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Abstract

We introduce the concept of IVF almost a-continuity and investigate

characterizations for such mappings on the

interval-valued fuzzy topological spaces. We study the relationships between IVF almost a-continuous mappings and

another types of IVF continuous mappings.

Key Words : IVF a-continuous, IVF weakly «a-continuous, IVF almost a-continuous, IVF almost open mapping, IVF

almost regular

1. Intorduction and Preliminaries

Zadeh [9] introduced the concept of fuzzy set and in-
vestigated basic properties. Gorzalczany [2] introduced
the concept of interval-valued fuzzy set which is a
generalization of fuzzy sets. In [8], Mondal and
Samanta introduced the concepts of interval-valued
fuzzy topology, continuity and compactness and studied
some topological properties. The concept of inter—
val-valued fuzzy topology is a generalization of fuzzy
topology in sense of Chang’s fuzzy topology [1]. In [3],
Jun et al. introduced the concepts of IVF a-open sets
and IVF «a-open mappings and studied some results
about them. The concept of IVF strong semi-con-—
tinuous (or IVF «—continuous mapping) was introduced
in [4]. The author introduced the concept of IVF weakly
«a—continuous mapping and investigate some properties
for them in [6]. In this paper, we introduce the concept
of IVF almost a-continuous mapping and investigate
characterizations for such a mapping. We study the re-
lationships among IVF «-continuous mapping, IVF
weakly «a-continuous mapping and IVF almost «
—continuous mapping.

2. Preliminaries

Let 7 be the unit interval [0,1] of the real line. A
member A of I* is called a fuzzy set of X. For any
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AE I, A° denotes the complement 1,—A. By 0, and
1, we denote constant maps on X with value 0 and 1,

respectively.

A Chang's fuzzy topology 7 [1] is a family < ¥
satisfying the following conditions:
(01 0y, 1yE7
(02) for A, BET* if A, BE T, then (AN B) €7
(03) for every subfamily {4,:i€.J} crif AT,
then U;c;4,€ 7.

Let D[0,1] be the set of all closed subintervals of the
interval [0,1]. The elements of D[0,1] are generally de-
noted by capital letters M, /N, --- and note that A=
[ME Y], where M* and MY are the lower and the
upper end points respectively. Especially, we denote 0
and 1 as follows: 0=1[0,0], 1=[1,1]. We also note that
(1) (V M, NeD[0,1]) (M=N & M*=Nt, mY=NY).
(2) (V M, NEDD,1]) (M<N < M'<N*, MV< NY).

For each M< D|0,1], the complement of A/, denoted
by M°, is defined by M*=[1-MY 1- M*].

Let X be a nonempty set. A mapping A: X — D|[0,1]
is called an interval-valued fuzzy set (simply, IVF set)
in X. For each z € X, A(z) is a closed interval whose
lower and upper end points are denoted by [A(z)]* and
[A(2)]Y, respectively. For any la,b] € D[0,1], the IVF
set whose value is the interval [a,b] for all z€X is

denoted by [a,b]. In particular, for any a<[0,1], the
IVF set whose value is a(z)=[a,a] for all z € X is de-
noted by simply a. For a point pE€ X and for [a,b] €
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D[0,1] with >0, the IVF set which takes the value
[a,b] at p and O elsewhere in X is called an inter-
val-valued fuzzy point (simply, IVF point) and is de—
noted by [a,b],. In particular, if b=a, then it is also de-
noted by a,. We denote the set of all IVF sets in X by
IVF(X). An IVF point M,, where M< D[0,1] is said to
belong to an IVF set 4 in X, denoted by M, € A, if
[A(@))f=MF and [A(z)]Y= MY In [8], it has been
shown that A=U{M, : M, € A}.

For every A, BEIVF(X), we define

A=B & (VzX)([A(2))*=[B(2)])%,
[A(2)]=[B(2)]9.

Ac B (Ve X)(A(2)F < [B(2)]k
[4(2)]" < [B(2)].

The complement A of A is defined by
[4°(2)]F =1-[4(2)]Y and [A°(z)]Y =1-14(z)]* for all
rEX.

