
A Note on the Fuzzy Linear Maps

Chang Bum Kim

Department of Mathematics, Kookmin University, Seoul 136-702, South Korea.

Abstract

In this paper we investigate some situations in connection with two exact sequences of fuzzy linear maps. Also we obtain
a generalization of the work [Theorem 4] of Pan [5], and we study the analogies of The Four Lemma and The Five Lemma
of homological algebra. Finally we obtain a special exact sequence.
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1. Introduction

Fuzzy modules were introduced by Negoita and Ralescu
[1]. Katsaras and Liu [2], and Lowen [3] have developed
the theory of fuzzy vector spaces.

Fu-Zhen Pan [4] investigated fuzzy vector spaces for the
following purposes; to establish a fundamental frame of
fuzzy vector space by virtue of homological algebra and
modular theory, and to stretch it out to study general fuzzy
modules.

In fact, fuzzy vector spaces are the simplest kind of fuzzy
free modules. The theory of fuzzy modules has been a vir-
gin field for a long time.

Recently, many authors presented the same research on
fuzzy modules, properties of fuzzy finitely generated mod-
ules and fuzzy quotient modules, etc.

In particular, Fu-Zhen Pan [5] and Kim [6] investigated
the properties of the sequence of fuzzy linear maps and
studied the situations in connection with two exact se-
quences of fuzzy linear maps.

In this paper, we investigate some situations in connec-
tion with two exact sequences of fuzzy linear maps.

2. Preliminaries

In this section, we review some definitions and some re-
sults which will be used in the later sections. Throughout

this paper, we assume that all modules are equipped with
the same underlying commutative ringR.

Definition 2.1 ([5]). A R-moduleM together with a func-
tion χ from M into [0, 1] is called a fuzzyR-module if it
satisfies the following conditions

(1) χ(a + b) ≥ min{χ(a), χ(b)}

(2) χ(−a) = χ(a)

(3) χ(0) = 1

(4) χ(ra) ≥ χ(a),

for anya, b ∈ M andr ∈ R, denoted it by(M,χ) or χM .

Definition 2.2 ([5]). Let χM , ηN be any two fuzzyR-
modules, theñf : χM −→ ηN is called a fuzzy linear map
(or fuzzyR-map) if there exists a linear mapf : M −→ N
such thatη(f(a)) ≥ χ(a) for all a ∈ M .

Remark 2.3. Let χM , ηN be any two fuzzyR-modules.
Thenf̃ : χM −→ ηN is called a fuzzy strong linear map if
there exists a linear mapf : M −→ N such thatη(f(a)) =
χ(a) for all a ∈ M .

Definition 2.4 ([5]). Let f̃ : χM −→ ηN be a fuzzy lin-
ear map. f̃ is called fuzzy weak isomorphism, denoted
χM 'f

W ηN .

Definition 2.5 ([5]). For a fuzzy linear map̃f : χM −→
ηN , ηImf is called the image of̃f denoted it byηImf̃ . Fur-
ther, χM0 , whereM0 = {m ∈ M | η(f(m)) = 1} is
called the Kernel of̃f denoted it byχKerf̃ .

Theorem 2.6 ([5]). Let f̃ : χM −→ ηN be a fuzzy linear
map, thenχKerf̃ is a fuzzy subspace ofχM andηImf̃ is a
fuzzy subspace ofηN .
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Remark 2.7. For any fuzzy linear map̃f : χM −→ ηN ,

χKerf ≤ χKerf̃ and ηImf = ηImf̃

Definition 2.8 ([5]). A fuzzy linear mapf̃ : χM −→ ηN is
called epic (or monic) ifff : M −→ N is epic (or monic)

Definition 2.9 ([5]). A fuzzy linear mapf̃ : χM −→ ηN is
called a quasi-monic iffχKerf̃ = χM ′ , whereM ′ = {m ∈
M | χ(m) = 1}.

Remark 2.10. Obviously, whenχKerf̃ = {0}, quasi-
monic is just ordinary monic.

Definition 2.11 ([5]). Two fuzzy maps

χM
f̃→ ηN

g̃→ ρV

are exact atηN iff ηImf̃ = ηKerg̃

Remark 2.12. By the induction, from Definition 2.9, we
can define an exact sequence of fuzzy linear maps.

Theorem 2.13 ([5]). A fuzzy R-moduleχM is called a
fuzzy singularR-module iff χ(m) = 1 for all m ∈ M ,
denoted it by1.

