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APPROXIMATION OF NEAREST COMMON FIXED POINTS
OF ASYMPTOTICALLY I-NONEXPANSIVE MAPPINGS IN
BANACH SPACES

YEeoL JE CHO, NAWAB HUSSAIN, AND HEMANT KUMAR PATHAK

ABSTRACT. In this paper, we introduce a new class of uniformly point-
wise R-subweakly commuting self-mappings and prove several common
fixed point theorems and best approximation results for uniformly point-
wise R-subweakly commuting asymptotically I-nonexpansive mappings in
normed linear spaces. We also establish some results concerning strong
convergence of nearest common fixed points of asymptotically I-non-
expansive mappings in reflexive Banach spaces with a uniformly Gateaux
differentiable norm. Our results unify and generalize various known re-
sults given by some authors to a more general class of noncommuting
mappings.

1. Introduction and preliminaries
We first introduce some definitions for our main results in this paper.
Let M be a subset of a normed linear space (X, || - ||). The set
Py(u) ={x € M : ||z —u| = dist(u, M)}
is called the set of best approximants to u € X out of M, where
dist(u, M) = inf{||ly —ul| : y € M}.

We shall use N to denote the set of positive integers, ¢l(S) to denote the closure
of a set S and wel(S) to denote the weak closure of a set S. Let I : M — M be
a mapping. A mapping T : M — M is called an I-contraction if there exists
0 < k < 1 such that

[Tz =Tyl < k|[lx—Tyll, Ve,ye M.
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If Kk =1, then T is said to be I-nonexpansive. The mapping T is said to be
asymptotically I-nonexpansive if there exists a sequence {k,} of real numbers
with &k, > 1 and lim,,_, . k,, = 1 such that

|1T"z — T y|| < kyp [Tz — Ty||, Vz,y € M, n>1.

The mapping T is said to be uniformly asymptotically regular ([4, 8]) on M
if, for each n > 0, there exists N(n) = N such that

|T"z — T" x| <n, Yn>N, ze M.

The set of fixed points of T' (resp., I) is denoted by F(T) (resp., F(I)). A
point € M is a coincidence point (resp., common fixed point) of two mappings
I and T if Ix = Tz (resp., x = Ix = Tx). The set of coincidence points of I
and T is denoted by C(I,T). Let I and T be self-mappings of a metric space
(X, d). The mappings I and T are commuting if

ITx =TIz, VxrelX.

Sessa [35] defined the concept of weakly commuting mappings, i.e., the self-
mappings I and T on X are said to be weakly commuting if

d(ITz,TIx) < d(Tz,Iz), Vze X,

and, as a generalization of commuting mappings, Jungck [18] defined I and T
to be compatible on X if

lim d(ITz,, TIz,) =0
n—oo

whenever {z,} is a sequence in X such that lim, o [2, = lim, o T2, =t
for some t € X.

It is easy to show that commuting mappings are weakly commuting and
weakly commuting mappings are compatible. We can find some examples to
show these implications (see [18, 19, 35]).

Definition 1.1 ([19]). I and T are said to be weakly compatible on X if they
commute at their coincidence points, i.e., if Ju = Tu for some u € X, then
ITu =TIu.

Definition 1.2 ([25]). I and T are said to be R-weakly commuting on X if
there exists R > 0 such that

d(ITz,TIz) < Rd(Txz,Iz), Vzxe X.

Definition 1.3 ([26]). I and T are pointwise R-weakly commuting on X if for
given xz € X, there exists R > 0 such that

d(ITz,TIx) < Rd(Tz, Iz).
It was proved in [26] that pointwise R-weak commutativity is equivalent

to commutativity at coincidence points, i.e., I and T are pointwise R-weakly
commuting if and only if they are weakly compatible.
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The ordered pair (T, I) of two self-mappings on a metric space (X, d) is called
a Banach operator pair if the set F'(I) is T-invariant, namely, T'(F(I)) C F(I).
Obviously, commuting pair (T, ) is a Banach operator pair, but not conversely
in general. See, for details, [1, 6, 13, 15, 28].

Ciri¢ 9] introduced and studied self-mappings on metric space X satisfying
d(Tx, Ty) < A max{d(z,y),d(x,Tz),d(y, Ty),d(z,Ty) ,d(y,Tx)}

for all z,y € X, where 0 < A < 1. Further, this investigation was developed by
Hussain and Jungck [16], Jungck and Hussain [20], O’Regan and Hussain [24]
and many other mathematicians.

