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M-SCOTT CONVERGENCE AND M-SCOTT
TOPOLOGY ON POSETS

WEI YaO

Abstract. For a subset system M on any poset, M-Scott notions,
such as M-way below relation, M-continuity, M-Scott convergence
(of nets and filters respectively) and M-Scott topology are pro-
posed. Any approximating auxiliary relation on a poset can be
represented by an M-way below relation such that this poset is
M-continuous. It is shown that a poset is M-continuous iff the M-
Scott topology is completely distributive. The topology induced by
the M-Scott convergence coincides with the M-Scott topology. If
the M-way below relation satisfies the property of interpolation,
then a poset is M-continuous if and only if the M-Scott conver-
gence coincides with the M-Scott topological convergence. Also,
M-continuity is characterized by a certain Galois connection.

1. Introduction

In the past forty years, the concept of a continuous lattice and its
generalizations have attracted more and more attention. It was the
pioneering work of D. Scott [22, 23] which lead to the discovery that
algebraic lattices and their generalizations, continuous lattices, could be
used to assign meanings to programs written in high-level programming
languages. In pure mathematical aspect, many researchers try to es-
tablish the results in continuous lattice to some general poset, such as
dcpos or arbitrary posets. In order to do so, generalized Scott notions
should be given firstly. Different researchers focus on different aspects.
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(1) Generalization of way below relation, continuity and Scott topol-
ogy. The way below relation and continuity were firstly defined on/for
complete lattice and then on/for dcpos. In [8], related to three families
of subset systems I,,, (L) of different ideals, three types of generalized way
below relation (resp., generalized continuity, generalized Scott topology)
were respectively defined and studied on arbitrary posets, namely s,,-
way below relation (resp., s;,-continuity, s,,-topology) (m=1,2,3). It is
shown in [8], a poset is s,,-continuous iff the s,,-topology is completely
distributive (m=1,2,3). Also, ‘s,,-continuous’ was characterized by cer-
tain Galois connections. The way below relation and the Scott topology
on posets in [12, 32] just are the s3-way below and ss-topology respec-
tively. In [32], it is also shown that a poset is continuous iff the Scott
topology is completely distributive via sobrification.

(2) Generalization of Scott convergence. Since on any complete lattice
or dcpos, the Scott topology can be characterized by Scott convergence
of both nets and filters, the Scott convergence has been generalized by
many authors. For the filter-theoretical one, three types of Scott conver-
gence, namely s,,-convergence was defined and studied in [8] (m=1,2,3).
A kind of Scott convergence, called s-convergence(=s;-convergence in
[8]), is also defined and studied in [30]. For the net-theoretical one,
Scott convergence on arbitrary posets is defined and studied in [35] and
then M-Scott convergence in [36] related to a subset system M.

(3) Generalization of distributivity. Since a continuous lattice (resp.,
a completely distributive lattice) is a complete lattice that satisfies the
directed distributive law (resp., completely distributive law). Many au-
thors focus on the distributive law and generalized continuous lattices
as well as completely distributive lattice to M-distributive lattices or
M-continuous lattices for M a subset system [2, 4, 7, 27, 33].

(4) Z-continuous posets. The background for the categorical equiva-
lence between completely distributive lattices and domains due to Hoff-
mann [14] and Lawson [17]. It is therefore natural to give a presenta-
tion of these matters in a more general framework: the category of Z-
continuous posets. The study of Z-continuity was suggested by Wright
and Wagner [31], and then widely studied in [3, 5, 9, 19, 24, 26, 31].

The aim of this paper is to study M-continuity, M-Scott topology
and M-Scott convergence (w.r.t. both nets and filters) on arbitrary
poset for a subset system M.

This paper is organized as follows. In Section 2, we make a prepara-
tion for the whole paper. In Section 3, we define M-way below on any
poset and then introduce a concept of an M-continuous poset. We show
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that any approximating auxiliary relation on a poset can be represented
by an M-way below relation such that this poset is M-continuous. In
Section 4, we propose a definition of M-Scott topology and show that a
poset is M-continuous iff the M-Scott topology is completely distribu-
tive. In Section 5, we study M-Scott convergence of nets and filters. We
show that the topology induced by the M-Scott convergence coincides
with the M-Scott topology. If the M-way below relation satisfies the
property of interpolation, then a poset is M-continuous if and only if
the M-Scott convergence coincides with the M-Scott topological con-
vergence. In Section 6, M-continuity is characterized by a certain Galois
connections. In Section 7, for a complete lattice L, the M-continuity is
characterized by a kind of distributivity.

2. Preliminaries

In this paper, L always denotes a poset unless otherwise stated.

By an ideal of L, we mean a nonempty directed lower subset of L.
By a subset system of a poset L, we mean a family M of subsets of L
such that for all x € L, x = \/ M for some M € M.

Three basic subset systems are family of finite subsets F (L), family
of directed sets D(L) and family of all subsets P(L), respectively.