Theorem 2.14 ([5]). An exact sequence

1 ĩ→ χM
f̃→ ηN

g̃→ ρV
j̃→ 1

where the two 1’s are the appropriate singular fuzzyR-
modules and̃i, j̃ are the fuzzy identity map and an epic
map, respectively, is called a short exact sequence of fuzzy
linear maps.

Theorem 2.15 ([5]). Given a short exact sequence of fuzzy
linear maps,

1 ĩ→ χM
f̃→ ηN

g̃→ ρV
j̃→ 1

(1) Imĩ = Kerf̃ = χM ′ .

(2) Imf̃ = Kerg̃ ≥ ηN ′ .

(3) g̃ is epic,

whereM ′ = {m ∈ M | χ(m) = 1} andN ′ = {n ∈ N |
η(n) = 1}.

Proposition 2.16 ([3]). For any fuzzy linear mapf̃ :
χM −→ ηN ,

χM ′ ⊆ χKerf̃ ,

whereM ′ = {m ∈ M | χ(m) = 1}.

3. Connections with two exact sequences

In this section, we investigate some situations in connec-
tion with exact sequences of fuzzy linear maps of fuzzy
R-modules.

Kim [6] investigated the other situation (Theorem 3.2) in
connection with two exact sequences of fuzzy linear maps
of fuzzy R-modules.

Theorem 3.1. Consider the commutative diagram of two
exact sequences of fuzzy linear maps, wherej̃ is the iden-
tity map.

Then

(1) α̃ is quasi-monic.

(2) β̃ is epic.

(3) If α̃ is epic, theñβ is quasi-monic.

Proof. (1) To prove that̃α is quasi-monic, we must show
that

χKerα̃ ⊆ χM ′ ,

whereM ′ = {m ∈ M | χ(m) = 1} by Proposition 2.16.
Let x ∈ χKerα̃. Thenτ(α(x)) = 1. Thusα(x) ∈ τP ′ ,
whereP ′ = {x ∈ P | τ(x) = 1}. Sinceh is a fuzzy
R-map,

η(hα(x)) ≥ τ(α(x)).

So η((hα(x)) = 1. Thusα(x) ∈ Kerh̃. SinceKerh̃ =
τP ′ , τα(x) = 1. Thusx ∈ Kerα̃. Henceα̃ is quasi-monic.

(2) Let y ∈ Q. Sincek̃ is epic, there existsx ∈ N such
that k(x) = y and sog(x) ∈ V . Thus, by the commu-
tativity of the diagramβ(g(x)) = k(x) = y. Henceβ̃ is
epic.

(3) To prove that̃β is quasi-monic, we must show that

ρKerβ̃ ⊆ ρV ′ ,

whereV ′ = {v ∈ V | ρ(v) = 1} by Proposition 2.16. Let
x ∈ ρKerβ̃ . Thenπ(β(x)) = 1 and soβ(x) ∈ πQ′ , where
Q′ = {x ∈ Q | π(x) = 1}. Sinceg̃ is epic, there exists
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y ∈ N such thatg(y) = x. Thus, by the commutativity of
the diagram

k(y) = βg(y) = β(x) ∈ πQ′ .

Thusπk(y) = 1 and soy ∈ ηKerk̃. SinceηKerk̃ = ηImh̃,
there existsz ∈ P such thath(z) = y. Sinceα̃ is epic,
there existsu ∈ M such thatα(u) = z. So, by the com-
mutativity of the diagram

f(u) = hα(u) = h(z) = y

and soy ∈ Imf̃ . SinceImf̃ = Kerg̃, we haveρg(y) =
ρ(x) = 1. Hencex ∈ ρV ′ . Thereforeβ is quasi-monic.

Theorem 3.2 ([6]). Let the following diagram of fuzzy lin-
ear maps of fuzzyR-modules be commutative and let the
two rows be exact.

µA
f̃−→ νB

g̃−→ EC
j̃−→ 1yα̃

yβ̃

yγ̃

1 ĩ−→ χM
h̃−→ ηN

k̃−→ ρS

Then

(1) If α̃ andγ̃ are epic, theñβ is epic.

(2) If α̃ andγ̃ are quasi-monic, theñβ is quasi-monic.

Theorem 3.3. Let the following diagram of fuzzy linear
maps of fuzzyR-modules be commutative and let the two
rows be exact.

µA
f̃−→ νB

g̃−→ EC
j̃−→ 1yα̃

yβ̃

yγ̃

1 ĩ−→ χM
h̃−→ ηN

k̃−→ ρS

Then

(1) If β̃ andf̃ are quasi-monic, theñα is quasi-monic.

(2) If β̃ andk̃ are quasi-monic, theñγ is quasi-monic.

