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To prepare for a future Korean lunar orbiter mission, semi-optimal lunar capture orbits using finite thrust are designed 

and analyzed. Finite burn delta-V losses during lunar capture sequence are also analyzed by comparing those with val-

ues derived with impulsive thrusts in previous research. To design a hypothetical lunar capture sequence, two different 

intermediate capture orbits having orbital periods of about 12 hours and 3.5 hours are assumed, and final mission op-

eration orbit around the Moon is assumed to be 100 km altitude with 90 degree of inclination. For the performance of the 

on-board thruster, three different performances (150 N with I
sp

 of 200 seconds, 300 N with I
sp

 of 250 seconds, 450 N with 

I
sp

 of 300 seconds) are assumed, to provide a broad range of estimates of delta-V losses. As expected, it is found that the 

finite burn-arc sweeps almost symmetric orbital portions with respect to the perilune vector to minimize the delta-Vs 

required to achieve the final orbit. In addition, a difference of up to about 2% delta-V can occur during the lunar capture 

sequences with the use of assumed engine configurations, compared to scenarios with impulsive thrust. However, these 

delta-V losses will differ for every assumed lunar explorer's on-board thrust capability. Therefore, at the early stage of 

mission planning, careful consideration must be made while estimating mission budgets, particularly if the preliminary 

mission studies were assumed using impulsive thrust. The results provided in this paper are expected to lead to further 

progress in the design field of Korea’s lunar orbiter mission, particularly the lunar capture sequences using finite thrust.
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1. INTRODUCTION

In the current decade, numerous deep space missions 

have been newly planned and performed by various 

space agencies worldwide. Examples of these include Ja-

pan Aerospace Exploration Agency’s SELenological and 

ENgineering Explorer (SELENE) (Kato et al. 2008) and 

SELENE-II (Tanaka et al. 2008), China National Space 

Administration’s Chang’E-1 (Zheng et al. 2008) and 

Chang’E-2, Indian Space Research Organization ’s Chan

drayaan-1 (Goswamia & Annaduraib 2008) and National 

Aeronautics and Space Administration (NASA)’s Lunar 

Reconnaissance Orbiter (LRO) (Chin et al. 2007). In ad-

dition to these missions, the biggest rover mission ever 

flown to Mars, NASA’s Mars Science Lab mission, is ready 

to launch in 2011. Unlike previous missions undertaken 

during the 1950s through 1970s, recent missions have 

emphasized international collaboration. Current world-

wide deep space missions, including robotic missions, 

are also focused on sending humans to Mars, or to aster-

oids and beyond. In keeping with these trends, Korean 

Astronautical Society has extended their interest further 

to planetary exploration, and for this reason, numerous 

related basic studies have been widely performed, par-

ticularly focused on a lunar mission. 

With impulsive high thrust, Song et al. (2008) de

veloped the lunar mission design software, and designed 

an optimal Earth-Moon transfer trajectory using direct 
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an Earth-Moon transfer trajectory from the beginning of 

the Earth departure to the lunar closest approach. They 

found that about 2-5% of TLI delta-V magnitude differ-

ences may occur due to delta-V losses when compared 

to the delta-V of values derived with impulsive TLI ma-

neuver. They also concluded that these losses should be 

considered at the early stage of lunar transfer trajectory 

design. 

Before discussing the main objective of this work, 

it is important to keep in mind that there are generally 

four different mission phases for a lunar mission. First, 

a spacecraft performs a TLI maneuver to insert a space-

craft from the Earth parking orbit to the trans-lunar tra-

jectory. Second, after TLI maneuver, a spacecraft coasts 

along in the trans-lunar trajectory. Third, a spacecraft 

performs LOI maneuver to be captured and orbit around 

the Moon. Finally, a spacecraft performs several de-orbit 

maneuvers to change its orbit from the captured orbit to 

a desired mission operational orbit at the Moon. The de-

sign study for an optimal lunar mission trajectory should 

be conducted, and must include these four different 

mission phases (Song et al. 2010a). As previous research 

done by Song et al. (2010a) was focused on analyzing del-

ta-V losses due to the finite thrust only for TLI maneuver, 

the current work is conducted as an extension of previ-

ous research. Therefore, this work is only focused on the 

third and fourth phases among the four different lunar 

mission phases discussed above. It is assumed that the 

spacecraft is already located in the vicinity of the Moon, 

and thus the spacecraft’s states are expressed in the refer-

ence coordinate frame of the Moon centered Moon mean 

equator and International Astronomical Union vector of 

epoch J2000 (M-MME2000). For more detailed informa-

tion on the M-MME2000 coordinate frame, readers may 

refer to literature by Song et al. (2010b).

The main goal of the current study is to find and ana-

lyze the delta-V losses due to the finite burn during lunar 

capture sequence. These delta-V losses may occur at exe-

cutions of several LOI maneuvers which generally use the 

spacecraft’s on-board thruster. The 1st LOI maneuvers 

are performed to cause the spacecraft to orbit around the 

Moon, and following LOI maneuvers, or equally called 

apoapsis adjustment maneuvers (AAMs), are usually 

performed to adjust lunar capture orbits’ apoapsis alti-

tudes. A spacecraft’s equations of motion are expressed 

under N-body dynamics including the Moon’s J
2
 effects. 

The final mission operational orbit around the Moon is 

assumed to be 100 km altitude with 90 degree of inclina-

tion, and is assumed to be achieved by two different in-

termediate capture orbits having orbital period of about 

departure from a circular initial Earth parking orbit. Lat

er, Song et al. (2009c) presented various optimal Earth-

Moon transfer trajectories using intermediate Earth 

departing loop orbits by upgrading the previously de

veloped software. An Earth-Moon transfer trajectory de-

sign considering a spacecraft’s visibility from a Daejeon 

ground station at both the trans lunar injection (TLI) and 

lunar orbit insertion (LOI) maneuvers is also conducted 

by Woo et al. (2010). Works done by Song et al. (2009c) 

and Woo et al. (2010) assumed an impulsive thrusting 

method to design an Earth-Moon transfer trajectory. For 

Earth-Moon transfer trajectories with low thrust, Lee & 

Bang (2007) derived optimal low thrust trajectory solu-

tions with simplified 2-dimensional flight dynamics. 

Later, Song et al. (2009b) presented optimal Earth-Moon 

transfer trajectories using both the constant and variable 

low thrust with more complicated flight dynamics, 3-di-

mensional problem and with 3rd body perturbations. 

Song et al. (2009a) also proposed a lunar cargo mission 

design strategy using variable low thrust by combining 

both the analytical and numerical optimization method. 