A set M is said to be g-starshaped with ¢ € M if the segment
g,z ={(1—k)g+kx:0<Ek<1}

joining q to x is contained in M for all x € M. Suppose that M is g-starshaped
with ¢ € F(I) and is both T and I-invariant. Then the mappings T" and I are
said to be:

(1) Cy-commuting ([3, 17]) if ITx = TIx for all x € C,(I,T), where
Cy(I,T)=U{C(I,T}) : 0 < k <1} and Tz = (1 — k)q + kTx,

(2) pointwise R-subweakly commuting ([24]) if for given © € M, there exists
a real number R > 0 such that

T2z — TIz|| < R-dist({z, [q, Tx]),

(3) R-subweakly commuting on M (see [16, 17]) if there exists a real number
R > 0 such that

| ITx —TIz|| < R-dist(Iz,[q,Tx]), Vz € M,

(4) uniformly R-subweakly commuting on M \ {¢q} (see [4]) if there exists a
real number R > 0 such that

[IT"x —T"Iz| < R-dist(Iz,[q, T"x]), Vxe M\ {q}, neN.

Note that Cj-commuting mappings are pointwise R-subweakly commut-
ing and pointwise R-subweakly commuting mappings are weakly compatible,
but not conversely in general and R-subweakly commuting mappings are Cy-
commuting, but the converse does not hold in general (see, for examples,
[3, 20]).

The class of asymptotically nonexpansive mappings was introduced by Goe-
ble and Kirk [11] and, further, studied by various authors (see [7, 23, 33, 34, 37,
38]). Recently, Beg et al. [4] have proved strong convergence of the sequence
of almost fixed points z,, = (1 — p,)q + pnT™x, to the common fixed point of
asymptotically I-nonexpansive mapping 71" using the uniform R-subweak com-
mutativity of {I,T'}.

In this paper, we introduce a more general class of uniformly pointwise
R-subweakly commuting self-mappings which properly contains the class of
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uniformly R-subweakly commuting mappings. For this new class, we establish
some common fixed point theorems and approximation results. We also study
the strong convergence of nearest common fixed points of asymptotically I-
nonexpansive mappings with and without the uniform pointwise R-subweak
commutativity of the mappings I and T in a reflexive Banach space with a
uniformly Gateaux differentiable norm. Our results extend and improve the
recent results given in [2, 3, 4, 7, 8, 14, 23, 28, 29, 33, 34, 37] to uniformly
pointwise R-subweakly commuting asymptotically I-nonexpansive mappings.

2. Common fixed points and approximation results

O’Regan and Hussain [24] coined the idea of more general mappings called
pointwise R-subweakly commuting mappings. We begin with the definition of
uniformly pointwise R-subweakly commuting mappings.

Definition 2.1. Let M be a g-starshaped subset of a normed linear space X.
Let I,T : M — M be mappings with ¢ € F(I). Then I and T are said to be
uniformly pointwise R-subweakly commuting if for given x € M \ {q}, there
exists a real number R > 0 such that

[HT"x —T"Iz|| < R-dist(Iz,[¢, T"x]), VneN.

It is clear from Definition 2.1 that uniformly pointwise R-subweakly commut-
ing mappings on M are pointwise R-subweakly commuting, but not conversely
in general as the following example shows:

Example 2.2. Let X = R with usual norm and M = [1,00). Let Te =2z —1,
Iz = 22 for all z € M and let ¢ = 1. Then M is g-starshaped with Iq =
q, C,(I,T) = {1} and C,(I,T?%) = [1,3]. Note that I and T are pointwise
R-subweakly commuting mappings, but not uniformly pointwise R-subweakly
commuting because ||[IT%x — T?Iz|| # 0 for all € (1, 3] whereas (1, 3] being
subset of Cy(I,T?) implies that dist(Iz, [¢, T%z]) = 0 for all z € (1, 3].

Uniformly R-subweakly commuting mappings are uniformly pointwise R-
subweakly commuting, but the converse does not hold in general. To see this,
we consider the following example:

Example 2.3. Let X = R with usual norm and M = [0,00). Let Iz = 5 if
0§x<1,Ix::rifx21ande:%if0§a:<1,T:c:x21fx21. Then M
is 1-starshaped with 1 =1 and Cy(I,T) = [1,00] and Cy(I,T™) C [1,00] for
each n > 1. Clearly, I and T are uniformly pointwise R-subweakly commuting,
but not R-weakly commuting for all R > 0 (see [3]). Thus I and T are neither
R-subweakly commuting nor uniformly R-subweakly commuting mappings.