In [8], the following three subset systems are considered:

Ii(L) ={I C L| I is a Frink ideal},

I)(L) ={I C L] I is an ideal},

Is(L) = {I C Ix(L)| I has a join},
where a Frink ideal [10] of L is a subset I C L such that for any finite
subset Z C I, the cut Z° (i.e., the intersection of all principle ideals
containing Z) is also contained in I. By definition, I;(L) D I3(L) D
I3(L). In V-semilattices with 0, I;(L) coincides with Iy(L), while in
dcpos, I2(L) is identical with I3(L). Hence in a complete lattice L, all
three systems agree with the usual ideal lattice

IL)={ICL|I#0, zVyel<zeclandyecl}

In the following, we will fix some notations related to a subset A and
a subfamily S of 2%,

A*={z e L|VYa € A, a<x};

Al={reL|VYac A, a>z};

Aut — (Au)l’ Alv — (Al)u;

St =J{S! S € S} and S* = |J{S%| S € S};
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Ta = {I C L| I is an ideal containing A} and I4 = ((Z4 in (2%, Q)
(Notice that if Z4 = (), then T4 = L).

Remark 2.1. (1) ¢! = * = L.

(2) Both (%, 1) and (!, ) form Galois connections [13] (p. 129) on 2%
in sense of Ore [21], i.e., antitone Galois connections. Thus (|J; 4:)" =
N A%, (U; A)' =N, Al for all {A;] i eI} C 2k

(3) Autu — Au7 Alul — Al and (Aul)ul — Aul’ (Alu)lu — Alu

(4) A' = ({4 | = € A}, A" =(V{T 2| = € A},

(5) A% = N{] z| = € A*} (which is exactly equal to A?, the cut [10]
of A) and A™ = N{{ z| = € A'} (Notice that 0 = L in (2F, C)). If A
has a join (resp., a meet) a, then A% = a (resp., A" =7 a.)

Lemma 2.2. (1) For any A C L, 4 C A",
(2) If A is finite (and nonempty), then 14 = A%,
(3) If AC B C I4, then A% = B¥ and I = I5.

Proof. (1) If A% = (), then AY = L D I4. If A% # (), then T4 # 0.
By Remark 2.1(4), I, C AY.

(2) We only need to show that A¥ C I, for T4 # (. Suppose that
a€ A% and I C L is an ideal with A C I. Since A is finite, there exists
an upper bound z of A in I. Then x € A and then a < x, which implies
that a € I since I is a lower set.

(3) Suppose that A C B C I4. By (1) and Remark 2.1(2)(3),
AY C Bul C 1 C (A¥)u =AY Thus A% = BY. If T, = (), then
Zp = 0 and in this case I4 = Ig = L. Otherwise, we have I4 C Ig. For
any I € Z4, we have B C I4 C I and then Ig C I. By the arbitrariness
of I, we have Igp C I4. Hence I, = Ig. O

The above I,,,(L)(m = 1,2, 3) lead to three different generalizations of
Scott convergence and Scott topology in arbitrary poset, and were called
Sm-convergence and s,,-topology (m = 1,2, 3), respectively. Likewise,
the concept of continuous lattices extended in a threefold manner to that
of an s,,-continuous poset: using the way below ideals

Loy =W elnL)yel}.

A poset L is called s,,-continuous if each of the set imy is directed and
has join y.

In this paper, M always denotes a subset system of a poset L. For a
subset system M of L, we define

Iy ={ACL| M C AC Iy for some M € M}.



M-Scott convergence and M-Scott topology 283

Proposition 2.3. The assignment M +— I, is a closure operator
on (229, Q).

Proof. Obviously, the assignment is increasing and order-preserving.
In what follows, we need to show that In¢ 2 I;,, for any subset system
M of L. In fact, VA € I1,,, there exists B € Iy such that B C A C Ip
and for B € Inq, there exists M € M such that M C B C I;. By
Lemma 2.2, it follows that M C B C A C Ig = Ip. Hence A € . O

3. M-way below relations and M-continuity

3.1. M-way below relation and M-continuous posets

Definition 3.1. For z, y € L, we call x is M-way below y, in symbols
x <y, if y € M implies x € Iy for any M € M.

Forz e L,put {, @ ={y € Lly <y x}. Then { o= {In|M e
M, xe MU},

Remark 3.2. (1) In [8], ¥ < y implies z <y, (1) y and for m = 2,3,
L (D)=
(2) KM=<1y,-

Proposition 3.3. (1) If L has 0, then 0 < z for all x € X
(2) s <oy = <M ¥;

B)r<my=z<y;

Du<z<pmy<v= u<pm;

(5) In a V-semilattice, x <\ 2z, ¥y <Ky 2 imply x Vy <\ 2.

Proof. (1) Trivial since each ideal contains 0.

(2) Suppose that = < y and y € M™, where M € M. For each ideal
I D M, we have y € I and then = € I. Hence z <y y.

(3) Suppose that x < y. Clearly, y = \/ M for some M € M.
Then y € M% and = € Iy Cly, = <.

(4) and (5) are trivial. O

Remark 3.4. (1) For two subset systems M;j, Mo, if M; C Mo,
then <1, C< m, - The least (resp., the largest) M-way below relation
on L is <3 (resp., <), one of the corresponding subset systems is I2(L)
(resp., 21).

(2) For a family of subset systems {M;| i € I}, if they induce a same
M-way below relation <, then <Y, M; == Thus in all subset systems
which induce a same M-way below relation, there is a largest one.



284 Wei Yao

When we define some types of continuity, the following four conditions
are always considered:

(M1) Vx € L, iMx SN IVE

(M2) Vz € L, iMx is an ideal;

(APP) z =/ {, . for each x € X;

(INT) < has the property of interpolation, that is Vz, y € L, if
T <K Y, then £ <« pq 2 €K y for some z € L.

