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A REMARK OF Pi,k ON ELLIPTIC CURVES AND

APPLICATION FOR MANCHESTER CODING

Daeyeoul Kim and Min-Soo Kim

Abstract. Greg([Greg]) considered that

Nk =

k∑
i=1

(−1)i+1Pi,k(p)N i
1,

where the Pi,k’s were polynomials with positive integer coefficients.
In this paper, we will give the equations for

∑
Pi,k modulo 3. Using

this, if we send a information for elliptic curve to sender, we can
make a new checksum method for Manchester coding in IEEE 802.3
or IEEE 802.4.

1. Introduction

The zeta function of a curve C is defined to be the exponential gen-
erating function

Z(C, T ) = exp

∑
k≥1

Nk
T k

k

 ,

where Nk equals the number of points on C over Fpk . A result due to
Weil [W] is that the zeta function of an elliptic curve, in fact any curve,
Z(C, T ) is rational, and moreover can be expressed as

Z(C, T ) =
(1− αT )(1− βT )

(1− T )(1− qT )
=

1− (α+ β)T + αβT 2

(1− T )(1− qT )
.

The inverse roots α and β satisfy a functional equation which reduces
to αβ = p in the elliptic curve case. The value v = α + β is related to
N1 = p+1−v. In addition, the discriminant of the quadratic polynomial
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in the numerator is negative, and so the quadratic has two conjugate
roots 1

α and 1
β with absolute value 1√

p . Writing the numerator in the

form 1 − vT + pT 2 = (1 − αT )(1 − βT ) and taking the derivatives of
logarithms of both sides, one can obtain the number of Fpk -points on E,
denoted by Nk, as follows:

(1.1) Nk = pk + 1− αk − βk, k = 1, 2, . . . .

Proposition 1.1 ([Greg], Theorem 2.1).

Nk =
k∑
i=1

(−1)i+1Pi,k(p)N
i
1,

where the Pi,k’s are polynomials with positive integer coefficients.

Let p > 3 be a prime, and let Fp be the finite field of p elements.
From now on we let EBA denote the elliptic curve y2 = x3 +Ax+B over
Fp where A,B ∈ Fp. The set of points (x, y) ∈ Fp ×Fp together with a
point O at infinity is called the set of points of EBA in Fp and is denoted
by EBA (Fp). And let #EBA (Fp) be the cardinality of the set EBA (Fp). For
a more detailed information about elliptic curves in general, see [Si].

In 2003(2009), we calculated the number of points on elliptic curves
E0
A : y2 = x3 + Ax over Fp mod 8 (or 24) ([PDE], [ISDBC], [DHS]).

Recently, we deduced following.

Proposition 1.2 ([DJ]). Let E0
A : y2 = x3 +Ax be an elliptic curve

modulo p with p > 3, and let 3t2 ≡ 1 (mod p) and let q′1 be a quadratic
non-residue modulo p with q′1q1 = q4.

1. Let p = a2 +b2 ≡ 1 (mod 24) be a prime with 6|b. If −1+2t = q4,
then

#E0
A(Fpr) ≡



0 (mod 24) if A = q4
4 (mod 24) if A = q2 and r ≡ 1 (mod 2)
0 (mod 24) if A = q2 and r ≡ 0 (mod 2)
2 (mod 24) if A = q1 and r ≡ 1 (mod 2)
4 (mod 24) if A = q1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q1 and r ≡ 0 (mod 4)



A remark of Pi,k on Elliptic curves 155

and if −1 + 2t = q2, then

#E0
A(Fpr) ≡



16 (mod 24) if A = q4 and r ≡ 1 (mod 2)
0 (mod 24) if A = q4 and r ≡ 0 (mod 2)

12 (mod 24) if A = q2 and r ≡ 1 (mod 2)
0 (mod 24) if A = q2 and r ≡ 0 (mod 2)
2 (mod 24) if A = q1 and r ≡ 1 (mod 2)
4 (mod 24) if A = q1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q1 and r ≡ 0 (mod 4).