In other design studies that were performed to prepare 

for Korea’s future lunar mission, Cho et al. (2010) pre-

sented trajectory correction maneuver for lunar mission 

trajectory based on 3-body dynamics, and No & Jeon 

(2010) performed an Earth-Moon transfer trajectory de-

sign using mixed impulsive and continuous thrust. To 

design missions with a spacecraft located in very close 

proximity to the Moon, Cho et al. (2009) analyzed opti

mal lunar landing trajectories with knowledge of park

ing orbits before the decent phase with assumptions of 

2-dimensional problem, and later, Jeong et al. (2010) pre-

sented a precise planetary landing method with terrain 

aided inertial navigation. Song et al. (2010b) developed 

a precise lunar orbit propagator and analyzed the lunar 

polar orbiter’s lifetime, which is strongly affected by the 

Moon’s non-spherical gravitation and the Earth’s point 

mass perturbation. 

In the preliminary trajectory design studies, it is com-

mon to assume that thrust burn occurs almost instanta-

neously when the thrust burn magnitude is very large, 

and the duration of the burn is very short compared to 

the overall mission transfer time. However, in reality, 

there indeed exists a short burn duration which leads 

delta-V losses during the thrust burn arcs. For a more re-

alistic mission design, recent works done by Song et al. 

(2010a) presented Earth-Moon transfer trajectory design 

results using finite thrust. Their study assumed that a TLI 

maneuver is limited to have maximum thrust capability. 

Based on this assumption, Song et al. (2010a) designed 
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The total non-two-body acceleration vector can be in-

cluded in Δ terms, in Eq. (2), with Eq. (3) as follows:

2Sun Earth J TST= ++ +Δ Δ Δ Δ Δ                          (4)

In Eq. (4), Δsun is the disturbing acceleration due to the 

point mass of the Sun,
 
ΔEarth is due to the point mass of 

the Earth, ΔJ2 
is due to body’s oblate effect, in this work 

the Moon, and ΔTST is the disturbing acceleration caused 

by the thrust, respectively. The total non-two-body accel-

eration vector, Δ, shown is Eq. (4), can also be expressed 

with the unit vectors as in Eq. (5) (Betts 2010). 

ˆ ˆˆ= + + r r  t t  n n∆ ∆ ∆Δ i i i                                           (5)

where ˆ̂ , r ti i and ˆ ni are unit vectors in the radial, tangential 

and normal directions. 

Secondary body accelerations, expressed in Eq. (4) 

with Δsun and ΔEarth, can be derived based upon the Carte-

sian coordinate system (δp) as in Eq. (6) (Vallado & Mc-

Clain 2007).

3 3
1

n
j sc p j

j
j j sc p j

µ − −

= − −

 
 = − +
 
 

∑p

r r
δ

r r
                          (6)

where µj is the jth secondary body’s gravitational con-

stant, rj-sc 
is a vector from the jth secondary body to the 

spacecraft and rp-j is a vector from the primary body the jth 

secondary body. Total accelerations expressed in Eq. (5) 

can be converted into the radial, tangential and normal 

direction based accelerations (Δp = Δsun + ΔEarth), through a 

simple state transition matrix formed with three unit vec-

tors ( ˆ̂̂ , , r t ni i i ) shown in Eq. (A5). For J
2
 effects, three com-

ponents disturbing acceleration in the radial, tangential 

and normal directions can be expressed using Eq. (7) (Ke-

chichian 2000).

2
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In Eq. (7), Rp is the radius of planet. Finally, the accel-

eration due to thrust ΔTST 
defined in Eq. (4) can be derived 

as:

ûΔTST =
T
m

                                          (8)

12 hours and 3.5 hours, respectively. For an on-board 

thruster’s performance, three different performances, 

150 N with I
sp

 of 200 seconds, 300 N with I
sp

 of 250 sec-

onds and 450 N with I
sp

 of 300 seconds, are assumed, to 

enable a broad estimate of delta-V losses. In the subse-

quent sections of this paper, detailed dynamics used to 

formulate the semi-optimal lunar capture sequence are 

treated, and various simulated results are provided. Al-

though only the simulation results of three different on-

board thrusters are discussed, the results provided in this 

paper will offer numerous insights to the mission design-

ers that will save time and effort. As it has been shown 

that various delta-V characteristics using finite burn at 

the lunar capture sequence can be well estimated (each 

de-orbit burn’s start time as well as its location, each 

burn’s duration and delta-V’s magnitude) from the opti-

mized values with impulsive thrust, it is expected that re-

sults discussed in this work can support further progress 

in the design of Korea’s lunar orbiter mission, particularly 

the lunar capture sequences using finite thrust.

2. CAPTURE ORBIT DESIGN USING FINITE THRUST

2.1 Equations of Motion 

The equations of motion for a spacecraft flying in the 

vicinity of the Moon can be expressed in terms of modi-

fied equinoctial orbital elements, as shown in Eqs. (1)-

(3). Since the modified equinoctial orbital elements are 

valid for circular, elliptic, and hyperbolic orbits, and also 

exhibit no singularity for zero eccentricity, for orbital 

inclinations equal to 0 degree and 90 degree, the set of 

modified equinoctial orbital elements is widely used for 

trajectory analysis and optimization (Betts 2010).  

[ , , , , , ]=T p f g h k Ly                                (1)

= ( ) +y A y Δ b�                                                 (2)

0 sp

T
m

g I
= −

                                              (3)

where y and y represent spacecraft’s state vectors and 

their derivatives expressed with modified equinoctial 

orbital elements, and m is the propellant mass flow rate. 

T is the thrust magnitude, g0is the gravitational accelera-

tion and I
sp

 is the specific impulse of given engine. In Eq. 

(1), p, f, g, h, k, and L are the components of modified 

equinoctial orbital elements. 
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fixed t
p
 and controlled t

1
, phase 2’s duration t

2
 can be 

easily determined simply by subtracting these two val-

ues. Three components of unit pointing thrust vector, 

[ ]ˆ ( ) , ,= T

r t nt u u uu , are given as other control variables, 

with the following boundary conditions:

L U
r r ru u u≤ ≤                                    (12a)

L U
t t tu u u≤ ≤                                    (12b)

L U
n n nu u u≤ ≤

                                   
(12c)

where superscript L and U denote the lower and upper 

boundary conditions for each component of unit point-

ing thrust vector, respectively. Also, the magnitude of unit 

pointing thrust vector should be constrained at any time 

during the finite burn arc, which is the path constraint, 

with Eq. (13).

 2 2 2ˆ ( ) 1r t nt u u u= + + =u                           (13)

Although the magnitude of unit pointing thrust vector 

is constrained by Eq. (13), boundary conditions for each 

component of unit pointing thrust vector shown in Eq. 

(12) are still needed during the optimization process to 

enhance the efficiency of convergence. Usually, these 

bounds are given as -1.01 and 1.01 for lower and upper 

bound, respectively (The Boeing Company 2010). 

Using three components of unit pointing thrust vec-

tor, finite burn directions including in-plane angle α(t) 
and out-of-plane thrust angle β(t) can be easily derived 

with respect to the spacecraft centered radial-tangential-

normal coordinate system, as shown in Eq. (14). The in-

plane thrust angle α(t) is measured from the tangential 

where T is the thrust magnitude, m is the spacecraft mass 

and û  is the unit pointing thrust vector expressed in the 

spacecraft centered radial-tangential-normal coordinate 

system. The unit pointing thrust vector is defined by the 

time varying control vector [ ]ˆ ( ) , ,= T

r t nt u u uu . Some 

of the other useful equations for the equations of motion 

are presented in Appendix A.