Remark 3.5. (1) The condition (APP) is equivalent to

(APP)' z € ({,,2)" for each z € X.

(2) In a V-semilattice with 0, the condition (M2) always holds.

(3) If M =1;(L) or M = I5(L), then (M1) can be implied by (M2).
If M = 1I5(L), then (M1) can be implied by (M2) and (APP).

(4) For M =I,(L) (m =1,2,3), (M1) and (INT) can be implied by
(M2) and (APP) by Lemma 1.8(2) in [8].

Definition 3.6. A poset L is called M-continuous if it satisfies the
conditions (M1), (M2) and (APP). An ‘M-continuous’ is called strongly
M-continuous if it satisfies the condition (INT) additionally.

At the end of this subsection, we will compare our M-way below with
the Z-(M-)notions in [2, 3, 4, 5, 7, 9, 19, 24, 26, 27, 31, 33] and many
other literatures.

Remark 3.7. (1) z is said to be Z-way below (or Z-below, M-way
below) y if € M* (which is equivalent to x < \/ M if \/ M exists)
implies « €] M for any M € M. These generalized way below relations
are generalizations of both the classical way below relation and the wedge
below relation.

(2) The Z-way below (or Z-below, M-way below) generally does
not has the property (5) in Proposition 3.3. For example, let L be
the diamond lattice {0,a,b,1} and Z = P(L). It is easy to show that
a, b<zland 1 =aVb«z 1, here €z is the Z-way below relation in
(1).

(3) In the theory of Z-(M-)continuous poset, the corresponding con-
dition of (M1) and (M2) is that

(21) {zx =] M for some M € M.

(4) The (strongly) Z-(M-)continuity is also a generalization of both
of the usual continuity and completely distributivity. Sometimes, the
poset is assumed to be Z-(M-)complete and equipped with a more
strongly subset system. The Z-(M-)continuity is characterized by Z-
(M-)distributivity and certain Galois connections.
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3.2. M-minimal set

In a complete lattice (resp., a decpo) L, B C L is called a minimal
set (resp., directed minimal set) of x if \/ B = z, and for any A € P(L)
(resp., VA € D(L)), x < \/ A implies for any b € B, b < a for some
a € A. A dcpo (resp., complete lattice) is continuous (resp., completely
distributive) iff each element has a directed minimal set (resp., minimal
set) [28, 29]. An equivalent statement of a directed minimal set is that,
B C L is a directed minimal set of z if and only if \/ B = x and for any
D e D(L), = <\/ D implies B C Ip. For this reason, we introduce the
following concept.

Definition 3.8. Vx € L, B C L is called an M-minimal set of x if

(1) =V B;
(2) YM € M, x € M" implies B C I);.

Remark 3.9. (1) In a dcpo L, if M = D(L), then an M-minimal
set is a directed minimal set.

(2) In a complete lattice L for M = P(L), then for any co-prime
element x of L, a P(L)-minimal set of x is a minimal set of = in the
sense of Wang [29].

(3) If x € L has an M-minimal set, then the usual union of some
M-minimal sets of z is also an M-minimal set of . That is to say,
if there exists an M-minimal set of x, then there is a largest one, in

symbols Baq(x).

Proposition 3.10. The following two are equivalent.
(1) L satisfies the condition (M2), i.e., < is approximating;

(2) for any = € L, there exists an M-minimal set of z, thus S (z)
exists.

Proof. (1)= (2). We only need to show that Vz € L, $MIL‘ is an
M-minimal set of z. In fact, VM € M with 2 € M". Then for any
Yy € iMQ:, we have y € Is. Hence $M:z: C Iy

(2)= (1). We only need to show that Sa¢(z) = {,,z. On the one
hand, Va € Jnyx, it is easy to verify that Sa(z) U {a} also is an M-
minimal set of z, which implies a € Sap(x) and Ba(z) D iMx by the
maximality of Br¢(x). On the other hand, VM € M with x € MY, we
have Spq(2) C Inr and then Sy (x) € (W{In| M e M, z € Iy} = .
O
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3.3. Representation of approximating auxiliary relations by
M-way below relations

In [20], it is shown that an auxiliary relation on a poset L is approxi-
mating iff there exists a subset system of L such that L is M-continuous
(in sense of [20]) and the M-way below relation (also in sense of [20])
coincides with the given auxiliary relation. In other words, each approx-
imating auxiliary relation on a poset can be represented by an M-way
below relation on an M-continuous poset in sense of [20]. In this section,
we also will show that each approximating auxiliary relation on a poset
can be represented by an M-way below relation on an M-continuous
poset in our sense.

Definition 3.11. [12] A binary relation < on a poset L is called
an auxiliary relation, or an auxiliary order, if it satisfies the following
conditions for all u, x, y, v € L:

(Aul) z < y implies = < y;

(Au2) u <z <y < v implies u < v.

(Au3) if 0 exists, then 0 < x for any = € L.

Put o ={ye L]y <a} for each x € L.

Definition 3.12. (See in [12] for L a dcpo) We call an auxiliary
relation < on L approximating if
(App) Vo € L, |~ x is directed (thus is an ideal) and = € (|« x)*.

The set of all auxiliary relations and all approximating auxiliary re-
lations on L are denoted by Auxz(L) and App(L) respectively.