The following result improves and extends Lemma 3.3 in [4]:

Lemma 2.4. Let I and T be self-mappings on a nonempty q-starshaped subset
M of a normed linear space X. Assume that g € F(I), I is affine, T and I are
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uniformly pointwise R-subweakly commuting mappings satisfying the following
condition:

[Tz — Ty
(21) < ky-max{||Ix — Iy|, dist(Iz, [T" =, q]), dist(Iy, [Ty, q]),
dist(z, [Ty, q]), dist(1y, [T"z,q]}, Va,y € M,n>1,
where {ky} is a sequence of real numbers with k, > 1 and lim,,_,oc k,, = 1. For
each n > 1, define a mapping S, on M by
Spt = (1= pin)q+ p,T"x, Ve M,
where i, = 2—: and {\,} is a sequence of numbers in (0,1) such that lim, . An

= 1. Then, for each n > 1, S, and I have ezactly one common fized point
T, € M such that

Te, =2 = (1 — pn)q+ punT"p,
provided one of the following conditions hold:
(i) dT(M) C I(M) and, for each n > 1, clS, (M) is complete,
(ii) weT (M) C I(M) and, for each n > 1, welS, (M) is complete.

Proof. Since I and T are uniformly pointwise R-subweakly commuting and I
is affine with I'q = g, it follows that, for given z € M,
[LSnz — Splzl| = (1= pn)g+ pnd T — (1 — pn)g — pnT" 12|
= pp|IT"z — T x|
unR - dist(Iz, [q, T"x])
UnR [ Iz — Spx||.

VANVAN

Hence I and S,, are pointwise p,, R-weakly commuting for all n > 1. Also, by
(2.1), we have

[Snz — Shyl|
= [Tz = T7y|
< Apmax{|[Tx — Ty, dist(Iz, [T"x, q]), dist(Iy, [T"y, q]),
dist(Iz, [Ty, q]),dist(Iy, [Tz, q])}
< Anmax{|[lz — Iyl [Tz — Snz|, [Ty — Syl ,

Iz — Spyll, Iy — Snx||}, Ve,y e M,n>1.

(i) Since M is g-starshaped, clT(M) C I(M), I is affine and Iq = ¢ and
so, for each n > 1, IS, (M) C I(M). By Theorem 2.1 in [17, 20], for each
n > 1, there exists x, € M such that z,, = Iz, = S,z,. Thus, for each n > 1,
MNFE(S,)NE(I) # 0.

(ii) Since M is ¢-starshaped, welT (M) C I(M), I is affine and Iq = ¢ and so
welSp(M) C I(M) for each n > 1. By Theorem 2.1 in [17, 20], the conclusion
follows. This completes the proof. O
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The following result extends the recent results (Theorems 2.2-2.4) due to Al-
Thagafi and Shahzad [3] and the corresponding results in Hussain and Rhoades
[17] and O’Regan and Hussain [24] to asymptotically I-nonexpansive mappings.

Theorem 2.5. Let I and T be self-mappings on a q-starshaped subset M of a
normed linear space X. Assume that g € F(I), I is affine and T is uniformly
asymptotically reqular and asymptotically I-nonexpansive. If T and I are uni-
formly pointwise R-subweakly commuting on M, then M N F(T) N F(I) # ()
provided one of the following conditions holds:

(i) dT(M) C I(M), T is continuous and cIT(M) is compact,

(il) X 4s complete, welT (M) C I(M), wclT (M) is weakly compact, I is

weakly continuous and I — T is demiclosed at 0.

Proof. (i) Notice that compactness of cIT' (M) implies that ¢lS,, (M) is compact
and hence complete. From Lemma 2.4, for each n > 1, there exists xz,, € M
such that z, = Iz, = (1 — pn)q+ Tz, and so hence z,, € Cy(I,T™). Since
T(M) is bounded, it follows that ||z, — Tz, || = (1 — pn)||T"xn — q]| = 0 as
n — oo.

Now, we have

|20 — Ty
(2.2) = [lzn — T"zn|| + |T" 2, — Tn-HCEn” + HTn-Hxn — Ty
<Naw — T x| + | T2y — Ty || + ko [ IT 2, — Iz,

Since T' and I are uniformly pointwise R-subweakly commuting, I commutes
with 7" on Cy(I,T"). Also, since x,, € Cy(I,T™), ,, = Iz, and T is uniformly
asymptotically regular, we have, from (2.2),

lxn — Tan| < ||ln — T @n|| + | Tz, — T"Han + k|| T "z, — zp|| = 0

as n — oo. Thus x,, — Tx,, — 0 as n — oo. Since clT(M) is compact, there
exists a subsequence {Tz,,} of {T'z,} such that Tz,, — xo as m — co. By
the continuity of T, we have Tz = xg. Since T(M) C I(M), it follows that
xg = Txg = Iy for some y € M. Moreover, we have

[Twm — Tyl < kal[Izm — Tyll = killzm — 2ol|.

