy bz

w x aw

= − +

= − −

= −

= − −

 (1)

where ( 0), ( 0), ( 0)> > >a c d  and ( 0)>b  are 

respectively the Rayleigh number, Prandtl number, rotation 
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number and geometric parameter. With 
1.0, 0.7, 26.0= = =a b c  and 1.5=d , the LS system 

exhibits the chaotic attractor shown in Fig. 1. 
 

 
Fig. 1. x w− phase portrait of the LS chaotic system 

 
Obviously, the original LS chaotic system is not a strict 

feedback form and the ordinary backstepping technique can’t 
be used for chaos control and synchronization. In order to apply 
the backstepping method, we rearrange the original LS chaotic 
system (1). 

Let 1 ,=x w  2 ,=x x  3 =x y  and 4 =x z , then the system 

(1) is transformed into the following form 

 

1 2 1

2 3 2 1

3 2 2 4 3

4 2 3 4.

x x ax
x ax ax dx
x cx x x x
x x x bx

= − −
= − +
= − −
= −

 (2) 

We notice that the rearranged LS system (2) is strict 
feedback form. Since the system (2) is strict feedback form, the 
backstepping method can be applied. The following chaos 
control and synchronization design procedure is derived by 
using the system (2). 

 
 

3. Control of the LS chaotic System 
 

3.1. Backstepping Control 
In this section, we design the controller based on the 

backstepping method to stabilize the LS chaotic system. The 
problem of control is addressed by applying only a single 
control input. 

In order to stabilize the LS chaotic system to the origin, we 
add a control input 1u  to the third equation of the system (2). 

Then the controlled LS chaotic system become as follows 

 

1 2 1

2 3 2 1

3 2 2 4 3 1

4 2 3 4.

x x ax
x ax ax dx
x cx x x x u
x x x bx

= − −
= − +
= − − +
= −

 (3) 

Our object is to find 1u  that makes the states 1 2 3, ,x x x  
and 4x  stable at the origin as time t  goes to infinity.  

The backstepping design procedure is recursive. At the i -th 
step, the i -th order subsystem is stabilized with respect to a 
Lyapunov function iV  by the design of a virtual input iα . At 
the final n -th step, the entire system is stabilized with respect 
to a Lyapunov function nV  by an actual control input u .  

Now we begin to design the control input 1u  based on the 

backstepping method. 
 

Step 1. Let 1 1z x= , then we can obtain its derivative as 

follows 

 1 1

2 1,
z x

x az
=
= − −

 (4) 

where 2 1 1( )x zα=  is regarded as the virtual control input. 
For the design of 1α  to stabilize the 1z -subsystem (4), we 

choose the Lyapunov function 1V  as 

 
2
1

1 .
2
zV =  (5) 

Then, the derivative of 1V  is as following 

 
1 1 1

2
1 1 1.

V z z

az z α

=

= − −
 (6) 

If we choose 1 0α = , then 2
1 1 0V az= − <  makes the 1z -

subsystem (4) asymptotically stable. 
Since the virtual controller 1α  is estimative, define the 

error between 2e  and 1α  as  

 2 2 1z e α= −  (7) 

Then, we can obtain the following 1 2( , )z z -subsystem 

 1 1 2

2 1 2 3,
z az z
z dz az ax

= − −
= − +  (8) 

where 3 2 1 2( , )e z zα=  is regarded as the virtual input. 
Step 2. In this step, we will stabilize the 1 2( , )z z -subsystem 

(8). 
We can choose the Lyapunov function 2V  as follows 

 
2
2

2 1 .
2
zV V= +  (9)

Its derivative is given by 

 
2 1 2 2

2
1 1 2 2 1 2 2
2 2
1 2 2 1 2

( )

{( 1) }.

V V z z

az z z z dz az a

az az z d z a

α

α

= +

= − − + − +

= − − + − +

 (10)

If we choose 2 1
1 d z

a
α −= , then 2 2

2 1 2 0V az az= − − <  

makes the 1 2( , )z z -subsystem (8) asymptotically stable. 
Similarly, define the error variable between 3e  and 2α  
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 3 3 2.z e α= −  (11)

Then, we can derive the following 1 2 3( , , )z z z subsystem 

 

1 1 2

2 1 2 3

3 1 4 2 3 1
( 1)(1 ) 1( ) .

z az z
z z az az

a d dz z c x z z u
a a

= − −
= − +

− − −= + − − − +
 (12)

Step 3. In order to stabilize the 1 2 3( , , )z z z -subsystem (12), we 
can choose the Lyapunov function 3V  as follows 

 
2
3

3 2 .
2
zV V= +  (13)

Its derivative is given by 

 

3 2 3 3

2 2
1 2 2 3 3 1

4 2 3 1

2 2 2
1 2 3 3 1

4 2 1

( 1)(1 ){

1( ) }

( 1)(1 ){

1( ) }.