Clearly, each M-way below relation is an auxiliary relation. Fur-
thermore, if (M2) and (APP) hold, then < is also an approximating
auxiliary relation.

Proposition 3.13. ([12]) Let M be the set of monotone mappings
s: L — (L) satistying s(x) C| x for all x € L— considered as a poset
with respect to the pointwise order. Then the assignment

< sz = (x— {yly < 2})
is a well defined isomorphism from Aux(L) to M, whose inverse asso-
ciates to each mapping s € M, the relation <, given by
x <sy iff x € s(y).

Proposition 3.14. For any approximating auxiliary relation < on
L, there is a subset system M of L such that <=< s and L is M-
continuous.
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Proof. Let M = {M C L| M Cls a C I for some a € L}. For
x, y € L, suppose that © <\ y. Put M =]~ y. Then Iy = M since M
is an ideal and then M € M. Tt follows that y € ({< y)* = M™. Then
x € Iy =M =)< y. Thus x < y. Conversely, suppose that x < y. For
M € M with y € M™, we can find an a € L such that M C|~ a C Ij,.
Then y € M™ C (|5 a)“, which implies that y < a and 2 €< a C Iy
since x < y. Hence z <y y. Hence <=< ¢ and L is M-continuous.
O

Theorem 3.15. An auxiliary relation on a poset L is approximating
if and only if it is the M-way below relation for some subset system M
such that L is M-continuous.

4. The M-Scott topologies on posets

Definition 4.1. We call a subset U of L an M-Scott open set if U
is an upper set and for any M € M, MY NU # ) implies I N U # () for
each I € Tp;. We call a subset of L. M-Scott closed if its complement is
M-Scott open. An M-Scott open set F' is called an open filter if it is
a filter, that is for any a,b € F, there exists ¢ € F' as a lower bound of
a,b. Denote by OFil(L) the family of open filters of L.

Denote o (L) the family of all M-Scott open subsets of L. It is easy
to verify that oaq(L) is a topology on L, called the M-Scott topology
on L. ¥ (L) will denotes the corresponding topological space.

Remark 4.2. (1) By Corollary 2.2 in [8], 01(L) € oy,(z) and for
m = 2,3, O-Im(L) = O'm(L)

(2) Let My, Maz be two subset systems of L. If M; C My, then
om, (L) 2 om,(L). The finest M-Scott topology is the Alexandrov
topology (one corresponding subset system is {{z}| z € X}) and the
coarsest one is oa(L) in [8] (one corresponding subset system is I3(L)).

(3) Let {M;| j € J} be a family of subset systems of a poset L. If
for each j € J, o, (L) is a same topology on L, then oy, M; (L) is also
equal to this topology.

Proposition 4.3. The following statements hold.
(1) oa(L) € opm(L) € y(L);

(2) {z} =l z;

(3) om(L) is a Ty topology;

(4) if y € (T x)°, then z < y;
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(5) OFil(L)— the set of all open filter—just is the set of all nonzero
co-prime elements of o (L).
If L is M-continuous, then

(6) U is M-Scott open if and only if U is an upper set and for any
u € U, there exists v € U such that v < u;

(7) OFil(L) is a basis of oa(L).
If L satisfies (INT), then

(8) Vz € L, $M2E is M-Scott open;

(9) y € (T x)° if and only if x K g y, thus Vo € L, (1 2)° = jFMa:.
If L is strongly M-continuous, then

(10) { f x| @ € L} is a basis of ou(L);

Proof. (1) VU € o2(L), U is an upper set. Suppose that M € M
and M NU # (. If M C I and I is an ideal, then I* N U # @ and then
INU #0. Thus U € opm(L).

(2) Clearly, {z}~ D| z since every M-Scott closed set is a lower set.
By (1), {z}~ C {a:};Q(L) =] x, where {ar};Q(L) denotes the closure of
{z} in o(L). Hence {z}~ =] =.

(3) Trivial since o9(L) is a Ty topology.

(4) Suppose that y € (1 z)°. Then YM € M with y € M* we have
M (T x)° # 0, it follows that I N (1 x)° # @ for any ideal I D M.
Then IN+tx # 0 and z € I. Then z € Iy and hence z < .

(5) The proof is the same as that of Proposition II-1.11(i) in [12].
Firstly suppose that U € o (L) is a filter and that U is not a co-prime
in op(L). Then there are V, W € ox(L) such that U C VU W
and elements v € U\V and w € U\W. Let z € U satisfy z < v
and z < w. Since V and W are upper sets we have z ¢ VU W, a
contradiction to z € U. Secondly, suppose that U is a co-prime in
om(L). To show that U is a filter, note first that it is an upper set.
Suppose v, w € U. Then U € L\ | v and U € L\ | w. By (1), the
sets L\ | v and L\ | w are Scott open. Thus, since U is co-prime,
UZ(L\ }v)U(L\ L w)=L\(} vn | w). Thus there is a u € U such
that v < v and v < w.

If L is M-continuous,

(6) Suppose that U € oy (L) and uw € U. Then u € ( iMu)“l NnU,
iM“ is an ideal and M C iMu C Iy for some M € M. Then
( iMu)“l = M" and MY NU # (. Since iM“ is an ideal containing
M, we have \IY/MU NU # (), i.e., there exists v € U such that v < u.
Conversely, suppose that M € M such that M NU # 0, then there
exists u € M N U and there exists a further v € U such that v < u.
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Then v € Ips. For all ideal I with M C I, v € Ip; CI. Thusv € INU #
(). Hence U is M-Scott open.