2.2 Formulating the Optimal Control Problems  

As the finite burn is assumed to capture a spacecraft 

around the Moon, every capture orbit can be modeled us-

ing two distinct phases. The first phase is where de-orbit 

burn is activated, called the burn arc or burning phase, 

and the second phase is called the coasting phase, in 

which a spacecraft flies without any acceleration due to 

the thrust. Hereinafter, these will be referred to as ‘phase 

1’ for the burning phase and ‘phase 2’ for the coasting 

phase in each intermediate capture orbit, respectively. 

Thus, if two different intermediate loop orbits are used 

to insert the spacecraft into the final mission operational 

orbit, there will be three distinct burning and coasting 

phases for the successful entire lunar capture sequence. 

For each intermediate capture orbit, the performance in-

dex is given to simultaneously minimize overall delta-V 

magnitudes achieved by finite thrust, TST∆V , and space-

craft’s perilune approach velocity magnitude at the end 

of phase 2, periluneV , as shown in Eq. (9). 

( )TST periluneminJ = ∆ +V V                            (9)

In the performance index, a spacecraft’s perilune ap-

proach velocity condition is also included, since the peri-

lune approach velocity directly affects the next delta-V 

magnitude. t
1
, which is phase 1’s duration, is given as the 

control parameter for this problem subject to the bound-

ary condition:

 
10 Ut t< ≤                                       (10)

where 1
Ut denotes the upper boundary condition for 

phase 1’s duration. Also, delta-V magnitudes achieved by 

finite thrust shown in Eq. (9) can be derived as follows:

1

TST TST0
V  

t
dt∆ = ∫ Δ                                  (11)

Phase 2’s duration, t
2
, can be determined using

 
t

p
, 

the period of each intermediate capture orbit. As t
p
 has 

a serious effect on the next de-orbit delta-V magnitude 

derivation, t
p 

is fixed to have the same value as derived 

in previous work done by Song et al. (2009c). Using the 

Fig. 1. Defined geometry of thrust acceleration with related coordinate 
system (not to scale). Thrust acceleration vector is expressed in the space-
craft centered radial-tangential-normal coordinate system.
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where r
p
 is the perilune radius at the time of 2t

+
, and tar

pr
is the user-defined target values for the perilune radius. i 

and itar are the orbital inclination at time 2t
+

, and the user-

defined target inclinations for each intermediate capture 

orbit. Finally, in Eq. (17), γ  is the flight path angle of a 

spacecraft at each intermediate capture orbit’s perilune. 

The user-defined target values shown in Eq. (17) can be 

described with modified equinoctial orbital elements 

and with the inertial Cartesian state vectors as follows:

( )2 2
2 2

1
1

tar
p

p
r f g

f g
= − +

− −                  
(18a)

( )1 2 22 tantari h k−= +                                    (18b)

1sinγ −  ⋅
=  ⋅ 

r v
r v

                                           (18c)

To roughly estimate the finite burn duration and the 

spacecraft’s fuel mass budget required for initial guesses 

of the given problem, optimized delta-V magnitude with 

impulsive thrust can be usefully applied to derive these 

estimates, as shown in Eq. (19).

0
0

1 exp impaprox
f

sp

V
m m

g I

  −∆ = −       

                        
(19a)

0 0
1

( )aprox
f spaprox m m g I

t
T

−
=

                              
(19b)

In Eq. (19), m
0
 is the spacecraft’s initial mass, aprox

fm  is 

the approximated mass after burnout, impV∆ is the delta-V 

magnitude derived with impulsive method, and 1
aproxt  is 

the approximated burn duration for phase 1.

3. SIMULATION RESULTS
 

3.1 Numerical Implications and Presumptions

To numerically optimize the established problem, 

the transcription method is used via the Sparse Opti-

mal Control Software (SOCS) software developed by 

Boeing Company (2010). SOCS is widely used for aero-

space trajectory optimization problems, particularly for 

trajectories with low thrust propulsions. One of the key 

aspects of the SOCS software is that a “mesh refinement” 

algorithm is adapted to estimate and reduce the errors 

while performing the discretization of the given trajec-

tory dynamics that could seriously affect the accuracy 

velocity axis to the projected thrust acceleration vector 

onto the orbit plane, and the out-of-plane thrust angle 

β(t) is measured from the orbit plane to the thrust accel-

eration vector. Defined geometry of thrust acceleration 

with the related coordinate system is shown in Fig. 1.

1( ) tan ( , )r tt u uα −=                       (14a)

1( ) sin ( )nt uβ −=                              (14b)

For boundary conditions for the components of modi-

fied equinoctial orbital elements and the spacecraft’s 

mass shown in Eq. (1), appropriate conditions should be 

properly given, as in Eq. (15).

L Up p p≤ ≤                                                  (15a)

L Uf f f≤ ≤
                                                 

(15b)

L Ug g g≤ ≤
                                                 

(15c)

L Uh h h≤ ≤
                                                   

(15d)

L Uk k k≤ ≤
                                                   

(15e)

L UL L L≤ ≤                                                     
(15f)

L Um m m≤ ≤                                                (15g)

In Eq. (15), superscript L and U again denote the lower 

and upper boundary conditions for each orbital compo-

nent. Generally, these lower and upper boundary condi-

tions can be retrieved by considering each intermediate 

capture orbit’s geometry and by the estimated space-

craft’s mass budget. As each intermediate capture orbit is 

modeled using two different phases, the phase boundary 

conditions, including orbital elements, time, and space-

craft’s mass, should also be implemented, as follows:

0i jt t+ −− =                                                    (16a)

 
( ) ( ) 0i jt t+ −− =y y

                                 
(16b)

( ) ( ) 0i jm t m t+ −− =
                               

(16c)

where subscript i and j denote the phase number, 1 and 

2, and superscript ‘-’ and ‘+’ denote each phase’s start 

and end time, respectively.

For final terminal conditions at each intermediate 

capture orbit, three final equality conditions are given to 

target the user-defined orbit conditions, as shown in Eq. 

(17).