= +
− −= − − + +

−+ − − − +

− −= − − − +

−+ + − − +

V V z z
a daz az az z z z

a
dc x z z u

a
a daz az z z z

a
da c x z u

a

 (14)

It is clear that 2 2 2
3 1 2 3 0V az az z= − − − <  and the 

1 2 3( , , )z z z -subsystem (12) is asymptotically stable by 

choosing the control input as follows  

 1 1 4 2
( 1)( 1) 1( ) .− − −= − + − −a d du z a c x z

a a
 (15)

Since 3V  is negative definite, it follows that the equilibrium 

(0, 0, 0) of the subsystem (12) is globally asymptotically stable. 

In view of 1 1 2 2,= =z x z x  and 3 3 1
1 ,−= − dz x z

a
 this 

implies that 1 2,x x  and 3x  go to zero asymptotically.  
According to 1 2 30, 0, 0→ → →x x x  and the fourth 

equation in the rearranged LS chaotic system (2), we get that 
1 2 3 4( , , , )x x x x  in the system (2) tends to (0, 0, 0, 0) as t → ∞ . 

In other words, the controlled system (2) is asymptotically 
stable at the origin with the proposed control input (15). 

 
3.2. Numerical Results 

In this subsection, numerical simulation results are given to 
verify the effectiveness of the proposed control method. 

We set 1.0, 0.7, 26.0= = =a b c  and 1.5,=d  as in 

Fig. 1, to ensure chaotic behavior. The initial conditions for the 
system (2) are 1 2 3(0) 1, (0) 2, (0) 3x x x= = =  and 4(0) 4.x =  

Fig. 2 shows the time response of states for the rearranged 
LS chaotic system (2) with the proposed control input. The 
control input is added to the system at 20=t . As expected, it 
shows that the controlled LS chaotic system is stabilized to the 

origin in 10 seconds. 
 

 
Fig.2. Time response of states for the LS chaotic system 

 
 
4. Synchronization of the LS chaotic System 

 
4.1. Backstepping Synchronization 

In this section, we design the controller based on the 
backstepping method to synchronize the two identical LS 
chaotic systems. 

In order to observe the synchronization behavior in the LS 
chaotic system, we assume that the system (2) is the drive 
system. Then, the response system is 

 

1 2 1

2 3 2 1

3 2 2 4 3 2

4 2 3 4,

y y ay
y ay ay dy
y cy y y y u
y y y by

= − −
= − +
= − − +
= −

 (16)

where 2u  is the control input. 
Here, we aim at determining the control input 2u  which is 

required for the response system (16) to synchronize with the 
drive system (2). For this purpose, let the error states between 
the state variables of the response system (16) and the drive 
system (2) be 

 1 1 1 2 2 2 3 3 3 4 4 4, , , .= − = − = − = −e y x e y x e y x e y x  (17)

Subtracting (16) from (3), we obtain the error dynamics 

 

1 2 1

2 3 2 1

3 2 2 4 3 4 2 2 4 2

4 2 3 4 3 2 2 3.

e e ae
e ae ae de
e ce e e e x e x e u
e e e be x e x e

= − −
= − +
= − − − − +
= − + +

 (18)

Now our object becomes to find 2u  that makes the error 

vector 1 2 3 4[ , , , ]= Te e e e e  converge to zero as time t  goes 

to infinity. This implies that the trajectory of the response 
system (3) asymptotically approaches the drive system (2). 

Again, we begin to design the control input 2u  based on 

the backstepping method outlined in subsection 3.1. 
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Step 1. Let 1 1z e= , then we can obtain its derivative 

 1 1

2 1

z e
e az

=
= − −

 (19)

where 2 1 1( )e zα=  is regarded as the virtual control input. 
For the design of 1α  to stabilize the 1z -subsystem (19), 

we choose the Lyapunov function 1V  as 

 
2
1

1 .
2
zV =  (20)

The derivative of 1V  is as following 

 
1 1 1

2
1 1 1.