(7) For any + € U € om(L), by (6), we can find a sequence of
{zn}nen € U such that -+ <y 2 KM -0 KM 71 KM z. Put
F =,2, T @y, then F is a filter and z € F C U. We only need to
prove that F' is M-Scott open in the following. In fact, if M € M and
MY N F # (), then there exists n € N such that M“nN 1 z, # 0, i.e.,
there exists a > x,, such that « € M*“. Thus Tpt1 € Ipy. For each ideal
I D M, we have x4 € INF # (. Hence F € opq(L).

If < o has the property of interpolation, i.e., (APP) holds,

(8) Obviously, ?M:c is an upper set. VM € M with M*nN $Mx # 0,
there exists a € M" such that < a and there further exists y € L
such that x < y < aq a. Suppose that [ is an ideal with M C I. Then
by y < a, we have y € Ip; C I, which implies that y € ?Mxﬂl and
$M:L‘ NI#0.

(9) If &+ <pq y, then y € F,,2 € opm(L) and y € (T x)°. Then
?Mx C (1 x)° and by (4), ?Mx D (T ).

If L is strongly M-continuous,

(10) we only need to prove that U C U,ep Ty 2. In fact, Yu € U,

there exists x € U such that ¢ <y u and u € %Mx. O

Lemma 4.4. ([29]) A complete lattice is completely distributive iff
each element has a minimal set.

Theorem 4.5. If L is a strongly M-continuous poset, then o (L)
is completely distributive.

Proof. For any U € opq(L), we only need to show that { $Mﬂs| x €
U} is a minimal set of U. Clearly, U,epy F @ = U by Theorem 4.3(10).
Let {Vi| i€ I} Copm(L) with U C |J,; Vi. Ve € U, x € V; for some i € I
and then $ @ € Vi. This completes the proof. [J

Lemma 4.6. If OFil(L) is a basis of op(L) and oaq(L) is a contin-
uous lattice, then for any z € U € opq(L), there exists y € U such that
y< M.

Proof. Vx € U € op(L), there exist V € opq(L) and F € OFil(L)
such that x € FF C V <« U. We only need to prove that there exists
y € U such that F' C1 y by Proposition 4.3(4). In fact, if ' Z1 y for any
y € U, then there exists z, € F' such that z, # y and y € L\ | z,, which
implies that there exists F;, € OFil(L) such that y € F, C L\ | z,.
Thus {Fy| y € U} is a cover of U in opq(L). It follows that FF C V C
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F,U---UF,, fory, -+, y, € U. Since zy,, -+, 2z, € ' and F
is a filter, there exists z € F' such that z < z,,, ---, z,,. For z € F,
there exists ¢ € {1,2,--- ,n} such that z € F,,. Since z < z,,, we have

2y, € Fy, € L\ | zy,, which is a contradiction. [

Theorem 4.7. Consider the following conditions:
(1) { $Mx] x € L} is a basis of oapm(L);
(2) OFil(L) is a basis of op(L) and oaq(L) is a continuous lattice;
(3) opm (L) has enough co-prime elements and is continuous;
(4) opm(L) is a completely distributive lattice;
(5) L satisfies (M2),
we have (1) = (2) <= (3) <= (4) = (5). If (M1) and (APP) hold,
then the five conditions are equivalent to each other.

Proof. (2) <= (3) by Proposition 4.3(5) and (3) <= (4) see [11, 12].

(1) = (2): We only need to prove that or¢(L) is a continuous lattice.
It is sufficient to show that ?Ma: < UforalxeUe€opm(L). In fact,
for all directed cover of U, there exists a member of this cover which
contains x and $ M-

(2) = (5): Suppose that = & (iMx)“l. Then there exists y €
( iMx)“ such that © £ y. Then L\ | y is an open neighborhood of z.
By Lemma 4.5, there exists a € L\ | y such that a < ¢ = and then
a <y, a contradiction.

If L satisfies (M1) and (INT), then by Proposition 4.3(10), (5) = (1)
holds. O

5. M-Scott convergence

In this section, we shall study the net-theoretical and filter-theoretical
Scott convergence with respect to a subset system M.

Let X be a nonempty set. A net £ of X is a mapping £ : A — X,
where A is a directed set, denoted by & = (x5)sca or just by (zs)sea.
A (set-theoretical) filter F on X is a proper lattice filter of 2%X.

For a net £ = (z5)sen of X, £ is said to be in A C L eventually if
there exists dg € A such that z5 € A for any é > §y. The family

Fe={F C X| £is in F eventually}

is a filter on X, called the induced filter or the associated filter of £&. For a
filter F on X, let Ax = {(z, F)| x € F € F} ordered by (z,U) < (y,V)
it V.CU. Then Ar (V(z,U), (y,V) € Ar, ) is a directed set. Define
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&r: Ar — X by (,U) — x. Then &F is a net, called the induced
net or the associated net of F.