0tar
p pr r− =

                                               

(17a)

0tari i− =
                                                   

(17b)

0γ =                                                                  (17c)
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maneuver will insert a spacecraft from the 1st elliptical 

capture orbit to the 2nd elliptical capture orbit having 

orbital period of about 3.5 hours, and finally the third 

maneuver will insert a spacecraft from the 2nd elliptical 

capture to the final mission operational orbit around the 

Moon. To derive the initial spacecraft states at the time 

of 1st LOI execution, which are arbitrarily selected, back-

ward propagation is performed with the perilune arrival 

conditions derived in Song et al. (2010a)’s work. Of the 

Earth-Moon transfer trajectories designed with several 

TLI maneuver capabilities in Song et al.’s (2010a) work, 

trajectory solutions derived with kick motor’s nominal 

performance, a maximum thrust of about 9.8 tons, is se-

lected to obtain final lunar approach conditions for this 

work. Furthermore, this is the case when guaranteeing a 

spacecraft’s visibility from Daejeon ground station while 

executing TLI maneuver at Earth departure. To gener-

ate initial spacecraft states at times of other (i.e. 2nd or 

3rd LOI maneuver) finite burn ignition points, perilune’s 

semi-optimal states derived on the previous capture or-

bit are selected, and again backward-propagated to the 

arbitrary selected time. The purpose of these arbitrary 

selections is to show the variety of finite burn character-

istics compared to the solutions with impulsive thrust, 

and this assumption leads the presented results to be a 

semi-optimal solution. In subsequent discussions, every 

de-orbit burn ignition time will be expressed with a ‘-’ 

sign, which denotes the time before perilune approach at 

each capture orbit around the Moon. 

3.2.1 Results for 150 N with Isp of 200 seconds 

For first analysis, the on-board engine’s capability is 

assumed to have 150 N with I
sp

 of 200 seconds for orbital 

maneuvering at the Moon. The spacecraft’s initial states 

for 1st LOI ignition time are derived based on the space-

craft’s states derived by Song et al. (2010a). Remember 

that a spacecraft’s first perilune approach was already 

successfully made for the epoch of 20-Feb-2017 03:41:26 

(TDB), satisfying altitude of 100 km with 90 degree incli-

nation in M-MME2000 frame. Also, overall mass at the 

perilune arrival was about 524.895 kg (only spacecraft’s 

dry mass + fuel) excluding the kick motor’s dry mass, 

which was about 315.422 kg. The kick motor’s dry mass is 

derived using the kick motor’s fuel mass and structure ra-

tio given by Song et al. (2010a). Table 1 shows the simula-

tion results for the 1st LOI maneuver with six different ig-

nition points (before 1st perilune approach) using finite 

thrust. The 1st LOI maneuver will insert the spacecraft 

from the lunar arrival hyperbolic orbit into the 1st ellipti-

cal capture orbit, which has an orbital period of about 12 

of the final solutions (Betts 2010). For various constants 

used to establish the spacecraft’s dynamics, gravitational 

constant of the Moon is assumed to be about 4,902.800 

km3/s2, for the Earth 398,600.441 km3/s2, for the Sun 

13,271,244,207.6 km3/s2, radius of the Moon is assumed 

to be about 1,738.2 km, and J
2
 coefficient for the Moon is 

assumed to be about 0.2027e-3. For planetary ephemeris, 

Jet Propulsion Laboratory’s DE405 is used to provide ac-

curate position and velocity for given planets (Standish 

1998).

To design a hypothetical lunar capture sequence, as 

with Lunar Prospector mission (Lozier et al. 1998) and 

other previous research (Song et al. 2008, 2009c, Woo et al. 

2010), two different intermediate elliptical capture orbits 

having orbital periods of about 12 hours and 3.5 hours 

are assumed. Also, final mission operation orbit around 

the Moon is assumed to be 100 km altitude and 90 degree 

of inclination, with orbital period of about 118 minutes. 

However, to achieve results that are reasonably compara-

ble with the previous research by Song et al. (2009c), each 

capture orbit’s orbital period is given as about 12.235 

hours, 3.525 hours and 117.848 minutes, respectively. For 

on-board thruster’s performance, three different perfor-

mances, 150 N with I
sp

 of 200 sec, 300 N with I
sp 

of 250 

seconds and 450 N with I
sp

 of 300 seconds, are assumed, 

to provide a broad range of estimates of delta-V losses. 

These assumptions are made based on performances of 

the current main engines of other countries used for or-

bital maneuvering at the Moon, i.e., about 320 N with I
sp

 

of 200 seconds for NASA’s LRO and about 500 N with I
sp

 

of 300 seconds for JAXA’s SELENE. Therefore, the future 

Korean lunar explorer’s main engine performances for 

orbital maneuvering at the Moon may have different ca-

pabilities, as is assumed in this paper. 

3.2 Case Studies with Different Finite Thrust Capabilities   

In this section, various simulation results for delta-

V losses during the lunar capture sequence with finite 

thrust are shown. For on-board thruster’s performance, 

three different performances, 150 N with I
sp

 of 200 sec-

onds, 300 N with I
sp

 of 250 seconds and 450 N with I
sp

 of 

300 seconds, are assumed to provide a broad range of 

estimates of delta-V losses. As two different intermedi-

ate capture orbits are assumed, three different de-orbit 

maneuvers will be performed to insert the spacecraft into 

the final mission operational orbit around the Moon. The 

first maneuver will insert a spacecraft from the lunar 

arrival hyperbolic orbit to the 1st elliptical capture or-

bit having orbital period of about 12 hours, the second 
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epoch of 20-Feb-2017 15:55:33 (TDB) and ready for the 

2nd LOI (1st AAM), to reduce its apolune radius. 

The execution of the 2nd LOI will put a spacecraft into 

the 2nd elliptical capture orbit, which is assumed to have 

orbital period of about 3.5 hours. Just like the 1st LOI 

maneuver ignition point derivations, initial spacecraft’s 

states for the 2nd LOI are derived using the closest ap-

proach conditions that have already been derived, the 

best case, in Table 1. Delta-V derivation results for the 

2nd LOI maneuver, with four different maneuver ignition 

points using finite thrust, are shown in Table 2. The 2nd 

LOI maneuver will take place nearly at the end of the 1st 

elliptical capture orbit, before 2nd perilune approach.

From the results shown in Table 2, the 2nd LOI burn 

must be started at about -6 minutes before 2nd approach 

of perilune, the best case, near the end of the 1st 12-hour 

capture orbit. De-orbit finite burn’s duration in this sce-

nario is found to be about 11.65 minutes, with Delta-V 

loss about to be 3.49 m/s (about 1.37%) when compared 

to the delta-V’s magnitude derived with impulsive thrust. 

The estimated finite burn duration using impulsive 

delta-V is found to be about 11.50 minutes, and almost 

half of this estimated duration again nearly matches the 

best burn start time derived in Table 2. After successful 

burn of the 2nd LOI, spacecraft mass is about 381.005 kg, 

which means about 53 kg of fuel is required for the 2nd 

LOI maneuver. After about 3.5 hours, spacecraft again ap-

proached perilune at the epoch of 20-Feb-2017 19:27:05 

(TDB), the 3rd time, and is ready for the 3rd LOI to insert 

a spacecraft to the final mission operational orbit.

To analyze the final de-orbit maneuver (3rd LOI) char-

acteristics using finite thrust, the same strategy is used as 

in the previous analysis. Spacecraft’s initial states for the 

hours. Note that all delta-V characteristics for impulsive 

thrust shown in this work are referred to from Song et al. 

