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Abstract

In this paper we investigate some situations in connection with two exact sequences of fuzzy linear maps. Also we obtain
a generalization of the work [Theorem 4] of Pan [5], and we study the analogies of The Four Lemma and The Five Lemma
of homological algebra. Finally we obtain a special exact sequence.
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this paper, we assume that all modules are equipped with
the same underlying commutative rifigy

1. Introduction

Definition 2.1 ([5]). A R-module) together with a func-

Fuzzy modules were introduced by Negoita and Ralesd[P" X from M into [0, 1] is called a fuzzyR-module if it

[1]. Katsaras and Liu [2], and Lowen [3] have developedatisfies the following conditions
the theory of fuzzy vector spaces. i

Fu-Zhen Pan [4] investigated fuzzy vector spaces for thél) x(a+b) 2 min{x(a), x(b)}
following purposes; to establish a fundamental frame 0f{2) x(—a) = x(a)
fuzzy vector space by virtue of homological algebra and
modular theory, and to stretch it out to study general fuzzﬁ) x(0) =1
modules.

In fact, fuzzy vector spaces are the simplest kind of fuzzy(4) x(ra) = x(a),
free modules. The theory of fuzzy modules has been a vifor anya, b € M andr € R, denoted it by M, ) or x ;.
gin field for a long time.

Recently, many authors presented the same research@gfinition 2.2 ([5]). Let xar,nn be any two fuzzyR-
fuzzy modules, properties of fuzzy finitely generated modhodules, thery : x; — nyis called a fuzzy linear map
ules and fuzzy quotient modu'eS, etc. (OI’ fUZZyR-map) if there exists a linear mdp: M — N

In particular, Fu-Zhen Pan [5] and Kim [6] investigateasuch that)(f(a)) > x(a) foralla € M.
the properties of the sequence of fuzzy linear maps a

studied the situations in connection with two exact Sei’henf  yar — nx is called a fuzzy strong linear map if
- XM N

quences of fuzzy Ilngar maps. T . there exists a linear mgp: M — N suchthat)(f(a)) =
In this paper, we investigate some situations in connec-

tion with two exact sequences of fuzzy linear maps. X(a) foralla € M.

rIESJemaNrk 2.3. Let xs, nn be any two fuzzyR-modules.

Definition 2.4 ([5]). Let f : xpr — nx be a fuzzy lin-
ear map. f is called fuzzy weak isomorphism, denoted

XM ’i‘f 7N -
2. Preliminaries W

Definition 2.5 ([5]). For a fuzzy linear mag : xn —

) ) ) L 1N, Nrmy IS called the image of denoted it by, 7. Fur-
In this section, we review some definitions and some '8her Xuto, WhereMy = {m € M | n(f(m)) = 1} is
’ 0! - -

sults which will be used in the later sections. Throughoyt,eq the Kernel off denoted it byy ;
Kerf*

E'J'EOE:JKF - 2011 5$éj 2202: Theorem 2.6 ([5]). Let f : xar — 7 be a fuzzy linear
o . 2 o . .
ehz A - 20114 8 16 ) ) map, theny ., 7 is a fuzzy subspace ofys andy,,, ; is a
% _Lll____i_% :'_-‘i_P_IEH §|I-J-_|,- 2011'?_:‘_'1:_ al‘%‘?j?uli #%‘El fuzzy Subspace OfN'

oo
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Remark 2.7. For any fuzzy linear mag : xar — 71, 3. Connections with two exact sequences

XKerf < Xgerf AN N1ms = Mgy, o o o
In this section, we investigate some situations in connec-
Definition 2.8 ([5]). A fuzzy linear mapf : yar — ny is  tion with exact sequences of fuzzy linear maps of fuzzy
called epic (or monic) ifff : M — N is epic (or monic) ~f-modules.
~ Kim [6] investigated the other situation (Theorem 3.2) in
Definition 2.9 ([5]). Afuzzy linear mapf : xp» — nn iS  connection with two exact sequences of fuzzy linear maps
called a quasi-monic iff ., ; = xa, whereM’ = {m €  of fuzzy R-modules.
M | x(m)=1}. _ o
Theorem 3.1. Consider the commutative diagram of two
Remark 2.10. Obviously, wheny,.,; = {0}, quasi- exact sequences of fuzzy linear maps, wheithe iden-