Taking the limit as m — oo, we get Txg = T'y. Thus Txy = Iy = Ty = xp.
Since I and T are uniformly pointwise R-subweakly commuting on M and
y e C(,T),

| Two — Ixo ||=| TIy — ITy ||= 0.
Therefore, we have xg € F(T)NF(I) and so M N F(T)N F(I) # 0.

(ii) The weak compactness of wclT (M) implies that welS,, (M) is weakly
compact and hence complete due to completeness of X (see [3, 20]). From
Lemma 2.4, for each n > 1, there exists x, € M such that z,, = Iz, =
(1= pn)g + pnT"x. As in (i), it follow that ||z, — Tx,| — 0 as n — oo. The
weak compactness of welT(M) implies that there is a subsequence {z,,} of
{z,} converging weakly to y € M as m — co. By the weak continuity of I, we
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have Iy = y. Also, we have Iz, — Tz, = Ty — Ty, - 0asm —oo0. f I =T
is demiclosed at 0, then Iy = Ty. Thus M N F(T) N F(I) # (. This completes
the proof. (I

Corollary 2.6 ([4]). Let I and T be self-mappings on a q-starshaped subset
M of a normed linear space X. Assume that dlT(M) C I(M), q € F(I), I
is affine, T is continuous, uniformly asymptotically reqular and asymptotically
I-nonezpansive. If clT(M) is compact, T and I are uniformly R-subweakly
commuting on M, then M N F(T)NF(I) # 0.

Remark 1. Notice that the conditions of the continuity and linearity of I are
not needed in Theorem 3.4 of Beg et al. [4].

Corollary 2.7 ([3]). Let I and T be self-mappings on a q-starshaped subset
M of a normed linear space X. Assume that T and I are Cy-commuting on
M, qe F(I), I is affine and T is I-nonexpansive. Then MNF(T)NF(I)# 0
provided one of the following conditions holds:
(i) dT(M) Cc I(M), T is continuous and cl(T'(M)) is compact,
(il) X is complete, I is weakly continuous, wel(T(M)) is weakly compact,
wcT(M) C I(M) and either I — T is demiclosed at 0 or X satisfies
Opial’s condition.

Corollary 2.8 ([2, 21]). Let I and T be self-mappings on a q-starshaped subset
M of a normed linear space X. Assume that T and I are commuting on M,
q€ F(I), I is affine and T is I[-nonexpansive. Then F(T)NF(I) # 0 provided
one of the conditions in corollary 2.7 holds.

The following result extends Theorem 3.2 in Al-Thagafi [2], Theorems 3.1-
3.3 in [3], Theorem 7 of Jungck and Sessa [21], the main results in Pathak et
al. [27] and Singh [36] to the asymptotically I-nonexpansive mapping 7.

Theorem 2.9. Let M be subset of a normed linear space X and I,T : X — X
be mappings such that u € F(I)NF(T) for someuw € X and T(OMNM) C M.
Suppose that Ppr(u) is g-starshaped, g € F(I), I is affine on Pys(u),

1Tz — Tu|| < [ Iz — Tul||, Vz € Py(u)

and I(Py(w)) = Pay(u). If T and I are uniformly pointwise R-subweakly com-
muting on Pyr(u) and T is uniformly asymptotically regular and asymptotically
I-nonexpansive, then Py (u) N F(I) N F(T) # O provided one of the following
conditions is satisfied:
(i) Par(u) is closed, T is continuous on Py(u) and cl(T(Pas(u))) is com-
pact,
(ii) X is complete, Py(u) is weakly closed, wcl(T(Py(u))) is weakly com-
pact, I is weakly continuous and I — T is demiclosed at 0.

Proof. Let x € Ppr(u). Then 2z € OMNM. Since T(OMNM) C M, Tz must be
in M. Also, since Iz € Py(u), w € F(I) N F(T) and I, T satisfy the condition



490 YEOL JE CHO, NAWAB HUSSAIN, AND HEMANT KUMAR PATHAK

1Tz — Tul|| < ||z — Tul|, we have
Tz —u|| = Tz — Tul|| < [Tz — Iu| = [Tz — u| = dist(u, M).