For a family of IVF sets {4,: ¢{€ J} where J is an
index set, the union G= U, ;4; and F’=,;c ;A are
defined by

[G(z)F=sup; < 14, (2)]", [G(z)]Y=5up; /14, (2)]Y
and
[F(x)=inf; e 14, ()", [F(z)]V=inf;c /14, (2)]7,

respectively, for all z €X.

Let f: X— Y be a mapping and let 4 be an IVF set
in X. Then the image of A4 under f, denoted by f(A)
[8], defined as follows

() () {supzewm[/l(z)% i)~ o,
)t =
0, otherwise,
[F(A) ()" {Supzefwyﬂﬂzﬂ”v i) = o,
)]V =
0, otherwise,
for all yE Y.

Let B be an IVF set in Y. Then the inverse image

of B under f, denoted by f'(B) [8], defined as fol-
lows

B =B(f@))s [ (Ba)]=B(f(2)]Y
for all x €X. Then it follows that f(Z,)=M;,, and
=M,

Definition 2.1 ([8]). A family 7 of IVF sets in X is
called an interval-valued fuzzy topology (simply IVFT)
on X if it satisfies the following properties:

(o, 1T
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(2) A, BET = AN BET.
(3) For i€J, 4,€ET7 = U,c; 4, ET.

Every member of 7 is called an IVF open set. An
IVF set A is called an IVF closed set if the comple—
ment of A is an IVF open set. And the pair (X,7) is
alled an interval-valued fuzzy topological space
(simply, IVFTS).

In an IVF topological space (X,7), for A€IVF(X),
the IVF closure and the IVF interior of 4 [8], denoted
by cl(4) and int(A), respectively, are defined as

cl(A)=N{BEIVF(X): B°S7 and A< B},
int(4)=U{BEIVF(X): BE 7 and BCS A).

Theorem 2.2 ([8]). Let (X;7) be an IVF topological
space and 4,BEIVF(X). Then

(1) A is an IVF closed set iff A=cl(A).

(2) cl(A)Ucl(B)=cl(A U B).

(3) cllcl(A))=cl(A).

(6) int(4)=1-cl(1-A4) and cl(A4)=1-int(1-A).

Let A be an IVF set in an IVFTS (X;7). Then A4 is
said to be IVF a-open [3] (resp., IVF semiopen [3],
IVF preopen [3], IVF regular open [5] and IVF 3
-open [5]) if A< int(cl(int(A4))) (resp., A Scl(int(4)),

A<int(cl(A4)), A= int(cl(A)) and A4 S cl(int(cl(A4)))).

Let (X,7;) and (Y;7,) be two IVFTS’s. Then
f:X— Yis said to be IVF continuous [8] (resp., IVF
a—-continuous or IVFE strongly semi-continuous [4]) if
for every IVF open set B in ¥, fY(B) is IVF open
(resp.,, IVF a-open) in X. And f is said to be IVF
weakly a—continuous [6] if for every IVF point A,

and each IVF open set V containing f(AZ,), there ex-
ists an IVF a-open set U containing A4, such that

flto (.

3. IVF Almost a-continuous Mappings

Definition 3.1. Let f: X — ¥ be a mapping IVFTS's
(X,7,) and (Y;7,). Then f is said to be IVF almost a
and each IVF
open set V containing f(AZ,), there exists an IVF «
-open set U containing A, such that f(U)<int(cl( V).

Obviously the following implications are obtained but
the converses are not true in general:

IVF continuous = IVF a—continuous = IVF almost
a-continuous = IVF weakly «-continuous

—continuous if for each IVF point M,

Example 3.2. Let X=7and let 4, B, C;D and F
be IVF sets defined as follows
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(1) Consider IVF topologies 7, and 7, on X as follows
7 ={0, 4, B, 1} and &, ={0, B, E, 1}.

Then the identity mapping f:(X,7)—(X,7,) is an
IVF almost a-continuous mapping but it is not IVF «
—continuous.

(2) Consider IVF topologies 7, and 7, on X as follows

7 ={0, 4, C, 1} and 7, ={0, B, E, 1}.

Then the identity mapping f:(X,r)—(X,7,) is an
IVF weakly «o-continuous mapping but it is not IVF
almost «—continuous.