Proof. (1) Suppose that̃β and f̃ are quasi-monic. To
prove that̃α is quasi-monic, we must show that

µKerα̃ ⊆ µA′ ,

whereA′ = {a ∈ A | µ(a) = 1} by Proposition 2.16.
Let x ∈ µKerα̃. Thenχα(x) = 1. Sinceh̃ is a fuzzy
linear map,ηhα(x) ≥ χα(x) = 1. Soηhα(x) = 1. Since
hα(x) = βf(x) by the commutativity of the diagram,

ηβf(x) = 1.

Thusf(x) ∈ νKerβ̃ . Sinceβ̃ is quasi-monic,f(x) ∈ νB′ ,
whereB′ = {b ∈ B | ν(b) = 1}. Thusνf(x) = 1 and
thusx ∈ µKerf̃ . Sincef̃ is quasi-monic, we havex ∈ µA′ .
Henceα̃ is quasi-monic.

(2) Suppose that̃β andk̃ are quasi-monic. To prove that
γ̃ is quasi-monic, we must show that

EKerγ̃ ⊆ EC′ ,

whereC ′ = {c ∈ C | E(c) = 1} by Proposition 2.16. Let
x ∈ EKerγ̃ . Thenργ(x) = 1. Sinceg̃ is epic, there exists
y ∈ B such thatg(y) = x. Thus by commutativity of the
diagram,

ρkβ(y) = ργg(y) = ργ(x) = 1.

So β(y) ∈ ηKerk̃. Sincek̃ is quasi-monic,β(y) ∈ ηN ′ ,
whereN ′ = {n ∈ N | η(n) = 1}. Soηβ(y) = 1 and
so y ∈ νKerβ̃ . Sinceβ̃ is quasi-monic,y ∈ νB′ . Thus
ν(y) = 1. Sinceg is a fuzzyR-map,

E(x) = Eg(y) ≥ ν(y).

ThusE(x) = 1 and thusx ∈ EC′ . Henceγ is quasi-monic.

Theorem 3.4. If, in the following diagram of fuzzy linea
mas of fuzzyR-modules,

χM
f̃−→ ηN

g̃−→ ρS
h̃−→ ETyα̃

yβ̃

yγ̃

yδ̃

χ′
M1

f̃ ′

−→ η′N1

g̃′−→ ρ′S1

h̃′

−→ E ′T1

the two rows are exact, the three squares are commutative,
α̃ is epic, and̃δ is quasi-monic, then

(1) η
′

Imβ̃ = g̃′−1
(ρ

′

Imγ̃).

(2) If g ◦ f = 0, thenρKerγ̃ = g̃(ηKerβ̃).

(3) If γ̃ is epic, then so is̃β.

(4) If β̃ is quasi-monic andg ◦ f = 0, then γ̃ is quasi-
monic.

Proof. (1) Lety ∈ η
′

Imβ̃ . Then there existsx ∈ N such
thatβ(x) = y. By the commutativity of diagram,

g
′
(y) = g

′
β(x) = γg(x) ∈ ρ

′

Imγ̃ .

Thusy ∈ g̃′−1
(ρ

′

Imγ̃). Henceη
′

Imβ̃ ⊆ g̃′−1
(ρ

′

Imγ̃).

Conversely lety
′ ∈ g̃′−1

(ρ
′

Imγ̃) and letg
′
(y

′
) = x

′
.

Then there existsz ∈ S such thatγ(z) = x
′
, since

x
′
= g

′
(y

′
) ∈ ρ

′

Imγ̃ . Also x
′ ∈ ρ′Img̃′ . Sinceρ

′

Kerh̃′ =
ρ
′

Img̃′
, we havex

′ ∈ ρ
′

Kerh̃′ . Thus

E
′
(h

′
(x

′
)) = 1.
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Sinceδh(z) = h
′
γ(z) = h

′
(x

′
), we have

E
′
(δ(h(z))) = E

′
(h

′
(x

′
) = 1.

Thush(z) ∈ EKerδ̃ and thusE(h(z)) = 1, sinceδ̃ is quasi-
monic. Soz ∈ ρKerh̃. SinceρKerh̃ = ρImg̃, there exists
a ∈ N such thatg(a) = z. Thus

x
′
= γ(z) = γ(g(a)) = g

′
β(a).

Considery
′ − β(a)(∈ N1). Then we get

g
′
(y

′
− β(a)) = g

′
(y

′
)− g

′
β(a) = x

′
− x

′
= 0.

