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Abstract: This paper presents a data-fitting technique in which a B-spline hypervolume is used to approximate a given
data set of scattered data samples. We describe the implementation of the data structure of a B-spline hypervolume, and
we measure its memory size to show that the representation is compact. The proposed technique includes two
algorithms. One is for the determination of the knot vectors of a B-spline hypervolume. The other is for the control
points, which are determined by solving a linear least-squares minimization problem where the solution is independent
of the data-set complexity. The proposed approach is demonstrated with various data-set configurations to reveal its
performance in terms of approximation accuracy, memory use, and running time. In addition, we compare our approach
with existing methods and present unconstrained optimization examples to show the potential for various applications.
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Table 1 2} 21},

class B-spline Hypervolume

{
int m_e; // space dimension (= e)
int m_s; //vector size of A; (=)
int* m_n; //number of control points (= n;)
int* m_k; // order of B-spline function (= k)

float** m T,
float** m_A;

}s

/' knot vectors (= T))
// control points (= A;)

Fig. 1 Data structure of a B-spline hypervolume with the
class in C++
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Table 1 Memory usage of a B-spline hypervolume.
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(d) Cluster

(d) Plane
Fig. 2 Data set configurations
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Table 2 Numerical results shown in Fig. 3. (The symbol

‘N’ stands for the number of control points.)

(a) Normalized RMS errors
Data points Grid points

N R50 R100 R200 R400 R50 R100 R200 R400
2 0139 0138 0137 0072 0154 0145 0144 0144
3 0037 0.043 0046 0.062 0075 0.059 0.056 0.056
4 0017 0028 0.033 0039 0114 0.062 0.047 0.046
5 0000 0006 0010 0013 0075 0033 0021 0017
6 0.000 0002 0.007 0057 0064 0.037 0026 0018
7 0000 0000 0003 0051 0072 0035 0018 0010
8 0.000 0000 0.001 0.045 0.097 0.050 0.023 0.012
9 0000 0000 0000 0039 0128 0073 0029 0012
10 0000 0.000 0.000 0.000 0.157 0105 0.052 0.016
(b) CPU time measured in seconds
N R50 R100 R200 R400
2 0.0027 0.0027 0.0102 0.0103
3 0.0027 0.0052 0.0157 0.0290
4 0.0103 0.0207 0.0313 0.0600
5 0.0155 0.0417 0.0833 0.1772
6 0.0208 0.0547 0.1925 0.3697
7 0.0285 0.0832 0.2602 1.0492
8 0.0338 0.0938 0.3153 21277
9 0.0467 0.1198 0.4247 2.0678
10 0.0620 0.1640 0.5338 24742
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Table 3 Numerical results shown in Fig. 4. (The symbol
‘M’ denotes the number of data points.)

Table 4 RMS errors produced by the previous methods
compared to the proposed approach for data set

R200
(a) Normalized RMS errors f, f, f, f, s s
Data points Grid points Q 00237 00134 00127 00033 00089 0.0012

M R L p C M L p C

\) 0.0120 0.0014 0.0068 0.0006 0.0020 0.0015
1000 0.0088 0.0060 0.0082 0.0045 00112 0.0905 0.0392 0.0386
2000 00049 0.0037 00061 00022 0.0068 0.1063 0.0567 0.0231 H 00109 00126 00042 00003 0.0007 0.0018
3000 0.0037 00020 0.0039 00009 0.0048 0.1243 0.0781 0.0133 N 00190 00121 0.0128 00019 0.0045 0.0030
4000 00033 0.0018 0.0036 00008 0.0041 0.1343 0.0862 0.0139 R 00131 00117 00078 0.0008 00026 0.0017

B 0.0183 0.0118 0.0052 0.0013 0.0038 0.0012

(b) CPU time measured in seconds

M R L P C
1000 1.7650 1.5470 1.4530 1.7660
2000 13.3440 12.3440 10.5160 12.2660
3000 65.0780 65.7340 55.8750 59.0320
4000 169.6560 212.5780 165.4380 172.6560