Lemma 3.3 (Theorem 3.6 in [6]). Let (X,7) be an
IVFTS and A4 an IVF set in X. Then
(1) AN int(cl(int(A4))) is IVF «a-open.
(2) AU clint(cl(A))) is IVF a—closed.

Theorem 3.4. Let f: X— Y be a mapping between
IVFTS's (X,;7;) and (Y¥;7,). Then the following state-

ments are equivalent:
(1) f is IVF almost «—continuous.

(2) f~UB)Sint(cllnt(f(nt(cl(B)))))) for each IVF
open set B of Y.

(3) cllnt(cl(f~ (cllnt(A)))) < f~1(F) for each IVF
closed set £ in Y.

4) cl(int(cl(f~HelGnt(cl(BM) S f~H(cl(B)) for each
BEIVF(Y).

(5) fHint(B)) Cint(cl(int(f ' (nt(clGnt(B))))) for
each BEIVF(Y).

6) cllnt(cl(f MmN S f (V) for an IVF
regular open set Vin Y.

(7) fYF) is IVF a-closed for an IVF regular closed
set Fin Y.

(1) FYV) is IVF a-open for an IVF regular open set
Vin Y.

Proof. (1) = (2) Let B be an IVF open set in Y.
Then for each M, € f '(B), there exists an IVF «
-open set U of M, such that f(0)Sint(cl(B)). Since

U is IVF a-open, M, <€ USint(clint( 1)) < int(cl(int
(f'(nt(cl(B)))))). Hence the statement (2) is obtained.

(2) = (1) For an IVF point M, in X and V an IVF
open set containing f(A,), by (2), M, ef (V)=
int(clGnt(f*Gntcl(M)))).  Put  U=f "(intlcl( V) N
int(cl(int(f~(int(cl( )))))); then by Lema 3.3, U is an
IVF a-open set U containing M, such that M, € U<

fint(cl(1))).  This implies f()<int(cl( 1)), and so
hence f is IVF almost continuous.
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(2) = (3) Let F be any IVF closed set of Y. Then
since 1-F is IVF open, from (2) and Theorem 2.2, it
follows

F1A-F) S intlellnt(f~intlcld -)))))
=int(cllnt(f~ (1 —cl(int(#))))
=int(cl(int(1- 1 (cl(int(£))))
=1-cl(int(cl(f~H(clint(F)))))).

It implies clGnt(cl(f~ (clGnt(F)N)) S f~1(F).
(3) = (4) Obvious.

(4) = (5) For BEIVF(Y), from hypothesis and
Theorem 2.2, it follows

fHint(B)=1-(f~Hcl(1-B)))
< 1-cl(int(cl(f~ Hcl(int(cl(1- B)))))
=int(clGnt( £~ (int(clGnt(B)))))).

Hence f'(int(B)) S int(cl(int(f ' (int(clGnt(B))).

(5) = (6) Let V be any IVF regular open set of
Y. Then since 1- 1V is IVF regular closed, it follows

1=~ Hel(V)=f tintd- 1))
< int(clint( £~ (int(clint(1- 1)))))))
=int(cllnt(f~*(int(1- 1))
=int(cllnt-(f~(cl( V)
=1-cl(int(cl(f~Hcl(V)))).

Hence we have clGnt(cl(f (M) S f ().

(6) = (7) Let F be any IVF regular closed set in Y.
Then int(F) is IVF regular open and by (6) and cl(int
(F)=F, clnt(cl(f Y (M))) < f 1 (F), and so F is IVF «
—closed.

(7) = (8) Obvious.

(8) = (1) Let V be an IVF open set containing f
(M,). Since int(cl( V) is IVF regular open, by (8) and
VZint(cl( 1), f 'Gnt(cl(V))) is an IVF a-open set
containing M,. Set U=f '(int(cl(1))). Then U is an
IVF a-open set satisfying f(U) Cint(cl(V)). Thus f is
an IVF almost «o-continuous mapping.

Theorem 3.5. Let f: X— Y be a mapping between

IVFTS’s (X,;) and (Y;7,). Then the following are

equivalent:

(1) f is IVF almost «-continuous.

2) cllntcl(f 1)) S f (@) for each IVF S-open
set Gin Y.