Thus

y
′
− β(a) ∈ ηKerg′ ⊆ η

Kerg̃′
= η

Imf̃ ′ .

and thus there existsb
′ ∈ M1 such thatf

′
(b

′
) = y

′−β(a).
Sinceα̃ is epic, there existsb ∈ M such thatα(b) = b

′
and

f(b) + a ∈ N . So

β(f((b) + a) = β(f(b)) + β(a)

= f
′
α(b) + β(a)

= f
′
α(b

′
) + β(a)

= y
′
− β(a) + β(a)

= y
′
.

So y
′ ∈ η

′

Imβ̃
. Henceg̃′−1

(ρ
′

Imγ̃) ⊆ η
′

Imβ̃ . This com-
pletes the proof of (1).

(2) Let c ∈ ρkerγ̃ . Thenρ
′
γ(c) = 1. Sinceh̃′ is a fuzzy

R-map,
E

′
h
′
γ(c) ≥ ρ

′
γ(c).

So E ′
h
′
γ(c) = 1. By the commutativity of the diagram,

δh(c) = h
′
γ(c). Thus

E
′
δh(c) = E

′
h
′
γ(c) = 1.

Soh(c) ∈ EKerδ̃. Sinceδ̃ is quasi-monic,Eh(c) = 1 and
soc ∈ ρKerh̃. SinceρKerh̃ = ρImg̃, c ∈ ρImg̃. Thus there
existsb ∈ N such thatg(b) = c. Let b

′
= β(b)(∈ N1).

Then
g
′
(b

′
) = g

′
β(b) = γg(b) = γ(c)

by the commutativity of the diagram and so

ρ
′
g
′
(b

′
) = ρ

′
γ(c) = 1.

Thusb
′ ∈ η

′

Kerg̃′
. Sinceη

′

Kerg̃′
= η

′

Imf̃ ′ by the com-

mutativity of the diagram, there existsa
′ ∈ M1 such that

f
′
(a

′
) = b

′
. Sinceα is epic, there existsa ∈ M such that

α(a) = a
′
. Considerb− f(a)(∈ N). Then we have

β(b− f(a)) = β(b)− β(f(a))

= β(b)− f
′
α(a)

= b
′
− b

′

= 0.

Hence
b− f(a) ∈ ηKerβ ⊆ ηKerβ̃ .

and sinceg ◦ f = 0, we obtain

g(b− f(a)) = g(b)− gf(a)
= c.

Thusc ∈ g̃(ηkerβ̃) and thusρkerγ̃ ⊆ g̃(ηkerβ̃).
Conversely letc ∈ g̃(ηkerβ̃). Then there existsb ∈ ηkerβ̃

such thatg(b) = c. Thus

η
′
β(b) = 1.

and thusγ(c) = γg(b) = g
′
β(b). Sinceg

′
is a fuzzyR-

map,
ρ
′
γ(c) = ρ

′
g
′
β(b) ≥ η

′
β(b) = 1.

Thusρ
′
γ(c) = 1. and thusc ∈ ρKerγ̃ . Henceg̃(ηkerβ̃) ⊆

ρkerγ̃ . This completes the proof of (2).
(3) Suppose that̃γ is epic. ThenImγ̃ = S1 and then

η
′

Imβ̃
= g̃′−1

(ρ
′

Imγ̃)

= g̃′−1
(S1)

= N1.

Henceβ̃ is epic.
(4) Suppose that̃β is quasi-monic. Then

ηKerβ̃ = ηN ′ ,

whereN
′

= {x ∈ N | η(x) = 1}. To prove that̃γ is
quasi-monic, we must show that

ρKerγ̃ = ρS′ ,

whereS
′
= {x ∈ S | ρ(x) = 1}. Let x ∈ ρKerγ̃ . Then by

(2), there existsy ∈ ηKerβ̃ such thatg(y) = x. Sinceβ̃ is
quasi-monic,y ∈ ηN ′ and soη(y) = 1. Sinceg̃ is a fuzzy
R-map,

ρ(x) = ρg(y) ≥ η(y) = 1.

Thusρ(x) = 1 and thusx ∈ ρS′ .
Conversely letx ∈ ρS′ . Thenρ(x) = 1. Sinceγ̃ is a

fuzzyR-map,
ρ
′
γ(x) ≥ ρ(x) = 1.

Thusρ
′
γ(x) = 1 and thusx ∈ ρKerγ̃ . Henceγ̃ is quasi-

monic.