(2009c)’s work. Of the three different mission scenarios 

derived by Song et al. (2009c), those derived with depart-

ing year of 2017, and which assumed direct TLI from the 

circular Earth parking orbit, were selected as cases for 

comparison. For Korea’s hypothetical first lunar orbiter 

mission in 2017, Korea Space Launch Vehicle-II (KSLV-II) 

was assumed as the launch vehicle, with an on-orbit ca-

pacity of 2.6 tons, at 300 km altitude, with 80 deg inclined 

circular Earth parking orbit.

As shown in Table 1, differences in the 1st LOI burn 

start location significantly affect the delta-V magnitude 

required to insert the spacecraft to the next capture or-

bit around the Moon. To minimize delta-V magnitude, it 

can be concluded that 1st LOI burn must be started, on 

the lunar arrival hyperbolic trajectory, at around about 

10 minutes before perilune’s arrival. For this case, delta-V 

loss is found to be about 14.14 m/s (about 3.93%) when 

compared to the delta-V’s magnitude derived with im-

pulsive thrust. Also, about 19.5 minutes of continuous 

de-orbit burn is required to insert the spacecraft into the 

2nd capture orbit. After burn out of 1st LOI maneuver, 

spacecraft mass is found to be about 434.471 kg, which 

means about 90 kg of fuel is required to perform 1st LOI 

maneuver with the given engine capability. An interest-

ing fact that was discovered is that the estimated finite 

burn duration (shown with Eq. (19)) using impulsive del-

ta-V is found to be about 18.82 minutes, and almost half 

the value of this estimated finite burn duration (about 

9.5 minutes) nearly matches the best burn start time de-

rived in Table 1. After about 12 hours, a spacecraft again 

encountered perilune, the 2nd perilune approach, at the 

Table 1. Delta-V comparisons for the 1st LOI maneuver (arrival hyperbolic trajectory to 1st 12 hour elliptical capture 
orbit) between the impulsive thrust and the finite thrust (150 N with Isp of 200 seconds) with different delta-V ignition 
points.

      Burn type Burn start time 
(min before 1st 

perilune approach)

Burn duration 
(min)

Delta-V mag. 
(m/s)

Difference in delta-V mag. 
(%)

Impulsive burn N/A 353.272                                  0 

Finite burn

-0 21.71 413.496                               17.05

-6 20.10 379.643                                  7.46

-8 19.61 369.630                                  4.63

-10 19.51 367.415                                   3.93a 

-12 19.56 368.529                                  4.31

-14 19.77 372.791                                  5.23

LOI: lunar orbit insertion, N/A: not available.
aBest solution.
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Table 4. Delta-V comparison results between the impulsive and the finite thrust. On-board engine’s capability is assumed to have 
300 N and Isp of 250 seconds. Every three (1st, 2nd and 3rd LOI) different de-orbit maneuvers’ start time, durations, magnitudes and 
their differences in percentage rates are presented with arbitrarily selected different delta-V ignition points. The best solutions are 
highlighted with bolded characters.

LOI
number

Burn type Burn start time 
(min before 

perilune approach)

Burn duration
(min)

Delta-V mag. 
(m/s)

Difference in Delta-V mag. 
(%)

1st

Impulsive burn N/A 353.272                                   0

Finite burn

 0 8.52 367.497 4.03

-2 8.35 359.584 1.79

-4 8.28 356.590                                    0.94a

-6 8.32 358.486 1.48

2nd

Impulsive burn N/A 254.034                                   0 

Finite burn

 0 6.15 257.292 1.28

-1 6.11 255.441 0.55

-3 6.09 254.675                                    0.25a

-5 6.16 257.998 1.56

3rd

Impulsive burn N/A 245.363                                   0 

Finite burn

 0 5.67 263.823 7.52

-1 5.39 249.962 1.87

-2 5.32 246.515                                    0.47a

-3 5.35 247.739 0.97

LOI: lunar orbit insertion, N/A: not available.
aBest solution.

Table 3. Delta-V comparisons for the 3rd LOI maneuver (the 2nd 3.5 hour elliptical capture orbit to the final circular 
mission operational orbit) between the impulsive thrust and the finite thrust (150 N with Isp of 200 seconds) with differ-
ent delta-V ignition points. 

      Burn type Burn start time 
(min before 3rd 

perilune approach)

Burn duration
(min)

Delta-V mag. 
(m/s)

Difference in Delta-V mag. 
(%)

Impulsive burn N/A 245.363                                 0 

Finite burn

-0 14.53 377.356                               53.79

-3 10.81 252.268                                 2.81

-5   9.86 248.000                                 1.07a

-7   9.98 251.180                                 2.37

LOI: lunar orbit insertion, N/A: not available.
aBest solution.

Table 2. Delta-V comparisons for the 2nd LOI maneuver (the 1st 12 hour elliptical capture orbit to the 2nd 3.5 hour 
elliptical capture orbit) between the impulsive thrust and the finite thrust (150 N with Isp of 200 seconds) with different 
delta-V ignition points.

      Burn type Burn start time 
(min before 2nd 

perilune approach)

Burn duration 
(min)

Delta-V mag. 
(m/s)

Difference in delta-V mag. 
(%)

Impulsive burn N/A 254.034                                 0 

Finite burn

-0 12.16 269.682                                 6.16

-3 11.74 259.410                                 2.11

-6 11.65 257.527                                 1.37a

-9 11.90 263.462                                 3.71

LOI: lunar orbit insertion, N/A: not available.
aBest solution.
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about 2.12%. For fuel masses, a total of about 185.010 kg 

of fuel is required for finite thrust (including every LOI 

maneuver), and about 189.145 kg of fuel for impulsive 

thrust. Therefore, about 4 kg of fuel, about 2.24% more, 

is needed when the finite burn engine model is assumed. 

For thrust burn duration, it is found that about 41.02 

minutes (about 19.51 minutes for 1st LOI, about 11.65 

minutes for 2nd LOI and about 9.86 minutes for 3rd LOI) 

of de-orbit burn is required to achieve final mission op-

erational orbit around the Moon in this scenario.

3.2.2 Results for 300 N with Isp of 250 seconds, and 450 N 

with Isp of 300 seconds

In this section, delta-V losses with engine’s capabilities 

of 300 N with I
sp

 of 250 seconds and 450 N with I
sp

 of 300 

seconds are analyzed. As the most of the analyses are per-

formed in the same manner as the case of 150 N with I
sp

 

of 200 seconds, only important mission parameters are 

provided in Tables 4 and 5. Table 4 shows the results for 

the delta-V losses that occurred during all lunar capture 

sequences with use of 300 N with I
sp

 of 250 seconds. For 

450 N with I
sp

 of 300 seconds, results are shown in Table 5.

In Table 4, simulation results are shown for delta-V 

losses that occurred during the entire lunar de-orbit se-

quences with the use of 300 N and I
sp

 of 250 seconds on-

3rd LOI maneuver ignition time are again derived using 

backward propagation with the closest approach condi-

tions, the best case, in Table 2. In Table 3, delta-V deriva-

tion results for the 3rd LOI maneuver, with four different 

maneuver ignition points using finite thrust, are shown.