Thus Tz € Pp(u) and so cl(T(Pa(u))) C I(Pa(u)) = Pa(u) if Py(u) is
closed and wel(T(Pp(u))) C I(Pa(u)) = Par(u) whenever Ppy(u) is weakly
closed. Therefore, the result now follows from Theorem 2.5. This completes
the proof. (I

We denote by S the class of closed convex subsets of X containing 0. For
any M € g, we define

M, ={zecM:|z| <2ul}, Cku)={xeM:Izec Py(u)}.
It is clear that Py (u) C M, € o (see [2, 16, 17]).

The following result extends Theorems 4.1 and 4.2 in [2, 3] and the corre-
sponding results in [16, 17].

Theorem 2.10. Let I, T be self-mappings of a normed linear space X with
ue F(I)NF(T) and M € ¢ such that T(M,, ) C I(M) C M. Suppose that
[z —u|| = ||z — u| for all x € My, T is continuous on M, and T satisfies
the condition ||Tx — u|| < ||z —ul|| for all x € M,,. If one of the following two
conditions is satisfied:

(a) c(I(M,)) is compact,

(b) c(T(M,,)) is compact.
Then we have the following:

(1) Pps(u) is nonempty, closed and convez,

(2) T(Ppr(u)) C I(Pp(u)) € Py(u) provided that [Tz — ul| = || — ul| for
all v € CL,(u) and I(Py(u)) is closed,

(3) Py(uw) N F(I)NF(T) # O provided that ||Ix — u|| = ||z — u|| for all
x € CL,(u), I(Py(u)) is closed, I is affine with q € F(I), I and T are uniformly
pointwise R-subweakly commuting and T is uniformly asymptotically reqular
and asymptotically I-nonexpansive on Ppy(u).

Proof. (1) (a) We will follow the arguments used in [20, 24]. We may assume
that w ¢ M. If z € M \ M, then ||z| > 2|ul|. Note that
[l = ull > ]| = fJull > |Jul} > dist(u, M).
Thus dist(u, M,,) =dist(u,M)< ||ul|. Also, ||z — u|| = dist(u, clI(M,,)) for some
z € clI(M,,). This implies that
dist(u, M,,) < dist(u, clI(M,)) < dist(u, [(My,)) < |[ Iz —u|| < ||z — ul

for all € M,,. Hence ||z — u|| = dist(u, M) and so Pps(w) is nonempty. More-
over, it is closed and convex.

(b) The proof is exactly as in Theorem 2.6(i)(b) (see [24]).

(2) Let z € Ppy(u). Then ||[Iz — ul| = [z — Tu]] < ||z — u| = dist(u, M).
This implies that Iz € Py(u) and so I(Py(u)) C Pu(u). Let y € T(Pas(u)).
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Since T'(M,) C I(M) and Py(u) C M, there exist z € Py(u) and g € M
such that y = Tz = Ixg. Further, we have

Hxo —ul| = [Tz — Tu|| < [Tz — Iul| = |1z — u|| < ||z — ul| = dist(u, M).
Thus z¢ € CL,(u) = Py (u) and so (2) holds.

(3) By (2), the compactness of cl(I(M,)) (resp., cl(T(M,))) implies that
clT(Pp(u)) is compact. The conclusion now follows if we apply Theorem 2.5(i)
to Py (u) O

Remark 2. As an application of Theorem 2.5(2), we can prove similarly The-
orems 4.3-4.4 in [3] for the uniformly pointwise R-subweakly commuting and
asymptotically I-nonexpansive mapping 7'.

Another improvement of Lemma 3.3 in [4] is given as follows:

Proposition 2.11. Let I and T be self-mappings on a nonempty subset M of
a normed linear space X. Assume that F(I) is q-starshaped, T and I satisfy
(1) for eachn > 1 and x,y € M, where {k,} is a sequence of real numbers with
kn > 1 and lim, o0 k, = 1. For each n > 1, define a mapping S, on F(I) by

Spt = (1= pin)q+ Tz, Ve M,
where {p,} and {\,} are sequences as in Lemma 2.4. Then, for each n > 1,

S, and I have ezactly one common fixed point x,, in M such that Iz, = x, =
(1 — pn)q + pn Tz, provided one of the following conditions hold:

(i) dT(F(I)) C F(I) and, for each n > 1, clS, (M) is complete,

(il) welT(F(I)) € F(I) and, for each n > 1, welS, (M) is complete.
Proof. T(F(I)) C F(I) implies that T"(F(I)) C F(I) for each n > 1 and F(I)
is g-starshaped. Thus each S, is a self-mapping on F(I). Also, by (1),

[Snz = Snyll = pal|T"z —T"y|

< Anmax{|[[z — Tyl dist(lz, [Tz, q]), dist(Iy, [T"y, q]),
dist(Iz, [T"y, q]), dist(Iy, [T"x, q]) }
An max{||z — yl|, [z = Snzll, ly — Snyll
[ = Snyll s lly = Snzll},  Va,y € F(I).