(3) cllintlcl(f~H (AN S cl(@) for each IVF semi-
open set G'in Y.
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Proof. (1) = (2) Let G be an IVF B-open set. Then G
C cl(int(cl( @))) and cl( @) is an IVF regular closed set.
Hence from the IVF almost a-continuity, it follows

cllntel(F~ 1)) S cllint(cl(fHel(@)))) < FHcl(G)).

(2) = (3) It is obvious since every IVF semiopen set
is IVF B-open.

(3) = (1) Let F be an IVF regular closed set. Then
F is IVF semiopen, and so from (3), we have

cllnt(cl(f 1 (FN) S f 1 (cl(FN=f 1 (F).

This implies f '(F) is IVF «a-closed. Hence, from
Theorem 34 (7), f is an IVF almost «-continuous
mapping.

Theorem 3.6. Let f: X— Y be a mapping between
IVFTS’s (X,7) and (Y;7,). Then f is IVF almost «

—continuous if and only if cl(int(cl(f (cl(GM) S ft
(cl(@)) for each IVF preopen set G in Y.

Proof. Suppose f is IVF almost a-continuous. Let G
be an IVF preopen set in Y. Then we have cl
(G=clint(cl(@)). Set U=int(cl(G)); then by Theorem

3.4 (4), clntlel(f (cllnt(cl( D)) S f~ Ul )).

From cl( D)=cl( @) and cl( G)=cl(int(cl( @), it follows
clnt(el(f (M) = fHcl(G)).

For the converse, let 4 be an IVF regular closed set
in Y. Then int(4) is IVF preopen. From hypothesis
and cl(int(4))=4, it follows cl(int(cl(f (A< f*

(A). This implies f '(A4) is IVF a-closed and hence f
is IVF almost «-continuous.

Theorem 3.7. Let f: X— Y be a mapping between
IVFTS’s (X,7;) and (Y,7,). Then f is IVF almost «

~continuous if and only if f (&)< int(cl(int(f '(int(cl
(@))))) for each IVF preopen set G in Y.

Proof. Suppose f is IVF almost a-continuous and let
G be an IVF preopen set in Y. Then int(cl( @) is IVF
regular open. From Theorem 3.4, we have

U@ < Hntlc( @) Sint(elGnt( £~ LAntcl( D)))).

For the converse, let U be IVF regular open. Then U
is obviously IVF preopen. By hypothesis, f '(U)<

int(cl(nt( £~ nt(cl O)N)=int(cllnt(f~1(TN))). So f!
(0) is IVF a-open, and hence f is IVF almost «
—continuous.

Definition 3.8 ([7]). An IVFTS (X,7) is said to be

IVF semi-regular if for each IVF open set U of X and
each IVF point M, U there exists an IVF regular

open set V of X such that M, & Ve U

Theorem 3.9. Let f: X — Y be a mapping on IVFTS's
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(X;,) and (Y;7,). If f is IVF almost «-continuous

and Y is IVF semi-regular, then f is IVF «
—continuous.

Proof. Let M, be an IVF point in X and U be an IVF
open set in Y containing f(A,). By the IVF semi-reg-

ularity of Y, there exists an IVF regular open V of Y
such that f(z,)€ V< U. Since f is IVF almost «

—continuous, f (V) is an IVF a-open set containing
M,. Set G=f"YV); then G is an IVF a-open set
containing A4, such that f(M,)€E f(G)< U. Hence f is
IVF a-continuous.

Definition 3.10. Let f:X— Y be a mapping on
IVFTS's (X,7;) and (Y;7,). Then f is said to be IVF

almost o —open if f(U)<int(cl(f(1))) for each IVF «
-open set U in X.

Definition 3.11. Let f:X— Y be a mapping on
IVFTS’s (X,r;) and (Y;r,). If f is IVF weakly «

~continuous and IVF almost o -open, then f 1s IVF al-
most a—continuous.

Proof. Let M, be an IVF point in X and U be an IVF
open set in Y containing f(AZ,). By the IVF weakly «
—continuity, there exists an IVF «a-open set V in Y
such that f(V)Scl(U). Since f is IVF almost o -open,
FOM Sint(el(f( 1)) Sint(cl( ). This implies f is IVF
almost «—continuous.
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