2. If p = a2 + b2 ≡ 1 (mod 24) is a prime with 2|b and 3 6 |b, then

#E0
A(Fpr) ≡



8 (mod 24) if A = q4 and r ≡ 1 (mod 2)
16 (mod 24) if A = q4 and r ≡ 2 (mod 4)
0 (mod 24) if A = q4 and r ≡ 0 (mod 4)

20 (mod 24) if A = q2 and r ≡ 1 (mod 2)
16 (mod 24) if A = q2 and r ≡ 2 (mod 4)
0 (mod 24) if A = q2 and r ≡ 0 (mod 4)

18 (mod 24) if A = q1 and r ≡ 1 (mod 2)
12 (mod 24) if A = q1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q1 and r ≡ 0 (mod 4)

10 (mod 24) if A = q′1 and r ≡ 1 (mod 2)
12 (mod 24) if A = q′1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q′1 and r ≡ 0 (mod 4).

3. Let p = a2+b2 ≡ 13 (mod 24) be a prime with 6|b. If −1+2t = q4,
then

#E0
A(Fpr) ≡



12 (mod 24) if A = q4 and r ≡ 1 (mod 2)
0 (mod 24) if A = q4 and r ≡ 0 (mod 2)

16 (mod 24) if A = q2 and r ≡ 1 (mod 2)
0 (mod 24) if A = q2 and r ≡ 0 (mod 2)
2 (mod 24) if A = q1 and r ≡ 1 (mod 2)
4 (mod 24) if A = q1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q1 and r ≡ 0 (mod 4)

and if −1 + 2t = q2, then

#E0
A(Fpr) ≡



4 (mod 24) if A = q4 and r ≡ 1 (mod 2)
0 (mod 24) if A = q4 and r ≡ 0 (mod 2)
0 (mod 24) if A = q2
2 (mod 24) if A = q1 and r ≡ 1 (mod 2)
4 (mod 24) if A = q1 and r ≡ 2 (mod 4)
0 (mod 24) if A = q1 and r ≡ 0 (mod 4).



156 Daeyeoul Kim and Min-Soo Kim

4. If p = a2 + b2 ≡ 13 (mod 24) is a prime with 2|b and 3 6 |b, then

#E0
A(Fpr) ≡



20 (mod 24) if A = q4 and r ≡ 1 (mod 2)
16 (mod 24) if A = q4 and r ≡ 2 (mod 4)
0 (mod 24) if A = q4 and r ≡ 0 (mod 4)
8 (mod 24) if A = q2 and r ≡ 1 (mod 2)

16 (mod 24) if A = q2 and r ≡ 2 (mod 4)
0 (mod 24) if A = q2 and r ≡ 0 (mod 4)

10 (mod 24) if A(−1 + 2t) = q2 and r ≡ 1 (mod 2)
12 (mod 24) if A(−1 + 2t) = q2 and r ≡ 2 (mod 4)
0 (mod 24) if A(−1 + 2t) = q2 and r ≡ 0 (mod 4)

18 (mod 24) if A(−1 + 2t) = q4 and r ≡ 1 (mod 2)
12 (mod 24) if A(−1 + 2t) = q4 and r ≡ 2 (mod 4)
0 (mod 24) if A(−1 + 2t) = q4 and r ≡ 0 (mod 4).

5. If p ≡ 5 (mod 24) is a prime, then

#E0
A(Fpr) ≡



4 (mod 24) if A = q4 and r ≡ 1, 3 (mod 8)
8 (mod 24) if A = q4 and r ≡ 2, 6 (mod 8)

16 (mod 24) if A = q4 and r ≡ 4 (mod 8)
20 (mod 24) if A = q4 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q4 and r ≡ 0 (mod 8)
8 (mod 24) if A = q2 and r ≡ 1, 2, 3, 6 (mod 8)

16 (mod 24) if A = q2 and r ≡ 4, 5, 7 (mod 8)
0 (mod 24) if A = q2 and r ≡ 0 (mod 8)
2 (mod 24) if A = q1 and r ≡ 1, 3 (mod 8)

20 (mod 24) if A = q1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q1 and r ≡ 4 (mod 8)
10 (mod 24) if A = q1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q1 and r ≡ 0 (mod 8)