(i) Since F(I) is g-starshaped and clT(F(I)) C F(I), for each n > 1,
cS,(F(I)) € F(I). The completeness of clS,(M) implies that clS,(F(I))
is complete. By Theorem 2.1 in [17, 20], for each n > 1, there exists x,, € F(I)
such that z,, = Spa,. Thus, for each n > 1, M N F(S,)NF(I) # 0.

(ii) As above, for each n > 1, welS,(F(I)) € F(I) and wclS,(F(I)) is
complete. By Theorem 2.1 in [17, 20], the conclusion follows. This completes
the proof. O

IN

Corollary 2.12. Let I and T be self-mappings on a nonempty subset M of
a normed linear space X. Assume that F(I) is q-starshaped, T and I satisfy
(2.1) for eachn > 1 and x,y € M, where {k,} is a sequence of real numbers
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with ky, > 1 and lim, oo ky, = 1. For each n > 1, define a mapping S, on
F(I) by
Spt = (1= pin)q+ pnT"x, VYa e M,
where {un} and {\,} are sequences as in Lemma 2.4. Then, for each n > 1,
S, and I have ezxactly one common fixed point x,, in M such that Iz, = x, =
(1 — pn)q + pn T2y, provided one of the following conditions hold:
(i) F(I) is closed and (T, 1) is a Banach operator pair and, for eachn > 1,
cl(Sn(M)) is complete,
(il) F(I) is weakly closed and (T,I) is a Banach operator pair and, for each
n > 1, wel(S,(M)) is complete.

Remark 3. By comparing Lemma 3.3 of Beg et al. [4] with the first case
of Lemma 2.11 their assumptions “M is closed, IM = M, T(M \ {¢}) C
I(M) \ {q}, T is continuous, I is linear ¢ € F(I), M is ¢-starshaped and T
and I are uniformly R-subweakly commuting on M” are replaced with “F(I)
is g-starshaped, cIT(F(I)) C F(I) and, for each n > 1, ¢lT,,(M) is complete.”

3. Convergence theorems

Definition 3.1. Let M be a nonempty closed subset of a Banach space X,
I,T : M — M be mappings and C = {z € M : f(x) = min.epn f(2)}. Then
I and T are said to satisfy property (S) ([4, 8]) if, for any bounded sequence
{zn} in M, lim, o0 |2 — Txp|| = 0 implies C N F(I) N F(T) # 0.

The normal structure coefficient N(X) ([4, 7]) of a Banach space X is defined
by

N(X)= inf{ dirzr?%) : M is nonempty bounded and

convex subset of X with diam(M) > 0},

where r¢ (M) = infyen supyepy |2 — y| is the Chebyshev radius of M relative
to itself and diam(M) = sup, ,ey |7 — y|| is diameter of M. The space X is
said to have the uniform normal structure if N(X) > 1. A Banach limit LIM
is a bounded linear functional on [*® such that

liminft, < LIMt, <limsupt,, LIMt, = LIMt,

n—o0 n—oo

for all bounded sequences {t,} in I*°. Let {x,} be bounded sequence in X.
Then we can define the real-valued continuous convex function f on X by
f(z) = LIM||z,, — z]||? for all z € X.

The following lemmas are well known.

Lemma 3.2 ([4, 7]). Let X be a Banach space with uniformly Gateauz dif-
ferentiable norm and w € X. Let {x,} be bounded sequence in X. Then
f(u) =1inf.ex f(2) if and only if LIM (z, J(x, —u)) = 0 for all z € X, where
J: X — X* is the normalized duality mapping and {-,-) denotes the generalized
duality pairing.
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Lemma 3.3 ([4, 7]). Let M be a convex subset of a smooth Banach space X,
D be a nonempty subset of M and P be a retraction from M onto D. Then P
is sunny and nonexpansive if and only if

(x — Pz, J(z — Px)) <0, Vxe M,z€D.

In 1967, Browder [5] and Halpern [12] proved strong convergence theorems
in the framework of Hilbert spaces with implicit and explicit iteration, respec-
tively. These results have been extended in various directions.