monic is just ordinary monic. tity map.
Definition 2.11 ([5]). Two fuzzy maps 1
i g
XM — NN — PV ™
-\l
are exact at iff 1, 7 = nKxerg To‘ 7 : <
xv—Lsny Lspr L5
Remark 2.12. By the induction, from Definition 2.9, we Rk
can define an exact sequence of fuzzy linear maps.
Q
Theorem 2.13 ([5]). A fuzzy R-module x,, is called a
fuzzy singularR-module iff x(m) = 1 for all m € M,
denoted it byl. 1
Theorem 2.14 ([5]). An exact sequence Then
i 7 g 3 (1) @ is quasi-monic.
Il —=xm—=nn —py =1
_ _ (2) Gis epic.
where the two 1's are the appropriate singular fuzzy R
modules and, j are the fuzzy identity map and an epic (3) If & is epic, then3 is quasi-monic.
map, respectively, is called a short exact sequence of fuzzy ) _ _
linear maps. Proof. (1) To prove that is quasi-monic, we must show
that
Theorem 2.15 ([5]). Given a short exact sequence of fuzzy XKera C XM
linear maps, .
whereM’ = {m € M | x(m) = 1} by Proposition 2.16.
s H g ; Letx € xkera. Thent(a(z)) = 1. Thusa(x) € 7pr,
1= Xar =y = pv =1 whereP’ = {z € P | 7(z) = 1}. Sinceh is a fuzzy
R-map,

() fmi = e = n(ha(a)) = (a(z).

(2) Imf = Kerg = . Son((ha(z)) = 1. Thusa(z) € Kerh. SinceKerh =

7pr, Ta(w) = 1. Thusz € Kera. Hencex is quasi-monic.
(2) Lety € Q. Sincek is epic, there exists € N such

whereM’ = {m € M | x(m) = 1} andN’ = {n € N | thatk(x) = y and sog(x) € V. Thus, by the commu-

(3) gis epic,

n(n) = 1. tativity of the diagrams(g(x)) = k(z) = y. Henceg is
} epic. )
Proposition 2.16 ([3]). For any fuzzy linear mapf : (3) To prove thats is quasi-monic, we must show that
XM — 77N|
Xo € Xicerf Preni S PV's
whereM’ = {m € M | x(m) = 1}. whereV’ = {v € V | p(v) = 1} by Proposition 2.16. Let

T € pg.,5- Thenm(B(z)) = 1 and sod(z) € mq, where
Q = {z € Q| n(x) = 1}. Sinceg is epic, there exists
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y € N such thaty(y) = z. Thus, by the commutativity of
the diagram

k(y) = Bg(y) = B(z) € mqr.

Thus7k(y) = 1 and soy € 0y, ;- SINCEN i = N1

there exists: € P such thath(z) = y. Sincea is epic,
there exists, € M such thatw(u) = z. So, by the com-
mutativity of the diagram

f(u) = ha(u) = h(z) =y

and soy € Imf. SinceImf = Kerg, we havepg(y) =
p(x) = 1. Hencex € py/. Therefores is quasi-monic.
O

Theorem 3.2 ([6]). Let the following diagram of fuzzy lin-

Thusf(z) € v, 5- Sincef is quasi-monicf(z) € vp/,
whereB’ = {b € B | v(b) = 1}. Thusvf(z) = 1 and
thusz € pp., i Sincef is quasi-monic, we have € 1.
Hencea is quasi-monic.

(2) Suppose that andk are quasi-monic. To prove that
4 is quasi-monic, we must show that

5Ker'? - gC’y

whereC’ = {c € C | £(c) = 1} by Proposition 2.16. Let
z € Ekery. Thenpy(xz) = 1. Sinceg is epic, there exists
y € B such thaty(y) = xz. Thus by commutativity of the
diagram,

pkB(y) = pygly) = py(x) = 1.

S0 B3(y) € Ny, Sincek is quasi-monic3(y) € ny,
whereN’ = {n € N | n(n) = 1}. SonB(y) = 1 and

ear maps of fuzzyz-modules be commutative and let thesp y ¢ Vicers- SINCES3 is quasi-monicy € vp. Thus

two rows be exact.

[ia vg L o&e

T T

1 — xuM — 18v — ps
Then
(1) If @ and¥ are epic, thers is epic.

(2) If & and¥ are quasi-monic, thefi is quasi-monic.

Theorem 3.3. Let the following diagram of fuzzy linear

rows be exact.

NA L} : SC L) ].

e s

vg ——
s
1 - XM — NN -, ps
Then
(1) If 3 andf are quasi-monic, thed is quasi-monic.
(2) If 3 andk are quasi-monic, thefiis quasi-monic.