10 (mod 24) if A = q′1 and r ≡ 1, 3 (mod 8)
20 (mod 24) if A = q′1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q′1 and r ≡ 4 (mod 8)
2 (mod 24) if A = q′1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q′1 and r ≡ 0 (mod 8)
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or

#E0
A(Fpr) ≡



20 (mod 24) if A = q4 and r ≡ 1, 3 (mod 8)
8 (mod 24) if A = q4 and r ≡ 2, 6 (mod 8)

16 (mod 24) if A = q4 and r ≡ 4 (mod 8)
4 (mod 24) if A = q4 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q4 and r ≡ 0 (mod 8)

16 (mod 24) if A = q2 and r ≡ 1, 3, 4 (mod 8)
8 (mod 24) if A = q2 and r ≡ 2, 5, 6, 7 (mod 8)
0 (mod 24) if A = q2 and r ≡ 0 (mod 8)
2 (mod 24) if A = q1 and r ≡ 1, 3 (mod 8)

20 (mod 24) if A = q1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q1 and r ≡ 4 (mod 8)
10 (mod 24) if A = q1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q1 and r ≡ 0 (mod 8)

10 (mod 24) if A = q′1 and r ≡ 1, 3 (mod 8)
20 (mod 24) if A = q′1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q′1 and r ≡ 4 (mod 8)
2 (mod 24) if A = q′1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q′1 and r ≡ 0 (mod 8).

6. If p ≡ 17 (mod 24) is a prime, then

#E0
A(Fpr) ≡



8 (mod 24) if A = q4 and r ≡ 1, 2, 3, 6 (mod 8)
16 (mod 24) if A = q4 and r ≡ 4, 5, 7 (mod 8)
0 (mod 24) if A = q4 and r ≡ 0 (mod 8)
4 (mod 24) if A = q2 and r ≡ 1, 3 (mod 8)
8 (mod 24) if A = q2 and r ≡ 2, 6 (mod 8)

16 (mod 24) if A = q2 and r ≡ 4 (mod 8)
20 (mod 24) if A = q2 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q2 and r ≡ 0 (mod 8)
2 (mod 24) if A = q1 and r ≡ 1, 3 (mod 8)

20 (mod 24) if A = q1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q1 and r ≡ 4 (mod 8)
10 (mod 24) if A = q1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q1 and r ≡ 0 (mod 8)

10 (mod 24) if A = q′1 and r ≡ 1, 3 (mod 8)
20 (mod 24) if A = q′1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q′1 and r ≡ 4 (mod 8)
2 (mod 24) if A = q′1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q′1 and r ≡ 0 (mod 8)
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or

#E0
A(Fpr) ≡



16 (mod 24) if A = q4 and r ≡ 1, 3, 4 (mod 8)
8 (mod 24) if A = q4 and r ≡ 2, 5, 6, 7 (mod 8)
0 (mod 24) if A = q4 and r ≡ 0 (mod 8)

20 (mod 24) if A = q2 and r ≡ 1, 3 (mod 8)
8 (mod 24) if A = q2 and r ≡ 2, 6 (mod 8)

16 (mod 24) if A = q2 and r ≡ 4 (mod 8)
4 (mod 24) if A = q2 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q2 and r ≡ 0 (mod 8)
2 (mod 24) if A = q1 and r ≡ 1, 3 (mod 8)

20 (mod 24) if A = q1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q1 and r ≡ 4 (mod 8)
10 (mod 24) if A = q1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q1 and r ≡ 0 (mod 8)

10 (mod 24) if A = q′1 and r ≡ 1, 3 (mod 8)
20 (mod 24) if A = q′1 and r ≡ 2, 6 (mod 8)
16 (mod 24) if A = q′1 and r ≡ 4 (mod 8)
2 (mod 24) if A = q′1 and r ≡ 5, 7 (mod 8)
0 (mod 24) if A = q′1 and r ≡ 0 (mod 8).

Using these propositions, we shall make new relations for Pi,k mod
3. Furthermore, if we send a information for elliptic curve to sender, we
can make a new checksum method for Manchester coding in IEEE 802.3
or IEEE 802.4.