Theorem 3.4 ([30]). Let M be a bounded closed convex subset of a uniformly
smooth Banach space X. Let T be a nonexpansive self-mapping on M. Fiz
u € M and define a net {yo} in M by

=(1—-a)Tys +au, Yae(0,1).

Then {ya} converges strongly to Pu € F(T) as o — 40, where P is the unique
sunny nonexpansive retraction from M onto F(T).

Further generalizations of the above mentioned results were studied by some
authors (see [7, 10, 22, 31, 38] and references cited therein).

Now, we are ready to prove strong convergence to nearest common fixed
points of asymptotically I-nonexpansive mappings which are uniformly point-
wise R-subweakly commuting.

Theorem 3.5. Let M be a closed convex subset of a reflexive Banach space X
with a uniformly Gateauz differentiable norm. Let I and T be self-mappings on
M such that AAT(M) C I(M), q € F(I) and I is affine. Suppose that T is con-
tinuous, uniformly asymptotically regular and asymptotically I-nonexpansive
with a sequence {k,} satisfying ky, > 1 and lim, o k, = 1. Let {\,} be se-
quence of real numbers in (0,1) such that lim,,_, o Ay, = 1 and lim,, kn )\1

0. If I and T are uniformly pointwise R-subweakly commuting on M, then we
have the following:

(1) for each n > 1, there is exactly one x,, in M such that

(3.1) Ivy, =2p =1 — pn)q+ T 2y,

(2) if {xn} is bounded and I, T satisfy the property (S), then {x,} converges
strongly to Pq € F(T) N F(I), where P is the sunny nonexpansive retraction
from M onto F(T).

Proof. (1) follows from Lemma 2.4.

(2) Since {x,} is bounded, we can define a function f: M — R by f(z) =
LIM ||z, — 2||? for all z € M. Since f is continuous and convex, f(z) — oo as
|zl = oo and X is reflexive, f(z9) = min,eps f(2) for some zg € M. Clearly,
the set C = {x € M : f(z) = min,ep f(2)} is nonempty. Since {z,} is
bounded and I, T satisfy property (S), it follows that C N F(I) N F(T) # 0.
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Suppose that v € C' N F(I) N F(T), then, by Lemma 3.2, we have LIM (x —
v, J(z, —v)) <0 for all x € M. In particular, we have

(3.2) LIM{qg—v,J(z, —v)) <O0.

From (3.1), we have

1- n
(3.3) T = T"wn = (1= pn)(q = T"2p) = I - (¢ —an).

Now, for any v € C N F(I) N F(T), we have
(X = T" @, J (20, — v)) (X —v+T" =Ty, J(x, —v))

> (k= 1) — ol
> —(k, —1)K?
for some K > 0. It follows from (3.3) that
(Tn —q,J(xn, —v)) < %Kz
and hence
(3.4) LIM(z, — q,J(xn —v)) <O0.

This together with (3.2) implies that
LIM({(z, —v,J(z, —v)) = LIM|z, —v|* = 0.

Thus there is a subsequence {x,,} of {x,} which converges strongly to v. Sup-
pose that there is another subsequence {x;} of {z,} which converges strongly
to y (say). Since T is continuous and lim, e ||z, — Tz,] = 0, y is a fixed
point of T'. It follows from (3.4) that

(V=g Jv=y) <0, (y—gqJ(y—v)) <0
Adding these two inequalities, we get (v—y, J(v—1y)) = [|v —y||*> < 0 and thus
v = y. Consequently, {x,} converges strongly to v € F(I) N F(T). We can
define now a mapping P from M onto F(T) by lim,_, ©, = Pq. From (3.4),
we have

(q— Pq,J(v—Pq)) <0, Vge M,veF(T).
Thus, by Lemma 3.3, P is the sunny nonexpansive retraction on M. Notice
that x,, = Iz, and lim, . , = Pq and so, by the same argument as in the
proof of Theorem 2.5(i), we obtain Pq € F(I). This completes the proof. [

Corollary 3.6 ([4]). Let M be a closed convex subset of a reflexive Banach
space X with a uniformly Gateauz differentiable norm. Let I and T be continu-
ous self-mappings on M such that (M) =M, ddT(M) C I(M), q € F(I) and I
is affine. Suppose that T is uniformly asymptotically regular and asymptotically
I-nonexpansive with a sequence {k,} satisfying k, > 1 and lim, o k, = 1.
Let {\} be sequence of real numbers in (0,1) such that lim,_,oc Ay, = 1 and
lim,, o0 k’i’f)}n =0. If I and T are uniformly R-subweakly commuting on M,
then we have the following:
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(1) for each n > 1, there is exactly one x,, in M such that
Izp, =2, = (1 - lffn)q + /JnTnxvm

(2) if {z} is bounded and I, T satisfy the property (S), then {x,} converges
strongly to Pq € F(T) N F(I), where P is the sunny nonexpansive retraction
from M onto F(T).