To minimize delta-V magnitude for the 3rd LOI burn, 

ignition of 3rd LOI must be started at about -5 minutes 

before 3rd approach of perilune, on the 2nd 3.5 hour cap-

ture orbit. Finite burn duration in this scenario is about 

9.86 minutes with delta-V loss of about 2.64 m/s (about 

1.07%) when compared to the delta-V magnitude derived 

with impulsive thrust. Almost half the value of estimated 

burn duration (estimated: about 9.76 minutes, half of 

estimated: about 4.88 minutes) with impulsive delta-V 

again nearly matched the best burn start time as derived 

in Table 3. After a successful burn of the 3rd LOI, space-

craft mass delivered to the final mission operational orbit 

is found to be about 335.750 kg, which means about 45 kg 

of fuel is required for the 3rd LOI.

According to the simulation results shown above, 

when only the best solutions are considered, delta-V 

losses of about 3.93, 1.37 and 1.07% will occur at each of 

three different lunar de-orbit maneuvers. Overall mag-

nitude of delta-V loss occurring during a lunar capture 

sequence in this scenario is about 20.20 m/s, which is 

Table 5. Delta-V comparison results between the impulsive and the finite thrust. On-board engine’s capability is assumed to have 
450 N and Isp of 300 seconds. Every three (1st, 2nd and 3rd LOI) different de-orbit maneuvers’ start time, durations, magnitudes and 
their differences in percentage rates are presented with arbitrarily selected different delta-V ignition points. The best solutions are 
highlighted with bolded characters.

LOI
number

Burn type Burn start time 
(min before 

perilune approach)

Burn duration 
(min)

Delta-V mag. 
(m/s)

Difference in Delta-V mag. 
(%)

1st

Impulsive burn N/A 353.272                                     0 

Finite burn

0 6.63 362.935                                     2.74

-2 6.52 356.528                                     0.92

-3 6.49 355.549                                     0.64a

-4 6.50 355.846                                     0.73

2nd

Impulsive burn N/A 254.034                                     0

Finite burn

0 4.20 255.074                                     0.41

-2 4.19 254.387                                     0.14a

-4 4.23 257.516                                     1.37

3rd

Impulsive burn N/A 245.363                                     0

Finite burn

0 3.83 253.225                                     3.07

-1 3.73 246.317                                     0.41

-2 3.72 245.906                                     0.22a

-3 3.74 246.943                                     0.64

LOI: lunar orbit insertion, N/A: not available.
aBest solution.
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utes for 3rd LOI) of overall burn duration is required to 

insert a spacecraft into the final mission operational or-

bit in this scenario. Final spacecraft’s mass is found to be 

about 391.722 kg, which means about 133 kg of on-board 

fuel is required. For detailed fuel comparisons during all 

lunar capture phases, only about 1.2 kg of fuel (0.8%) dif-

ference (about 132.028 kg of fuel for impulsive thrust and 

about 133.192 kg of fuel for finite thrust) is observed in 

this scenario. To aid the understanding of readers, the 

main results of all different case studies given in subsec-

tion 3.2 are summarized in Appendix B with Table B1.

3.3 Example of a Lunar Capture Trajectory

An example of a lunar capture trajectory using finite 

thrust is provided in this subsection. Of the several cap-

ture trajectories designed in subsection 3.2, the scenario 

with on-board engine capability of 150 N with 200 sec-

onds I
sp

 is shown as an example. To plot the entire lunar 

capture sequence, only the best solutions of finite burn 

ignition point, from Tables 1-3, are considered. Figs. 2 

and 3 show the example of a lunar capture trajectory us-

ing finite thrust. In Fig. 2, the entire lunar capture ellipti-

cal orbit, including arrival hyperbolic trajectory, is shown 

with finite burn arcs. Fig. 3 is the zoomed view of Fig. 2, 

showing details of finite burn arcs. In both figures, every 

axis is scaled to have 1 lunar unit (LU), which is about 

1,738.2 km. From Figs. 2 and 3, it can be easily observed 

that every finite burn-arc (1st, 2nd and 3rd LOI) sweeps 

almost symmetric orbital portions with respect to the 

perilune vector to minimize the delta-Vs required to 

achieve final orbit.

In Fig. 4, thrust steering angle and mass variation his-

tory for 1st LOI maneuver are shown. Note that thrust 

steering angles are expressed with respect to the space-

craft centered radial-tangential-normal coordinate sys-

tem. During the 19.51 minutes of 1st LOI burn, in-plane 

thrust angle, α(t), gradually increased from about 137.5 

degree to about 215.3 degree (top of Fig. 4); however, as 

expected, out-of-plane thrust angle, β(t), remained at al-

most 0 degree (middle of Fig. 4) during the whole burn-

ing time to minimize the spacecraft’s fuel expenditure. In 

addition, the spacecraft mass is continuously decreased 

from about 524.9 kg to about 335.8 kg with the continu-

ous use of the on-board engine (bottom of Fig. 4). To give 

more insight to the readers regarding the characteris-

tics of in-plane thrust angle variation during the 1st LOI 

burn arc, Fig. 5 is provided. The main objective of Fig. 5 

is to show the direction relations between the thrust ac-

celeration vectors and the spacecraft’s velocity vectors 

board engine. With this engine performance, it is found 

that about 5.11 m/s (3.32 m/s for 1st LOI, 0.64 m/s for 

2nd LOI and 1.152 m/s for 3rd LOI) of delta-V loss will oc-

cur during the entire lunar capture sequence when cap-

ture orbits are assumed as they are in this paper. In terms 

of a percentage rate, 5.11 m/s is about 0.55. As expected, 

it can be easily observed that delta-V loss rates in this sce-

nario are significantly reduced when compared to the re-

sults derived with the use of 150 N with I
sp

 of 200 seconds 

on-board engine, which showed about 20.20 m/s (about 

2.12%) loss. As in previous results discussed, for every 

three de-orbit maneuvers, almost half the value of esti-

mated burn durations with impulsive delta-V again were 

close to matching the best burn start time. For the 1st LOI 

maneuver, half of estimated burn duration is about 4.21 

minutes, while it is about 3.04 minutes for the 2nd LOI 

maneuver and about 2.65 minutes for the 3rd LOI ma-

neuver. With on-board engine of 300 N with Isp of 250 

seconds, about 19.69 minutes (about 8.28 minutes for 1st 

LOI, about 6.09 minutes for 2nd LOI and about 5.32 min-

utes for 3rd LOI) of overall burn duration is required to 

achieve the given operational orbit around the Moon. Fi-

nal spacecraft’s mass is found to be about 369.289 kg, and 

this means that about 155 kg of fuel, about 34 kg less than 

the case in which on-board engine of 150 N and Isp of 

200 seconds (about 189 kg) are used, is required to insert 

the spacecraft to the final operational orbit around the 

Moon. From a fuel consumption perspective, only about 

0.9% of difference (about 154.146 kg of fuel for impulsive 

thrust and about 155.606 kg of fuel for finite thrust) is ob-

served.