——¢—random =i=line plane —=—cluster
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(a) Errors measured at data points

—4—random =—i=line plane =—cluster

0.150
0.135
0.120
0.105
0.090
0.075 -
0.060
0.045 -
0.030
0.015 - ¢

0.000 : ha ; * ; $

1000 1500 2000 2500 3000 3500 4000

Normalized RMS error

Number of data points

(b) Errors measured at grid points

Fig. 4 Normalized RMS errors for data set configurations
for test function f;.

a8, HAE 5 o #elo] theFst ol
¥ Y= 7FX a2 RMS xS H| L3k

Table 5 ¢} Zt} oA njmwdk
W B o7} R1000, C200 o A%
A= GAolt.

Q = modified quadratic Shepard

V = volume spline

H = multiquadric

N = volume minimum norm network

R =local volume splines

B = B-spline hypervolume (proposed in this paper)
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Table 5 RMS errors compared between the existing
methods and the proposed approach for test

el ZAksk 71H 929

function f;

R125 R200 R1000 L200 P200 C200
Q 0.0293 0.0237 0.0150 0.0328 0.0332 0.0454
vV 00265 0.0120 - 0.0237 0.0206 0.0268
H 00218 0.0109 - 0.0177 0.0135 0.0349
N 00327 00190 0.0040 0.0346 0.0257 0.0429
R 0.0259 0.0131 0.0014 0.0235 0.0217 0.0257
B 0.0276 0.0183 0.0045 0.0693 0.0256 0.0237
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Step 1 Find p and g such that
fog =min(f; )G =0,-,m 1, j=0,-,ny =1)

Step 2 Compute the Greville abscissa by using

@ O]
l oo tt
pti—1
g =l

) ©)
farl +o ot

1
Step 3 Return the initial guess, X, = (&,&,)

6=

Fig. 5 Finding initial guess to be used for Eq. (15)

Step 1 Set x,=(&,6,)and x=X,

Repeat until £ < &y

{
S Compute the partial derivatives, ﬂ

0'x,07 x,
Step 3 Solve the system of linear equations Eq. (15)
Step 4 If ||Ax| <&, or |of /ox| <,
Then set x* = x and return the solution, x *

Step5 Set x=X+Ax

}

Fig. 6 Newton-Raphson algorithm for solving Eq. (15)
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f(T1,,T,)=0.4380- T —0.0810-T; - T, +0.2190- T,

(20)
~39.9114-T; —14.2857 - T, +2292.4020

Table 6 Iteration history for the sample unconstrained
optimization problems

(a) Simple mathematical problem, Eq. (18)

Tyt Fromm x; X Absolu;)e Relatiw;c)a
Error Error
ov 1.211729 1.659639  0.692786  0.489874
1 1.047018 1.132305  0.140411  0.099286
2 0.969576  0.920460  0.085160 0.060217
3 1.001091 1.000172  0.001104  0.000781
4 1.000146  0.999135 0.000877  0.000620
5 1.000145  0.999134  0.000878  0.000621
x"e 1.000000 1.000000
(b) Two bar truss problem, Eq. (19)
Iteration X1 X3 %21?)1:3 1::‘;‘:::‘;?
oV 0.016495  0.016802  0.021770  9.355220
1 0.002309  0.000289  0.000000  0.000000
x"™e 0.002309  0.000289
(c) One dimensional pin problem, Eq. (20)
i X1 X, Absolu;)e Relati\;t)e
Error Error
oY 48.397880 41.611682 1.033759 0.015978
1 49.421905 41.755421 0.000306 0.000005

x"e 49421600 41.755400

1) initial guess computed from the algorithm shown in Fig. 5
2) absolute error measured from || x*-x"™ ||
3) relative error measured from || x*-x"™ | / || x™||

%1
P,=1000 Ib

v
| gl
(a) Two bar truss
T.. = 40°C
k= 7O0W/(cm®C)
T,=140°C 4 cmdia. T, T,
I ) |
[~ Sem [ Sem |

(b) One dimensional pin

Fig. 7 Engineering sample problems
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