Let X be a nonempty set and F(X) the collection of all filters on X,
a subset F' of F(X) x X is called a filter-theoretical convergence relation
[16] if

(1) ([z],z) € F for all € X, where [z] is the principle ultrafilter
generated by the singleton {z};

(2) If (F,z) € F and F C G, then (G,z) € F.
The family

Op(X)={U C X| (F,z) € F and z € U imply U € F}

is the finest topology on X satisfying (F,x) € F implies F is topologi-
cally convergent to z.
Analogously, let Z(X) the collection of all nets on X, a subset N of
Z(X) x X is called a net-theoretical convergence relation if
(1) (z,z) € N for all x € X, where T is the constant net valued at z;
(2) If ({,z) € N and n is a subnet of £, then (n,z) € N.
The family

ON(X)={U C X| ({,x) € N and z € U implies £ € U eventually}

is the finest topology on X satisfying (£, 2) € N implies £ is topologically
convergent to z. A subset C is closed in Oy (X) iff for any net £ in C,
(&, x) € N implies z € C.

Let F' (resp., N) be a filter-theoretical (resp., net-theoretical) con-
vergence relation on X. We call N finer than F, if (F,x) € F implies
(&r,z) € N for all F € F(X) and, F finer than N, if (§,z) € N implies
(€r,x) € F for all £ € E(X). F and N are called compatible if both F
and N are finer than each other.

Lemma 5.1. Let F (resp., N) be a filter-theoretical (resp., net-
theoretical) convergence relation on X.

(1) If F is finer than N, then Op(X) C On(X);

(2) If N is finer than F', then On(X) C Op(X);

(3) If F and N are compatible, then Op(X) = On(X).

Proof. (1) Suppose that U € Op(X) and (§,2) € N, x € U. Then
(F¢,x) € F, which implies that U € F¢. Thus & € U eventually and
U e On(X).

(2) Suppose that U € On(X) and (F,x) € F, x € U. Then ({r,x) €
N, which implies that {z € U. Thus there exists (a, F') € Ax such that
V(b, F1), (b, F1) > (a, F) implies £ (b, F1) =be U. Let Fy = F, Ve € F,



292 Wei Yao

we have (¢, F) > (a, F) and then F C U and U € F. Hence U € Op(X).
O

In [35], the concept of lim-inf s -convergence of nets on posets is de-
fined, which is a generalization of lim-inf-convergence or Scott conver-
gence (or, S-convergence for short) in dcpos by changing collection of
directed subsets to a subset system M. Here we would like to called it
M-Scott convergence. Also in [8, 30], the Scott convergence of filters
on any posets are defined with respect to some certain subset systems.
Likewise, we can generalize it to M-setting.

Definition 5.2. (1) A net (zs)sea in L is said to be M-Scott con-
vergent to x € L, in symbols x5 —>aq x, if there exists M € M such
that 2 € M™ and Ym € M, x5 > m eventually.

(2) A filter F on L is said to be M-Scott convergent to z € L, in
symbols F —sa x, if there exists M € M such that M C F' and
re MY,

Easily, we can see that both of the net-theoretical and filter-theoretical
M-Scott convergence are convergence relations since M is a subset sys-
tem (for each z € X, z = \/ M for some M € M) and the induced

topologies are

ON(L) = {U C L| x5 —sp = € U implies 25 € U evetually}

and
ON(L)={U C L| F —sp = € U implies U € F}

respectively.

Remark 5.3. (1) C is closed in O} (L) iff for each net & C C,
& = pm x implies x € C.

(2) F —m x > y implies F — y and & —p & > y implies
¢ —> y. Thus if x < y, then the constant net i is M-Scott convergent
to x.

Proposition 5.4. (1) { —n x iff Fe — o .
(2) F—mz ifff]: — M T.

Proof. (1) Suppose that £ € =(L) and £ —>a . Then there exists

M € M such that z € M and Vm € M, & > m eventually. That is to
say, Vm € M, there exists 0y € A such that m € {£(8)] § > &} C ]:é.

Hence M C ]:él and F¢ — 2. Conversely, suppose that Fe —q .
Then there exists M € M such that z € M*% and M C ]-"é. Ym e M,
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there exists F' € ]-'é such that m € F! and for this F, there exists 6y € A
such that F' D {£(0)| 6 > o}, which implies & > m eventually. Hence
E—pm .

(2) Suppose that M is a subset system of L and F — ¢ . Then
there exists M € M such that M C F' and x € M*. For any m €
M, there exists F' € F' such that m € F!' and F C1 m. Choose
a € F, we have (a,F) € Ag. VY(b,F1) > (a,F), ie, b € F; C F,
Er(b,F1)=be Fy CF. Thus {x € F CT m eventually and £ — v .
&r —m ¢ = F —pq @ can be induced by (1) since F¢, = F. O

By Lemma 5.1 and Theorem 5.4, the net-theoretical and filter-theoretical
M-Scott convergence are compatible and thus they induce a same topol-
ogy, i.e., OF,(L) = OY,(L), denoted by O(L).

For a dcpo, the Scott topology is equal to the topology induced by
the Scott-convergence. Similarly, we have the following;:

Theorem 5.5. op(L) = Opmq(L).

Proof. Suppose that U is an M-Scott open set of L and (zs)sea iS
a net in L which is M-Scott convergent to z € U. For the net (z5)sen,
there exists M € M such that z € M™ and Ym € M, x5 > m eventually.
Since x € MY NU # 0, we have INU #  for each ideal I D M. If x5
is not in U eventually, then for any § € A, we can find a d; > § such
that x5, ¢ U. These x5, forms a subnet of 25 and x5, C U’. Therefore,
x5, = m = by Remark 5.3, we have x € U’, which is a contradiction.