Table 5 summarizes the simulation results for every 

three (1st, 2nd and 3rd LOI) different de-orbit maneu-

vers to achieve a given lunar final operational orbit us-

ing 450 N and Isp of 300 seconds on-board thruster. With 

on-board engine having 450 N and Isp of 300 seconds, 

about 3.17 m/s (2.28 m/s for 1st LOI, 0.35 m/s for 2nd LOI 

and 0.54 m/s for 3rd LOI) of delta-V loss will occur during 

the entire lunar capture sequence, which is only about 

0.33% when expressed as a percentage. From the results 

of three different engine performances that we have as-

sumed, simple astrodynamic theory has again confirmed 

that as the finite burn engine’s performance increases, 

the trajectory solutions can be well approximated to 

the solutions that use impulsive thrust. However, if the 

finite burn engine’s performance is rather low, delta-V 

losses due to finite thrust must be considered at the early 

mission design stage or further detailed mission design 

phases. About 14.40 minutes (about 6.49 minutes for 1st 

LOI, about 4.19 minutes for 2nd LOI and about 3.72 min-
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in M-MME2000 coordinate frame. Note that Fig. 5 is the 

orbital plane projected view, as the out-of-plane thrust 

angles, β(t), were unchanged during the 1st LOI burn arc. 

In Fig. 5, it can be easily observed that, at every instant of 

moment, thrust vectors during the 1st LOI burn tend to 

de-accelerate the spacecraft’s velocity. In addition, thrust 

vectors’ directions are symmetrically changed to insert 

Fig. 2. The example of a lunar capture trajectory using finite thrust with 
150 N and Isp of 200 seconds on-board engine. Entire lunar capture ellipti-
cal orbits including arrival hyperbolic trajectory is shown.

Fig. 3. The zoomed view of Fig. 2, showing details of every finite burn 
arcs (1st, 2nd and 3rd LOI). LOI: lunar orbit insertion.

Fig. 4. Thrust steering angle and mass variation history for 1st LOI 
maneuver using 150 N with Isp of 200 seconds on-board engine. In-plane 
angle (top), Out-of-plane angle (middle) and mass (bottom). Thrust steer-
ing angles are expressed with respect to the spacecraft centered radial-
tangential-normal coordinate system. LOI: lunar orbit insertion.

Fig. 5. Direction relations between the thrust acceleration vectors 
and the spacecraft’s velocity vectors for the 1st LOI maneuver. On-board 
engine is assumed to have 150 N with Isp of 200 seconds capability, and 
reference coordinate framed is M-MME2000. LOI: lunar orbit insertion.
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in this paper will give numerous insights to the mission 

designers, allowing them to reduce their time and effort. 

It is expected that the results discussed in this work will 

lead to further progress in the design field of Korea’s lunar 

orbiter mission, particularly the lunar capture sequence 

using finite thrust.

REFERENCES

Betts JT, Practical methods for optimal control and estima-

tion using nonlinear programming, 2nd ed. (Society 

for Industrial and Applied Mathematics, Philadelphia, 

2010), 152-165.

Chin G, Brylow S, Foote M, Garvin J, Kasper J, et al., Lunar 

Reconnaissance Orbiter overview: the instrument suite 

and mission, SSRv, 129, 391-419 (2007). http://dx.doi.

org/10.1007/s11214-007-9153-y

Cho DH, Jeong BY, Lee DH, Bang HC, Optimal perilune alti-

tude of lunar landing trajectory, IJASS, 10, 67-74 (2009).

Cho DH, Jung YS, Lee DH, Jung BY, Bang HC, Satellite tra-

jectory correction maneuver for lunar mission based on 

three-body dynamics, J. Korean Soc. Aeronaut. Sci., 38, 

875-881 (2010).

Goswamia JN, Annaduraib M, Chandrayaan-1 mission to 

the Moon, AcAau, 63, 1215-1220 (2008). http://dx.doi.

org/10.1016/j.actaastro.2008.05.013

Jeong BY, Choi YH, Jo SJ, Bang HC, Terrain aided inertial 

navigation for precise planetary landing, J. Korean Soc. 

Aeronaut. Sci., 38, 673-745 (2010).

Kato M, Sasaki S, Tanaka K, Iijima Y, Takizawa Y, The Japanese 

lunar mission SELENE: science goals and present status, 

AdSpR, 42, 294-300 (2008). http://dx.doi.org/10.1016/j.

asr.2007.03.049

Kechichian JA, Minimum-time constant acceleration orbit 

transfer with first-order oblateness effect, JGCD, 23, 

595-603 (2000).

Lee DH, Bang HC, Low thrust, fuel optimal earth escape tra-

jectories design, J. Korean Soc. Aeronaut. Sci., 35, 647-

654 (2007).

Lozier D, Galal K, Folta D, Beckman M, Lunar pospector mis-

sion design and trajectory support (AAS 98-323), in Pro-

ceedings of the AAS/GSFC International Symposium on 

Space Flight Dynamics, Greenbelt, MD, 11-15 May 1998, 

297-311.

No TS, Jeon GE, A study on optimal earth-moon transfer 

orbit design using mixed impulsive and continuous 

thrust, J. Korean Soc. Aeronaut. Sci., 38, 684-692 (2010).

Song YJ, Park SY, Choi KH, Sim ES, Development of Korean 

preliminary lunar mission design software, J. Korean 

the spacecraft from the arrival hyperbolic trajectory to 

the 1st highly elliptical capture orbit around the Moon. 

Almost all of the first half of the in-plane thrust directions 

were varied in order to follow the spacecraft’s path from 

the arrival hyperbolic trajectory to the 1st highly ellipti-

cal capture orbit; then, in-plane thrust direction showed 

almost anti-parallel directions to the orbital velocity; and 

finally, in-plane thrust directions were again varied to 

achieve the 1st highly elliptical capture orbit’s path. Al-

though only the 1st LOI burn arc is shown as an example, 

other de-orbit maneuvers (2nd and 3rd LOI) using finite 

thrust showed almost the same characteristics as the 1st 

LOI maneuver.

4. CONCLUSIONS

In this work, semi-optimal lunar capture orbits using 

finite thrust are designed and analyzed. Delta-V losses 

during lunar capture sequence due to finite thrusts are 

also analyzed by comparing those with the values de-

rived with impulsive thrusts in previous research. To give 

a broad estimate of delta-V losses for mission designers, 

performances of three different on-board thrusters (150 

N with I
sp 

of 200 seconds, 300 N with I
sp

 of 250 seconds, 450 

N with I
sp

 of 300 seconds) are assumed. As a result, several 

important mission parameter characteristics are discov-

ered. First, it is found that up to about 2% of delta-V loss 

(0.33% loss with 450 N, I
sp

 300 seconds; 0.55% loss with 

300 N, I
sp 

250 seconds; and 2.12% loss with 150 N, I
sp 

200 

seconds) can occur during the lunar capture sequences 

if a finite thrust engine model is adapted. However, these 

losses will be dependent on the on-board engine’s per-

formance. Second, estimated finite burn’s duration using 

optimized delta-Vs with impulsive thrust can be useful 

to determine the approximated finite burn ignition time. 