2. Pi,k derived from (q, t)-Wheel Numbers modulo 24

Let
∑b

j=a f(j) := f(a) + f(a+ 1) + f(a+ 2) + · · ·+ f(b− 1) + f(b),

for example,
∑ 5

2

j= 1
2

f(j) = f(12) + f(32) + f(52), and let [k]p := 1−pk
1−p and

(a; j)n := (a)(a+ j)(a+ 2j) · · · (a+ (n− 1)j).

Theorem 2.1. Let k ≥ 2 be a integer. Then we get the following:

1. P1,k(p) = (k)1[k]p = k
∑k

i=0 p
i.

2. P2,k(p) =
∑ k

2
−1

j=−( k
2
−1)

(
k
2 − j; j

)
3
p

k
2
+j−1.

Proof. (1) Let #E(Fpk) := Nk := pk + 1 − αk − βk. The proof
goes by induction on k. For k = 2 the assertion is trivial. Assume
that Nl = l[l]p(2 ≤ l ≤ k − 1). We easily check that αk + βk = 1 +

pk −Nk = 1 + pk −
∑k

i=1(−1)i+1Pi,k(p)N
i
1 and (α+ β)(αk−1 + βk−1)−
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αβ(αk−2 + βk−2) = (1 + p − N1)(1 + pk−1 −
∑k−1

i=1 (−1)i+1Pi,k(p)N
i
1)

and P1,k(p)N1 = (1 + p)P1,k−1(p)N1 + (1 + pk−1)N1 − pP1,l−2(p)N1. By
induction, P1,k−1(p) = (k − 1)[k − 1]p and P1,k−2(p) = (k − 2)[k − 2]p,
we get P1,k = (k)1[k]p.

(2) Similarly, putting P2,k(p) =
∑ k

2
−1

j=−( k
2
−1)

(
k
2 − j; j

)
3
p

k
2
+j−1 and

using the induction, we get the result. �

By Proposition 1.1 and Proposition 1.2, we get the following identi-
ties:

#E
0
A(Fpr ) ≡


4 ≡ 4P1,k(1) + 8

∑k
i=2(−1)iPi,k(1) (mod 24) if k ≡ 1 (mod 2)

0 ≡ 4P1,k(1) + 8
∑k

i=2(−1)iPi,k(1) (mod 24) if k ≡ 0 (mod 2)

2 ≡ 2P1,k(1) − 4P2,k(1) + 8
∑k

i=3 Pi,k(1) (mod 24) if k ≡ 1 (mod 2)

4 ≡ 2P1,k(1) − 4P2,k(1) + 8
∑k

i=3 Pi,k(1) (mod 24) if k ≡ 2 (mod 4)

0 ≡ 2P1,k(1) − 4P2,k(1) + 8
∑k

i=3 Pi,k(1) (mod 24) if k ≡ 0 (mod 4),

which can be simplified as

1 ≡ P1,k(1) + 2
∑k

i=2(−1)iPi,k(1) (mod 6) if k ≡ 1 (mod 2),(2.1)

0 ≡ P1,k(1) + 2
∑k

i=2(−1)iPi,k(1) (mod 6) if k ≡ 0 (mod 2),(2.2)

1 ≡ P1,k(1) − 2P2,k(1) + 4
∑k

i=3 Pi,k(1) (mod 12) if k ≡ 1 (mod 2),(2.3)

2 ≡ P1,k(1) − 2P2,k(1) + 4
∑k

i=3 Pi,k(1) (mod 12) if k ≡ 2 (mod 4),(2.4)

0 ≡ P1,k(1) − 2P2,k(1) + 4
∑k

i=3 Pi,k(1) (mod 12) if k ≡ 0 (mod 4).(2.5)

From now on, we will give only simplified forms.