Conversely, suppose that U € Opm(L). Ve € U, y € L with z < y,
the constant net y is M-Scott convergent to z. Then y € U and U is an
upper set. VM € M with M“ N U # () and I is an ideal with M C I.
Choose z € M¥ N U. The ideal I as a net of L is M-Scott convergent
to x, which implies that I NU # 0. Hence U € opq(L). O

Proposition 5.6. (1) y < x if and only if x5 —> ¢ 2z implies
xs > y eventually for any net (x5)sca;

(2) In any M-continuous lattice L, x5 —> ¢ « if and only if y < x
implies x5 > y eventually for any y € L.

Proof. Trivial. [

Again for a dcpo, it is continuous or a domain if and only if the Scott-
convergence coincides with the Scott topological convergence. Similarly,
we have,

Lemma 5.7. (1) Let z, y € L. If U is an open neighborhood of x
such that y € U', then y < z. Thus U(z)! C $Mx.
(2) If (APP) holds, then U(z)! = |, .
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Proof. (1) For any M € M such that x € M". Let I be an ideal
with T O M. Then INU # 0 and y € I since y € U’ and I is a lower
set. Hence y € Iy and y < 2.

(2) Vm € $MSE, we have m <y « and $Mm is an open neighbor-
hood of . Then m €] m = (1 m)! C U(z)". Hence iMx C U(z).
O

Theorem 5.8. For a subset system M of a poset L, if L satisfies
the condition (INT), i.e., the M-way below relation < satisfies the
properties of interpolation, then (M1) and (APP) hold if and only if M-
Scott convergence coincides with topological convergence w.r.t. oa(L).

Proof. Suppose that L is strongly M-continuous and the net (x5)sca
is topologically convergent to x with respect to oaq(L). We only need
to show that xs —> ¢ z. In fact, since L is M-continuous, we have
x € ($Mx)“l and M C $Mw C Iy for some M € M. Then M% =
( iMm)“l Sx.VYmeMC &Mx, we have m < ¢ x and $Mmis an M-
Scott open neighborhood of x and x5 € $ M €T m eventually. Hence
Ty — M L.

Conversely, suppose that for any net, M-Scott convergence coincides
with Scott topological convergence. Let U(x) be the M-Scott open
neighborhood of z and § = & (). It is easy to verify that £ is topological
convergent to x, which implies that £ is M-Scott convergent to . Then
there exists M € M such that z € M™ and Vm € M, ¢ > m eventually.
We need to show that M C iMx C Iy and x € (iMx)“l. In fact,
Vm € M, there exists U € U(z) such that m € U'. By Lemma 5.7,
m <Ky . Thus M C Jnyx. VYm € :LMQZ', since z € M™, we have
m € Ipr and then $Mx CIy. v€ M= iMx)“l. O

Corollary 5.9. L is an M-continuous poset iff U(x) —aq x for any
z € L.

The conclusions in Theorem 5.5, Proposition 5.6 and Theorem 5.8 in-
dicate that the concepts of M-way below relation and M-Scott topology
are defined reasonably.

6. Characterize M-continuity by Galois connections

The Z-(M-)continuity is characterized by certain Galois connections
in many literatures. In this section, we will characterize our M-continuity
by Galois connections.
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Let (L) denote the family of all lower set of L. Then #(L) is a com-
pletely distributive lattice under set inclusion [6]. Define Apg : (L) —
0(L) by VA € 0(L),

Apn(A) = {a € L] there is a filter F with F — o a, F'is an ideal and A € F}.
and Vg : 0(L) — 6(L) by VB € 6(L),

Vm(B) = {\B= U{ $1,0 0 € B}.

Then both A and V are order-preserving. The definition of Ay is
somewhat different from that in [8].

Proposition 6.1. (1) Va(A) CAC Apm(A) for all A€ 0(L).
(2) If (APP) holds, then V¢ is an interior operator on 6(L).

Proof. (1) For any € V(A), we have z <\ a for some a € A.
Since A is a lower set, we have © < a and z € A. Thus V(A4) C A.
Vo € A, we have x = \/ M for some M € M. Then z € M%. Put
F = [z], we have F' =| z is an ideal and M C| = = F'. Then
T € AM(A) Thus A C AM(A)

(2) We only need to show that Vay(A) € Vm(Vm(A)). Vz €
Vm(A), we have x < g a for an a € A. By (INT), x <\ a1 < a for
some a1 € L. Clearly, a1 € Va(A) and then z € Vo (Vaq(A)). O

Lemma 6.2. If (M2) holds, then
(1) {tyNV(A)| y <am z} is a filter base of a filter, denoted by Fa .

Proof. (1) {t yNV(A)| y <m z} is a filter base. Firstly, for all
y<L<pmx, Yy €ETyN $Mm. Thus each Ty N V(A) is nonempty. Secondly,
for all y1, y2 <K m x, there is a y3 <  such that y1, y2 < y3. Then
Ty NVA)N(TyNV(A) =T yiNTy) NV(A) 2 (TysNV(A)).

(2) Tt is easy to check that (T yNV(A))! =| y. Then .7:}4@ = U

Y<K MT
ynVA) = U ly= {yz O
y<L Mz
Proposition 6.3. (1) If L is M-continuous, then (A, Voq) forms
a Galois connection on 6(L).
(2) If (Am, V) is a Galois connection on 6(L), then (M2) and
(APP) hold.