Corollary 3.5. If, in the following diagram of fuzzy linea
maps of fuzzyR-modules,

χM
f̃−→ ηN

g̃−→ ρS
h̃−→ ET

k̃−→ νUyα̃

yβ̃

yγ̃

yδ̃

yε̃

χ′
M1

f̃ ′

−→ η′N1

g̃′−→ ρ′S1

h̃′

−→ E ′T1

k̃−→ ν′U1

the two rows are exact, the four squares are commuta-
tive, the homomorphisms̃α, β̃, δ̃, ε̃ are fuzzy weak isomor-
phisms, andg ◦ f = 0, then the middle homomorphism̃γ
is a fuzzy weak isomorphism.
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Proof. By Theorem 3.4,̃γ is epic. Also by definition
of a fuzzyR-map,ρ′γ(c) ≥ ρ(c) for all c ∈ S. To prove
that γ̃ is a fuzzy weak isomorphism, we must show thatγ
is monic. Letx ∈ Kerγ. Thenγ(x) = 0. So by the
commutativity of the diagram,

δh(x) = h′γ(x) = h′(0) = 0.

Thush(x) ∈ Kerδ. Sinceδ is monic,h(x) = 0. So

x ∈ ρKerh ⊆ ρKerh̃.

SinceρKerh̃ = ρImg̃, there existsn ∈ N such thatg(n) =
x. Thus by the commutativity of the diagram,

g′β(n) = γg(n) = γ(x) = 0.

So
β(b) ∈ η′Kerg′ ⊆ η′Kerg̃′ .

Sinceη′Kerg̃′ = η′Imf̃ ′ , there existsm′ ∈ M1 such that
f ′(m′) = β(n). Sinceα is epic, there existsm ∈ M such
thatα(m) = m′ Thus

βf(m) = f ′α(m) = β(n).

So
β(f(m)− n) = 0.

Thus f(m)− n ∈ νKerβ ⊆ νKerβ̃ . Sinceβ is monic,
f(m) = n. Thus sinceg ◦ f = 0,

x = g(n) = g(f(m) = 0.

Henceγ is monic. Thereforeγ is a fuzzy weak isomor-
phism.

Theorem 3.6. Consider the following commutative square
of fuzzyR-maps ofR-modules:

χM
f̃−→ ηNyα̃

yβ̃

χ′
M1

f̃ ′

−→ η′N1

Then f̃ carriesχKerα̃ into ηKerβ̃ . (In this case,f̃ is de-

noted byf̃∗.)

Proof. Let x ∈ χKerα̃. Thenχ′α(x) = 1. Thus

η′βf(x) = η′f ′α(x)
≥ χ′α(x)
= 1.

So η′βf(x) = 1. Hencef(x) ∈ ηKerβ̃ . This completes
the proof.

From Theorem 3.6, we obtain the following theorem.

Theorem 3.7. . Consider the following diagram of fuzzy
R-maps ofR-modules :

χM
f̃−→ ηN

g̃−→ ρSyα̃

yβ̃

yγ̃

χ′
M1

f̃ ′

−→ η′N1

g̃′−→ ρ′S1

where the rows are exact and the squares are commutative.
If f̃ ′ : χ′

M1
−→ η′N1

is quasi-monic, then the sequence of
fuzzyR-maps,

χKerα̃
f̃∗
→ ηKerβ̃

g̃∗→ ρKerγ̃

is exact atηKerβ̃ .

Proof. We must show thatηImf̃∗ = ηKerg̃∗ . Let a ∈
ηImf̃∗ . There there existsb ∈ Kerα̃ such thatf∗(b) = a.
Sincea = f∗(b) = f(b),

a ∈ ηImf̃ .

SinceηImf̃ = ηKerg̃,

ρg(a) = 1.

Soρg∗(a) = 1 and soa ∈ ηKerg̃∗ . Hence

ηImf̃∗ ⊆ ηKerg̃∗ .

Conversely leta ∈ ηKerg̃∗(a ∈ ηKerβ̃). Thenρg∗(a) =
1 and soρg(a) = 1. Thus

a ∈ ηKerg̃.

SinceηKerg̃ = ηImf̃ , there existsc ∈ A such thatf(c) =
a. Sincea ∈ ηKerβ̃ ,

η′β(a) = 1.

Thus

η′f ′α(c) = η′βf(c)
= η′β(a)
= 1.

So
α(c) ∈ χ′

Kerf̃ ′ .

Sincef̃ ′ is quasi-monic,

χ′(α(c)) = 1.

Thus c ∈ χKerα̃ and thusf∗(c) = f(c) = a. So a ∈
ηImf̃∗ . HenceηKerg̃∗ ⊆ ηImf̃∗ . This completes the proof.
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