2 ≡
∑k

i=1(−1)kPi,k(1) (mod 3) if k ≡ 1 (mod 2),(2.6)

0 ≡
∑k

i=1(−1)kPi,k(1) (mod 3) if k ≡ 0 (mod 2),(2.7)

1 ≡ P1,k(1) (mod 2) if k ≡ 1 (mod 2),(2.8)

0 ≡ P1,k(1) (mod 2) if k ≡ 0 (mod 2),(2.9)

1 ≡
∑k

i=1 Pi,k(1) (mod 3) if k ≡ 1 (mod 2),(2.10)

2 ≡
∑k

i=1 Pi,k(1) (mod 3) if k ≡ 2 (mod 4),(2.11)

0 ≡
∑k

i=1 Pi,k(1) (mod 3) if k ≡ 0 (mod 4),(2.12)

1 ≡ P1,k(1) − 2
∑k

i=2 Pi,k(1) (mod 6) if k ≡ 1 (mod 2),(2.13)

2 ≡ P1,k(1) − 2
∑k

i=2 Pi,k(1) (mod 6) if k ≡ 2 (mod 4),(2.14)

0 ≡ −P1,k(1) + 2
∑k

i=2 Pi,k(1) (mod 6) if k ≡ 0 (mod 4),(2.15)

1 ≡ P1,k(1) + 2P2,k(1) (mod 3) if k ≡ 1 (mod 2),(2.16)

2 ≡ P1,k(1) + 2P2,k(1) (mod 3) if k ≡ 2 (mod 4),(2.17)

0 ≡ P1,k(1) + 2P2,k(1) (mod 3) if k ≡ 0 (mod 4),(2.18)

5 ≡ 5P1,k(1) − 2P2,k(1) + 4
∑k

i=3(−1)iPi,k(1) (mod 12) if k ≡ 1 (mod 2),(2.19)

6 ≡ 5P1,k(1) − 2P2,k(1) + 4
∑k

i=3(−1)iPi,k(1) (mod 12) if k ≡ 2 (mod 4),(2.20)

0 ≡ 5P1,k(1) − 2P2,k(1) + 4
∑k

i=3(−1)iPi,k(1) (mod 12) if k ≡ 0 (mod 4).(2.21)
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By (6.6), (6.7) and (6.10)-(6.12) we are led to

0 ≡
∑k

i: even Pi,k(1) (mod 3) if k ≡ 1 (mod 2),(2.22)

1 ≡
∑k

i: odd Pi,k(1) (mod 3) if k ≡ 1 (mod 2),(2.23)

1 ≡
∑k

i: even Pi,k(1) ≡
∑k

i: odd Pi,k(1) (mod 3) if k ≡ 2 (mod 4),(2.24)

0 ≡
∑k

i: even Pi,k(1) ≡
∑k

i: odd Pi,k(1) (mod 3) if k ≡ 0 (mod 4).(2.25)

We summarize (2.1) up to (2.25) as follows.

Theorem 2.2. Let k ≥ 2 be a integer. Then we get the following:

1.
k∑
i=1

Pi,k(1) ≡

 1 (mod 3) if k ≡ 1 (mod 2)
2 (mod 3) if k ≡ 2 (mod 4)
0 (mod 3) if k ≡ 0 (mod 4).

2.
k∑
i=1

(−1)kPi,k(1) ≡
{

2 (mod 3) if k ≡ 1 (mod 2)
0 (mod 3) if k ≡ 0 (mod 2).

3.
k∑

i: even

Pi,k(1) ≡
{

0 (mod 3) if k ≡ 0, 1, 3 (mod 4)
1 (mod 3) if k ≡ 2 (mod 4).

4.
k∑

i: odd

Pi,k(1) ≡
{

0 (mod 3) if k ≡ 0 (mod 4)
1 (mod 3) if k ≡ 1, 2, 3 (mod 4).

Remark 2.3. Manchester encoding([Wi]) is a special type of unipo-
lar signaling in which the signal is changed from a high to low (0) or low
to high (1) in the middle of the signal. Manchester encoding is commonly
used in local area networks (ethernet, token ring). If we send a infor-
mation for elliptic curves to receiver, then we can use Theorem 2.2 as a
checksum. For example, we write 00, 01, 10 with 11 wrong information
for IEEE 802.3 or IEEE 802.4.
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