Half the value of estimated finite burn duration almost 

matches the best burn ignition time, which can be ex-

pressed as “time before perilune approach.” Third, as 

expected, the finite burn-arc sweeps almost symmetric 

orbital portions with respect to the perilune vector with 

appropriate thrust direction variations. This is due to the 

efficient insertion of a spacecraft into the desired cap-

ture orbit while minimizing the magnitude of delta-Vs. 

Therefore, at the early stage of mission planning, care-

ful care must be taken while estimating mission budgets, 

especially if preliminary mission studies were performed 

using the impulsive thrust engine model. Although simu-

lation results using the performances of only three differ-

ent on-board thrusters are discussed, the results provided 



Young-Joo Song et al.    Analysis of delta-V losses during lunar capture sequence

215 http://janss.kr

Tanaka S, Shiraishi H, Kato M, Okada T, The science objectives 

of the SELENE-II mission as the post SELENE mission, 

AdSpR, 42, 394-401 (2008). http://dx.doi.org/10.1016/j.

asr.2007.07.002

The Boeing Company, SOCS user’s guide release 7.0.2, M&CT-

TECH-01-104 (The Boeing Company, Seattle, 2010), 529-

543.

Vallado DA, McClain WD, Fundamentals of astrodynamics 

and applications, 3rd ed. (Kluwer Academic Publishers, 

Boston, 2007), 33-36.

Walker MJH, Ireland B, Owens J, A set modified equinoc-

tial orbit elements, CeMec, 36, 409-419 (1985). http://

dx.doi.org/10.1007/BF01227493

Woo J, Song YJ, Park SY, Kim HD, Sim ES, An earth-moon 

transfer trajectory design and analysis considering 

spacecraft’s visibility from Daejeon ground station at 

TLI and LOI maneuvers, JASS, 27, 195-204 (2010). http://

dx.doi.org/10.5140/JASS.2010.27.3.195

Zheng Y, Ouyang Z, Li C, Liu J, Zou Y, China’s lunar explo-

ration program: present and future, P&SS, 56, 881-886 

(2008). http://dx.doi.org/10.1016/j.pss.2008.01.002

Soc. Aeronaut. Sci., 36, 357-367 (2008).

Song YJ, Park SY, Choi KH, Sim ES, A lunar cargo mission de-

sign strategy using variable low thrust, AdSpR, 43, 1391-

1406 (2009a). http://dx.doi.org/10.1016/j.asr.2009.01.020

Song YJ, Park SY, Choi KH, Sim ES, Optimal earth-moon tra-

jectory design using constant and variable low thrust, J. 

Korean Soc. Aeronaut. Sci., 37, 843-854 (2009b).

Song YJ, Park SY, Kim HD, Joo HL, Sim ES, Trans Lunar In-

jection (TLI) maneuver design and analysis using fi-

nite thrust, J. Korean Soc. Aeronaut. Sci., 38, 998-1011 

(2010a).

Song YJ, Park SY, Kim HD, Sim ES, Development of precise 

lunar orbit propagator and lunar polar orbiter’s life-

time analysis, JASS, 27, 97-106 (2010b). http://dx.doi.

org/10.5140/JASS.2010.27.2.097

Song YJ, Woo J, Park SY, Choi KH, Sim ES, The earth-moon 

transfer trajectory design and analysis using intermedi-

ate loop orbits, JASS, 26, 171-186 (2009c). http://dx.doi.

org/10.5140/JASS.2009.26.2.171

Standish EM, JPL planetary and lunar ephemerides, DE405/

LE405 (Jet Propulsion Laboratory, Los Angeles, 1998), 

1-6.

Appendix A

This Appendix rigorously addresses the issues used in 

equations of motion in the current study. The compo-

nents of modified equinoctial orbital elements shown 

in Eq. (1) have relations to classical orbital elements as 

shown in Eq. (A1) (Walker et al. 1985).

2(1 )= −p a e
                                   

(A1a)

cos( )ω= +Ωf e                               (A1b)

sin( )ω= +Ωg e                               (A1c)

tan( / 2)cos= Ωh i                            (A1d)

tan( / 2)sin= Ωk i
                            

(A1e)

ω θ= Ω + +L
                                

(A1f)

where, a is semimajor axis, p is semiparameter, e is or-

bital eccentricity, i is orbital inclination, ω is argument of 

periapsis, Ω is right ascension of ascending node, θ is true 

anomaly and L is true longitude, respectively. Also, two 

vectors A and b in Eq. (2) are defined by matrix as (Betts 

2010):
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(A2)

and 
2

0 0 0 0 0 µ
  

=   
   

T q
p

p
b

                     
(A3)

where

1 cos sin= + +q f L g L
                                  (A4a)

2 21= +s x                                                        (A4b)

2 2= +x h k
                                                  

(A4c)

and μ is the central body’s gravitational constant.
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Unit vectors shown in Eq. (5) can be derived by using 

the inertial Cartesian position vector r and velocity vec-

tor v, as shown in Eq. (A5).

ˆ =r

r
i

r
                                               (A5a)

ˆ =
×
×t

r v
i

r v

                                         
(A5b)

( )ˆ =
× ×
×n

r v r
i

r v r

                                
(A5c)

Also, equinoctial orbital elements y are related to the 

Cartesian states (r,v) according to the expressions (Betts 

2010):
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(A6b)

where

=
p

r
q

                                                  (A7a)

2 2 2α = −h k                                        (A7b)

Appendix B  

Main case study results simulated with different finite thrust capabilities (150 N with I
sp

 of 200 seconds, 300 N with I
sp

 

of 250 seconds and 450 N with I
sp

 of 300 seconds) are summarized in Table B1.

Table B1. Summary of delta-V comparison results between the impulsive and the finite thrust. For each simulation cases, only the best 

solutions are presented.

Engine 
capability

LOI 
number

Burn start time 
(min before 

perilune approach)

Burn uration 
(min)

Delta-V mag. 
(m/s)

Difference in delta-V mag. 
(%)

Impulsive burn
1st
2nd
3rd

N/A
N/A
N/A

N/A
N/A
N/A

353.272
254.034
245.363

0 
0 
0 

150 N with Isp 
of 200 sec

1st
2nd
3rd

               -10
-6
-5

19.51
11.65

9.86

367.415
257.527
248.000

3.93 
1.37
1.07

300 N with Isp 
of 250 sec

1st
2nd
3rd

-4
-3
-2

8.28
6.09
5.32

356.590
254.675
246.515

0.94
0.25
0.47

450 N with Isp 
of 300 sec

1st
2nd
3rd

-3
-2
-2

6.49
4.19
3.72

355.549
254.387
245.906

0.64
0.14
0.22

LOI: lunar orbit insertion.