Notice that the conditions of the continuity and linearity of I are not needed
in Theorem 3.6 of Beg et al. [4].

Corollary 3.7. Let M be a closed convex subset of a reflexive Banach space
X with a uniformly Gateaux differentiable norm. Let I and T be self-mappings
on M such that IT(M) C I(M), g € F(I) and I is affine. Suppose that T is
continuous and asymptotically I-nonexpansive with a sequence {k,} satisfying
kn > 1 and lim, o0 kn, = 1. Let {\,} be sequence of real numbers in (0,1)
such that lim,,_yoo Ay, = 1 and lim,,_, o k’f:’:)\ln = 0. If I and T are uniformly
pointwise R-subweakly commuting on M, then we have the following:
(1) for each n > 1, there is exactly one x,, in M such that

(2) if {xn} is bounded, lim,, o0 |2n —Ty|| = 0 and I, T satisfy the property
(S), then {x,} converges strongly to Pq € F(T) N F(I), where P is the sunny
nonexpansive retraction from M onto F(T).

Corollary 3.8. Let M be a closed convex subset of a reflexive Banach space
X with a uniformly Gateaux differentiable norm. Let I and T be pointwise R-
subweakly commuting self-mappings on M such that T (M) C I(M), g € F(I),
I is affine, T is continuous and I-nonexpansive on M. Let {\,} be a sequence
of real numbers in (0,1) such that lim,_, .o A\, = 1. Then we have the following:
(1) for each n > 1, there is exactly one x,, in M such that
Iz, =2, = (1= Ap)g + ANy,

(2) if {xn} is bounded and I, T satisfy property (S), then {x,} converges
strongly to Pq € F(T) N F(I), where P is the sunny nonexpansive retraction
from M onto F(T).

Proof. (1) For each n > 1, define a mapping T,, on M by
Tox=(1=MX\)g+ N\, Tz, VreM.

Then, following the proof lines of Lemma 2.4, we get the conclusion.
(2) Since {z,} is bounded, lim,, o, A, = 1 and

20 = Tan)|| = T2y — Ta,)l| < (A = D)(llgll + lznl)) = 0,
the conclusion now follows from Theorem 3.6. O

Corollary 3.9 ([7]). Let M be a closed convex bounded subset of a Banach
space X with a uniformly Gateaux differentiable norm possessing the uniform
normal structure. Let T : M — M be an asymptotically nonexpansive mapping
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with o sequence {k,} satisfying kn, > 1 and lim, ook, = 1. Let u € M be
fized, {\n} be sequence of real numbers in (0,1) such that lim, o Ap, = 1 and
limy, 00 ,!?%)\ln = 0. Then we have the following:

(1) for each n > 1, there is unique x,, in M such that

Tp = (1 — pp)u+ p, T @,

(2) if limp o0 [|Tn — Tzn|| = 0, then {x,} converges strongly to a fized point
of T.

Proof. (1) follows from Lemma 2.4.

(2) It is well known that every Banach space with the uniform normal struc-
ture is reflexive (see [7]). Since {z,} is bounded, we can define a function
f:M — R" by f(2) = LIM|jz,, — z||* for all z € M. As in the proof of
Theorem 3.5(2), the set C = {& € M : f(x) = min.epn f(2)} is nonempty.
Define the set

wy(z) ={y € X : y = weak-lim T" z for some n; — oco}.
J

Using the assumption that lim, . ||, — Tx,|| = 0, it is easy to see that
wy(z) C C for each z € C. By Lemma 2.2 [7], T has a fixed point in C. Thus
T satisfies the property (S) and so the result follows from Theorem 3.5. O

Remark 4. (1) Theorem 3.5 improves and extends the results of Beg et al.
[4], Cho et al. [8], Lim and Xu [23], Schu [33, 34] to more general classes of
mappings.

(2) As an application of Theorem 2.12, the strong convergence results similar
to Theorem 3.5 can be proved without any type of commutativity condition on
the mappings.

(3) Corollary 3.8 extends the result of Schu [32] to [-nonexpansive mappings.

(4) Tt is worth to notice that the class of asymptotically I-nonexpansive
maps properly contains the class of asymptotically nonexpansive maps (see
Examples 1.2 and 1.3 in [37]).
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