Proof. (1) On one hand, Vz € Va(Am(A)), there exists y €
Apm(A) such that z < y. For y € Ap(A), there exists a filter
F —m y, Flis an ideal and A € F. For F —q y, there exists
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M € M such that M C F' and y € M*. Since z < y, we have
x € Ipy C F!, which implies # € F! for some F € F. Then FNA € F
and € (FNA). Choose a € FNA C A, we have 2 < a. Hence
x € A since A is a lower set. On the other hand, Vx € A, there exists
M € M such that M C iMx C Ips. Since M = (iM:c)“l >z, we
have F4, —m 2. Clearly, .7:11479: = i/MiL‘ is an ideal, M C .7-'2@ and
V(A) € F. Hence x € Ap (Vi (A)).

(2) Forany v € X, z €l 2 C Apm(Vim x) = Apm( iM:E) Then
there exists a filter F — ¢ « such that F' is an ideal and $Mx e F.
There exists M € M such that M C F! and z € M™. Suppose that Z is
a finite subset of iMx. Since x € M“l, we have Z C Iy C F! and since
Z is finite, there exists ' € F such that Z C F! and then F C Z", which
implies Z* € F and Z“N $Mx € F. Thus Z“ N {Mm #+ () and &Mac
is directed (hence an ideal), i.e., (M2) holds. Also, | x C Ap( &Mx) -
( iMw)“l C (2)% =] 2. Hence z € ( iMx)“l. That is, (APP) holds.
O

By Proposition 6.3, we have

Theorem 6.4. If (M1) holds, then L is M-continuous iff (A, V )
is a Galois connection on 6(L).

Lemma 6.5. ([25, 34]) Let f,g be two maps on a poset. If (f,g)
is a Galois connection, then f is an interior operator iff g is a closure
operator.

Corollary 6.6. If L is M-continuous, then A is a closure operator
on O(L).

7. Im-distributivity

The Z-(M-)continuity is characterized by Z-(M-)distributivity in
many literatures.
In this section, we suppose that L is a complete lattice. Thus I,

just is the ideal generated by M and the condition (M2) automatically
holds.

Definition 7.1. Let S be a collection of subsets of L. L is called an
S-distributive lattice or be S-distributive if it satisfies the S-distributive
law, that is for any {S;| i € I} C S and any S; = {a;;| j € Ji}, the
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following equation holds:

AVai= N N

i€l jeJ; fell,; Jiiel

For a subset system M, let Ty = {In| M € M}. Then Ty C .

Proposition 7.2. (1) M-distributivity implies Jp-distributivity.

(2) M-distributivity implies Irs-distributivity.

(3) If L is distributive, then Jys-distributivity always implies M-
distributivity.

Proof. (1) Trivial since \/ M = \/ 1.

(2) Trivial by (1) and the definition of .

(3) Let {M;| ¢ € I} € M. Suppose that M; = {a;;| j € J;} and
Ing, = {bix| k € K;} (Vi € I). We only need to show that

V Naiso= V' Nbigi

fell,; Jiiel g€ll; Ki i€l

n;
In fact, Vg € [[; Ki, Vi € I, bgs < \ myy for some {m;| | =

1,2, 1} € M. Put B; g5y = {my| | = 1,_2, -+, ni}, we have B; ;) is
a finite subset of M; for alli € I. Then A b; 5;) = V A miniy <
iel hell; By gy t€1
V' A a; @) This completes the proof. [

fell; Jiiel
Proposition 7.3. (M2) holds if and only if L is Jp-distributive.

Proof. Suppose that L satisfies the condition (M2). V{Ip;|i € I} C
Im and Ing, = {a; ;| j € J;i}(Vi € I). We only need to prove that

AV <\ Naigo

iel fell,; Jiiel
In fact, Vo <m A ViIu, = AV M;, we have x < V M;(Vi € ).
ThenVie I, x € 7;]\21 and x :Zciig(i), which implies that x = /\I i g(i) <
i€
fe]\_[/i J; i/G\I it

Conversely, suppose that L is Jpq-distributive. We only need to
prove that for any x € L, there exists an M-minimal set of z. Let
B = {IM| r < \/M} = {Bz| 1 € I} and Vi€ I, B; = {aid" j e Jz} Put
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B ={N asul fell;Ji}. We will show that B is an M-minimal set
el

of x in the following. In fact,

VB=\V Awm=AVai= A Viu= N\ VM=xz

fell, Ji i€l i€l jeJ; <\ M <\ M

since for each z, there exists M € M such that = = \/ M. For any
M € M with = </ M, we have I); € B and Iy = B;, for some iy € I.
Va = N\ a; i) € B, we have a < a; f¢,) € Biy = Iy and B C Iy, [
iel

Remark 7.4. (1) In Proposition 7.3, if M = D(L), then L is con-
tinuous iff L is J(L)-distributive, where J (L) is the set of all ideals of
L. Since for a complete lattice (even for a dcpo) L, J(L)-distributivity is
equivalent to D(L)-distributivity=(directed distributivity). Thus Propo-
sition 7.3 can be view as a generalization of distributivity-like charac-
terization of continuous lattices.

(2) In Proposition 7.3, if (M1) holds, then the two conditions are
equivalent to that $M : L —> I is the left adjoint of \/ : Iy — L.
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