Proof. (1) Suppose thaf and f are quasi-monic. To
prove thata is quasi-monic, we must show that

HEKera C KA,

whereA’ = {a € A | u(a) = 1} by Proposition 2.16.
Let z € pgera- Thenya(x) = 1. Sinceh is a fuzzy
linear mappha(z) > xa(z) = 1. Sonha(x) = 1. Since
ha(x) = Bf(x) by the commutativity of the diagram,

nBf(z) =1.
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v(y) = 1. Sinceg is a fuzzyR-map,

E(x) =Eg(y) > v(y).

Thus&(z) = 1 and thuse € £... Hencey is quasi-monic.
O

Theorem 3.4. If, in the following diagram of fuzzy linea
mas of fuzzyR-modules,

f g h
XM — n~v — ps — &
O I L
f/ ~/ ijL/
Xoy, —— vy, —— Ps, — &p

a is epic, and’ is quasi-monic, then

1) W/[mg = 9~I_I(P’Im&)-

() If go f =0, thenpkers = §(Ngerj)-

(3) If 7 is epic, then so is.

(4) If 3 is quasi-monic and o f = 0, then? is quasi-

monic.

Proof. (1) Lety € 7', 5. Then there exists € N such
that3(z) = y. By the commutativity of diagram,

9 (y) =g B(x) =79(x) € p 15

ThUSY € 9 (0 105)- HENCY 1,05 € g (9 1)

Conversely let)’ € gN’_l(p'Imﬁ) and letg' (') = .
Then there existz € S such thaty(z) = 2, since
=g e P/Ima- Alsoz’ € P rmg Sincep/Kerhn =
pllmgn, we haver' € p' . Thus

’ ’ ’

g (=) =1.

maps of fuzzyR-modules be commutative and let the tWothe two rows are exact, the three squares are commutative,



Sincedh(z) = h'y(z) = k' (z'), we have
ES(h(z) =& (h(z)=1.

Thush(z) € £,,5 and thust (h(2)) = 1, sinced is quasi-
monic. S0z € py.,.j,- SINCep.. 7 = prmg, there exists
a € N such thay(a) = z. Thus

z =7(2) = v(9(a) = g Bla).
Considery’ — 3(a)(€ Ny). Then we get
gy —Ba)=gy)—gBa)=2 -
Thus

’

=0.

y — ﬂ(a) € T]Kerg/ < nKergN/ = T)Im];/'

and thus there exists € M, suchthatf' (') =y — 3(a).
Sincea is epic, there exists € M such that(b) = b and
f(b)+a € N.So

BU(b) +a) = B(f(b)+ B(a)
‘a(b) + B(a)
(

f
fa®)+ pla)
¥
Yy

! ’ "'/71 ’ ’ .
Soy € M Henceg'  (p r5) € 7 1,5- This com-
pletes the proof of (1). .
(2) Letc € prers. Thenp' y(c) = 1. Sinceh’ is a fuzzy
R-map,
Eh () = p(e)

So&'h'y(c) = 1. By the commutativity of the diagram,

/

0h(c) = h v(c). Thus
E'6h(c) =E N y(c) = 1.

Soh(c) € Ex,,5- Sinced is quasi-monicEh(c) = 1 and
SOC € Preopiy- SINCP K., = PImgs € € Prmg- ThUs there
existsb € N such thaty(b) = c. Letd = B(b)(e Ny).

Then

g () =g Bb) =9(b) =(c)
by the commutativity of the diagram and so

pg)=pry(c)=1
Thusb € n Kerg® Sincen Kerg = " Imf’
mutativity of the diagram, there exists € M, such that

f'(a") = V. Sincea is epic, there exists € M such that
a(a) = a . Consideth — f(a)(€ N). Then we have

by the com-

Bb— f(a)) = pb)—pB(f(a))
Bb) — f ala)
= b —b
0.
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Hence
b— f(a’) S NKerp g nKerE'
and sincgy o f = 0, we obtain

glb—f(a)) = g(b)—gf(a)
= C.
Thusc € §(1;,.,3) and thuokery S G(1;0,5)-

Conversely let € §(n,,,.3)- Thenthere exists € 1, ., 3
such thay(b) = c¢. Thus

0 Bb) = 1.
and thusy(c) = vg(b) = ¢ B(b). Sinceyg is a fuzzyR-
map,
py(c)=pgpb)=npb) =1
Thusp'v(c) = 1. and thus: € prers. Hencej(n,,,5) C
Prery. This completes the proof of (2).
(3) Suppose that is epic. Thenfm~ = S; and then

~1_1 ’

Mmg = 9 (me&)
~—1
= g (5)
= Nj.