V z z

az z α

=

= − −
 (21)

If we choose 1 0α = , then 2
1 1 0= − <V az  makes the 1z -

subsystem (19) asymptotically stable. 
Since the virtual controller 1α  is estimative, define the 

error between 2e  and 1α  as  

 2 2 1.α= −z e  (22)

Then, we can obtain the following 1 2( , )z z -subsystem 

 1 1 2

2 1 2 3,
= − −
= − +

z az z
z dz az ae  (23)

where 3 2 1 2( , )e z zα=  is regarded as the virtual input. 
Step 2. In this step, we will stabilize the 1 2( , )z z -subsystem 

(23). 
We can choose the Lyapunov function 2V  as follows 

 
2
2

2 1 .
2
zV V= +  (24)

Its derivative is given by 

 
2 1 2 2

2
1 1 2 2 1 2 2
2 2
1 2 2 1 2

( )

{( 1) }.

V V z z

az z z z dz az a

az az z d z a

α

α

= +

= − − + − +

= − − + − +

 (25)

If we choose 2 1
1 d z

a
α −= , then 2 2

2 1 2 0V az az= − − <  

makes the 1 2( , )z z -subsystem (23) asymptotically stable. 
Similarly, define the error variable between 3e  and 2α  

 3 3 2 .z e α= −  (26)

Then, we can derive the following 1 2 3( , , )z z z -subsystem 

1 1 2

2 1 2 3

3 1 4 4 2

3 2 4 2

( 1)(1 ) 1( )

.

= − −
= − +

− − −= + + − −

− − +

z az z
z z az az

a d dz z c x e z
a a

z x e u

 (27) 

Step 3. In order to stabilize the 1 2 3( , , )z z z -subsystem (27), we 
can choose the Lyapunov function 3V  as follows 

 
2
3

3 2 .
2
zV V= +  (28)

Its derivative is given by 

 

3 2 3 3

2 2
1 2 2 3 3 1

4 4 2 3 2 4 2

2 2 2
1 2 3 3 1

4 4 2 2 4 2

( 1)(1 ){

1( ) }

( 1)(1 ){

1( ) }.

= +
− −= − − + +

−+ + − − − − +

− −= − − − +

−+ + + − − − +

V V z z
a daz az az z z z

a
dc x e z z x e u

a
a daz az z z z

a
da c x e z x e u

a

 (29)

It is clear that 2 2 2
3 1 2 3 0V az az z= − − − <  and the 

1 2 3( , , )z z z -subsystem (29) is asymptotically stable by 

choosing the control input as follows  

 
2 1

4 4 2 2 4

( 1)( 1)

1( ) .

− −=

−− + − − − +

a du z
a

da c x e z x e
a

 (30)

Since 3V  is negative definite, it follows that the equilibrium 

(0, 0, 0) of the subsystem (27) is globally asymptotically stable. 

In view of 1 1,z e= 2 2z e=  and 3 3 1
1 dz e z

a
−= − , this 

implies that 1 2,e e  and 3e  go to zero asymptotically.  
According to 1 2 30, 0, 0→ → →e e e  and the fourth 

equation in the synchronization error dynamics (18), we get we 
get that 1 2 3 4( , , , )e e e e  of the controlled system (18) go to (0, 0, 
0, 0) as t → ∞ . In other words, the trajectory of the controlled 
response system (16) asymptotically approaches the trajectory 
of the drive system (2) with the proposed control input (30). 

 
4.2. Numerical Results 

Similarly, we set 1.0, 0.7, 26.0= = =a b c  and 
1.5,=d  as in Fig. 1, to ensure chaotic behavior. The initial 

conditions for the drive system (2) are 1(0) 0.1,=x  

2 3 4(0) 0.2, (0) 0.3, (0) 0.4= = =x x x  and the response 
system (16) are 1 2 3 4(0) 1, (0) 2, (0) 3, (0) 4.= = = =y y y y  
The control input is added to the response system at 20t = . 

Fig. 3 (a)-(d) show the trajectories of states for the drive 
system and the response system with the proposed control input. 
The trajectories of synchronization errors for the drive system 
and the response system are shown in Fig. 4.  

As expected, it shows that all the state variables are 
synchronized and the synchronization errors converge to zero 
in 10 seconds with the proposed control input (30). 
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(a) Time response of 1x  and 1y  

 
(b) Time response of 2x  and 2y  

 
(c) Time response of 3x  and 3y  

 
(d) Time response of 4x  and 4y  

Fig. 3. Time response of states for the drive system (2) and the 
response system (3) 

 
Fig. 3. Time response of synchronization error states 

 
 

5. Conclusions 
 
This paper has examined the synchronization of the LS 

chaotic system using the backstepping method. The proposed 
scheme is a recursive Lyapunov-based scheme and provides a 
systematic procedure to design controller. The proposed 
approach enables stabilization of chaotic motion and 
synchronization of the two identical LS chaotic systems using 
only a single control input. Numerical simulations were also 
carried out to illustrate the effectiveness of the proposed 
approach  
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