Hencej is epic.
(4) Suppose that is quasi-monic. Then

’rlKev"ﬂ~ =T1N"»

whereN' = {z € N | n(z) = 1}. To prove thaty is
quasi-monic, we must show that

PKery = Pg’s

whereS" = {z € S| p(x) = 1}. Letz € pxers. Then by
(2), there existy € 1y, 5 such thag(y) = =. Sincej is
quasi-monicy € n,+ and son(y) = 1. Sinceg is a fuzzy
R-map,
p(x) = pg(y) = n(y) = 1.

Thusp(z) =1 and thuse € pgr.

Conversely letr € pg. Thenp(z) = 1. Sincey is a
fuzzy R-map,

p (@) > plz) =1.

Thusp y(z) = 1 and thuse € PKery. Hencey is quasi-
monic. O

Corollary 3.5. If, in the following diagram of fuzzy linea
maps of fuzzyR-modules,

f g h k
XM — 19 — ps — Er — wy
N N LA |
f/ g/ ﬁ/ ]”C
X T N, o Ps, — & v,

the two rows are exact, the four squares are commuta-

tive, the homomaorphisms, 3, ¢, € are fuzzy weak isomor-
phisms, angy o f = 0, then the middle homomaorphisfn
is a fuzzy weak isomorphism.
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Proof. By Theorem 3.47 is epic. Also by definition Theorem 3.7.. Consider the following diagram of fuzzy
of a fuzzy R-map, p’v(c) > p(c) forall ¢ € S. To prove R-maps ofR-modules :
that¥ is a fuzzy weak isomorphism, we must show that F
is monic. Letx € Kery. Theny(z) = 0. So by the )
commutativity of the diagram, la N lﬁ , l‘/

Yo, oy, i
where the rows are exact and the squares are commutative.
Thush(z) € Kerd. Sinced is monic,h(z) = 0. So If f7 X, — N, IS quasi-monic, then the sequence of
fuzzy R-maps,

XM L N <, pPs

Sh(z) = W~y(x) = h'(0) = 0.

T € prerh C PKerh:

T

. y -
Sincepy.,,i, = prmyg there exists: € N such thay(n) = XKera = Nicery = PKery
x. Thus by the commutativity of the diagram, is exact Ao, 3
/ —_— p— p—
g9'8(n) =~vg(n) =~(z) =0. Proof. We must show tha,,, = = 7., Leta €

So Nym i« There there exists € Kera such thatf*(b) = a.
Sincea = f*(b) = f(b),

B) € 1 kerg € 1 kiengr (b) = £(0)

Sincen’ k.5 = 1 10> there existsn’ € M, such that a €M, -

f'(m") = B(n). Sincex is epic, there exists: € M such sincen;,, 7 = Miera,

thata(m) = m’ Thus

pg(a) = 1.

— _
Bf(m) = f'a(m) = B(n). Sopg*(a) = 1and s € 7y, ;.- Hence

So T)Imf* - nKerg_* :

B(f(m) —n) = 0.
Thus f(m) —n € vikerg C Vierp: Since 3 is monic,
f(lm) =n.Thus sincgyo f =0,

z =g(n) =g(f(m)=0. : :
(m) = 5(f(m) Sincenkerg = 1y, there exist € A such thatf(c) =
Hencey is monic. Thereforey is a fuzzy weak isomor- a. Sincea € n., 3,
phism. O

Conversely let: € ¢, (a € 1y, 5)- Thenpg™(a) =
1 and sopg(a) = 1. Thus

a € NKerg-

Theorem 3.6. Consider the following commutative squareThus

of fuzzy R-maps ofR-modules:

XM L NN = 77/@(@)
ld ) J{’é = 1.
X, So

r . . . 5. O/(C) € X’[{erf/'
Then f carriesx xera INO ng.,.5. (In this casef is de-

noted by *.) Sincef’ is quasi-monic,
Proof. Let Theny’ 1. Th xleln =1
roof. Letz € yxerg. Then = 1. Thus
TEXK Xa(@) Thusc € xkerg @nd thusf*(c) = f(¢) = a. Soa €
n'Bf(x) = n'flalx) N - HENCEN ey e € 1y, 1. This completes the proof.

> Xa(z) -
= 1 Acknowledgements

Son'8f(x) = 1. Hencef(xz) € ny,, 5. This completes | express my thanks to the referees for their valuable

the proof. 0 comments and suggestions.

From Theorem 3.6, we obtain the following theorem.
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